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I.  Diffraction  Phenomena  in  the  Focal  Plane  of  a  Telescope 
with  Circular  Aperture^  due  to  a  Finite  Source  of  Light, 
By  H.  Nagaoka,  Rigakuhakushi^  Professor  of  Applied 
Mathematics^  Imperial  University^  I'okyo  *, 

THE  diflFraction  of  a  circular  aperture  has  for  a  long  time 
attracted  the  attention  of  physicists,  on  account  of  its 
intimate  connexion  with  the  theory  of  optical  instruments. 
For  a  point  source  of  light,  the  problem  was  treated  by  Airy  f. 
Schwerd  Xy  ^^^  Lommel  §  ;  the  last-mentioned  author  has 
brought  our  knowledge  of  the  subject  to  the  highest  state  of 
perfection,  both  with  regard  to  Fraunhofer's  and  FresnePs 
ditfraction  phenomena.  For  practical  purposes,  however,  it 
is  necessary  to  modify  the  problem  slightly,  and  investigate 
the  diffraction  due  to  a  finite  source  of  light.  In  connexion 
with  the  resolving  power,  or  for  the  explanation  of  drop- 
formation  during  the  transit  of  inferior  planets^  the  problem 
was  treated  by  Lord  Rayleigh  ||,  Andr^H,  Struve**,  and 
Strehl  tt«     111  tlie  present  paper  I  give,  in  the  first  place,  a 

*  Communicated  by  the  Author. 

t  Airy,  Camb.  Phil.  Trans,  vol.  v.  p.  283  (1834). 

t  Schwerdy  BeuguTtgsentcheinunffen,  Maunneim  0^^)* 

§  Lommel,  Abhandl,  d  hayer.  Akad.  Bd.  xv.  (1884). 

II  Rayleigh,  Wave-Theory  of  Light,  jE'ticvc/.  Brit.y  9th  edition. 

f  Andr^  AnnaUs  de  VEcoU  norntale,  [2]  torn.  v.  p.  276  (1876). 

*♦  Struve,  MSmoires  de  PAcad^mie  cks  Sriertces  de  St.  PHersbmwif. 
torn.  XXX.  (1882) ;  Wied.  Arm.  Bd.  xvii.  p.  1008  (1882). 

tt  Strehl,  Zeitachrift  ^r  Instmnientenkunde,  Bd.  xv.  p.  362  (1806)  j 
Bd.  xvL  p.  257  (1896) ;  Bd.  xvii.  p.  166  (1897). 
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2      Prof.  H.  Nagaoka  on  the  Diffraction  Phenomena  in  the 

general  discussion  of  Fraunhofer's  diffraction-phenomena  of  a 
circular  aperture  for  a  finite  source  of  light,  and  show  ho^w 
the  intensity  of  illumination  in  the  focal  plane  can  be  mecha- 
nically evaluated  for  a  luminous  source  having  any  given 
shape.  I  then  pass  to  the  consideration  of  the  intensity  both 
inside  and  outside  of  a  circular  image ;  further,  it  will  be  shown 
how,  by  the  superposition  of  two  systems  of  lines  of  equal 
intensity  we  can  explain  the  formation  of  a  ligament  during 
the  ingress  or  egress  of  a  dark  disk  from  a  luminous  source, 
as  verified  by  the  experiments  of  Andre  and  An  got*. 

1.   Gene7*al  Ea^presdon  for  the  Intenaitt/, 

It  is  well  known  that  a  circular  aperture  gives  rise  to  a 
diffraction  pattern  which,- for  a  point  source  of  light,  consists 
of  concentric  rings  surrounding  the  image  of  the  luminous 
point.  If,  instead  of  a  luminous  point,  we  have  a  finite 
source  of  light,  each  element  of  the  source  will  produce 
similar  phenomena  ;  the  illumination  in  the  focal  plane  of  the 
telescope  is  thus  the  integral  effect  of  the  source  of  light 
extending  over  a  given  geometrical  area.  The  intensity  of 
the  image  of  a  uniform  source  is  not  of  a  simple  character, 
but,  as  observed  in  the  focal  plane  of  the  telescope,  will  be 
distributed  according  to  a  certain  law  depending  on  the 
shape  of  the  source  and  the  size  of  the  aperture. 

Let  the  circular  opening  of  the  telescope  be  taken  for  the 
plane  of  A'y,  and  denote  the  cosines  of  the  angles  which  the 
incident  ray  makes  with  j?y-axes  by  a,  /S,  and  those  for  the 
diflFracted  ray  by  a!,  ff  ;  then,  putting  R  =  radius  of  the 
telescope-aperture,  X= wave-length  of  light, 

''- X "' 

we  know  that  the  intensity  of  the  diffracted  light  in  the  focal 
plane  of  the  telescope  is  proportional  to 

3J{r) 

where  Ji(r)  Ls  a  Bessel  function  of  the  first  kind  and  of  order  1. 
If  the  source  of  light  be  not  a  geometrical  point,  we  must 
consider  a,  /8  as  variable  in  finding  the  illumination  at  points 
corresponding  to  a',  yS',  and  sum  the  effects  due  to  all  the 

*  Audi*^  et  Angot,  Annales  de  VEcoh  normale.  [2]  torn.  x.  p.  S23 
(1881).  ^ 
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elements  of  the  luminous  source.     In  other  words,  the  illumi- 
nation is  proportional  to 


F-^-- 


where  da  represents  an  element  of  the  luminous  area. 

For  effecting  the  integration  we  can  conveniently  put  for 
nearly  normal  incidence 

2wRA 
^=     X-' 

where  A  denotes  the  angular  interval  between  the  incident 
and  the  diffracted  my.  It  is  to  be  remarked  that  for 
X=0-589aa,  r=l,  and  A  =  l",  R=l-93  centims.  Thus,  ex- 
pressed  in  polar  coordinates,  r,  0,  the  present  problem  reverts 
to  the  evalnation  of 


ir 


the  integration  extending  over  the  whole  luminous  source. 
The  intensity  of  illumination  at  a',  /3'  in  the  focal  plane  is 
consequently  given  by 


to  be  afterwards  deter 

L4.(Jo«w+j.v))=^', 


K  being  a  constant  to  be  afterwards  determined. 
Since 


2dr 
we  can  write 

1=  - 1  Jj'|.(Jo'('-)  +J,\r))drd0. 

If  the  luminous  source  be  a  plane  of  infinite  extent, 

since 

Jo(0)  =  l,    JilO)=0,    Jo(oo)=0,    J,(oo)=0. 

We   shall  henceforth  assume   the  intensit}'-  for  an  infinite 
source  to  be  unity  ;  thus,  on  this  assumption, 


7r 


and 


l=ljf-^)*...    ....   C, 

•  See  LcxLmel,  Mathimatiich^  Annalen,  Ed.  xiv.  p.  510  (1870) ;  Ray- 
leigh,  PhU.  Mag.  [6]  vol.  xi.  (1881). 
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Denoting  the  limits  of  integration  with  respect  to  r  by  Vq 
and  vij  which  are  generally  functions  of  d,  we  obtain 

I=^J(J»*('-o)+Ji»(r,)-J,«(r,)-J,«(r.))d<?,    (II.) 

l¥hich  at  the  centre  of  the  image  of  a  circular  sonree  of 
radius  r  reduces  to 

I=l-JoV)-JiV).  .     •     •     .     (II.  a) 
and  at  the  vertex  of  a  circular  sector  including  angle  a, 

I=^(l-JoV)-JiV)).    •     .     •     (11.6) 

2.  On  tlie  Curve  y = Jo*(x)  +  Ji*(x) . 

Before  entering  into  further  discussion,  it  will  be  worth 
while  to  examine  the  term  Jo*(^)  + Ji*^,  which  enters  into 
the  expression*  for  the  intensity  of  the  diffracted  light. 
Although  the  values  of  Jo*(r)  and  Ji*(r)  are  in  themselves 
oscillating,  the  sum  of  these  two  functions  presents  a  remark- 
able aspect,  as  will  be  easily  seen  by  representing  it  as  a 
curve, 

In  the  first  place,  the  curve  is  confined  to  the  positive  part 
of  the  ordinate  ;  further,  the  relation 

Jo«(^)  +  2Ji«(;r)  +  2J,«(^)  + . . .  =  1 

shows  that  y  cannot  be  greater  than  1,  which  it  will  attain 
only  for  ^=0. 

Since  ^  =  —  9  ^JL^ 

dx  X 


and  dV  ^  ^^^^Uj  ^  ?JiM\ 

da?  a?    \     ®  •<'•     / 

we  see  that  points  corresponding  to  the  roots  .r»  of  Ji^(;r)=0 
are  the  points  of  inflexion,  and  have  tangents  parallel  to 
the  axis  of  a.    The  coordinates  of  these  points  are  x^^  Jo\xn). 

From  the  nature  of  the  roots  of  Ji(^)  :=0,  we  see  that  these 
points  occur  at  nearly  equal  intervals  of  the  abscissae  little 
greater  than  ir. 

In  addition  to  these,  we  find  another  series  of  inflexion- 
points  given  by  the  equation 


Digitized  by 


Google 


Foecd  Plane  of  a  Telescope  with  Circular  Aperture^        5 
or  since  2 J,  (.r)      j  /  \  .  t  /  x 

the  above  equation  can  also  be  written 

For  any  value  of  a?,  Ji(a?)  <  1  ;  the  relation  to  be  satisfied 
at  the  inflexion-points, 

Ji(ay)  _  ix 


shows  that  for  large  values  of  x,  Jo(a?)  must  be  very  small ; 
thus  the  absciss®  of  the  inflexion-points  belonging  to  this  set 
will  ultimately  coincide  with  the  roots  of 

Jo(^)=0, 

If  in  the  relation  given  above  J^^ix)  and  Ji(^)  be  expanded 
in  semiconvergent  series,  we  get  the  equation 

tan  (;p-  j)  =^«-0-5392  .  ^  +0603  -^  -  .  •  - 

The  ordinates  for  these  inflexion-points  are  given  by 

y=J,«(.)(l  +  A). 

We  shall  distinguish  the  inflexion-points  given  by  the  roots  of 

Ji(j?)  =0  from  those  given  by  Y\  =3>  ^7  casing  the  former 

inflexion-points  of  the^Jr^^  set^  and  the  latter  inflexion-points 
of  the  second  set.  The  above  considerations  show  that  the 
inflexion-points  of  the  second  set  lie  nearly  midway  between 
those  of  the  first  set,  the  approximation  becoming  closer 
for  increasing  values  of  x.  Further,  we  conclude  that  the 
curve  has  neither  maximum  nor  minimum  (excepting  the 
point  «=0,  ^=1)9  but  has  an  infinite  number  of  inflexion- 
points  (of  the  first  set)  where  the  tangents  are  parallel  to 
the  ^-axis. 

Between  the  inflexion-points  of  the  two  sets,  there  must 
bo  places  of  maximum  curvature  ;  these  points  are  given  by 

Jo'(*)- JxV)-  ^-^^^^  -  2-J;*i*k3+2J,V)  +4JoV)Ji'(*)] 
If  dp  be  large,  the  leading  term  is  evidently  Jo*(^)— Ji*(d?), 
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while  the  remaining  terms  decrease  very  rapidly  with  in- 
creasing values  of  x ;  thus  the  places  of  maximum  curvature 
will  be  approximately  given  by  3q(x)=-  ±3i[x).  This  equa- 
tion shows  that  these  points  lie  nearly  midway  between  the 
inflexion-points  of  the  first  and  of  the  second  set.  Thus,  if 
the  successive  inflexion-points  of  the  first  set  be  joined  by  a 
series  of  straight  lines,  one  part  of  the  curve  will  lie  to  the 
right  and  the  other  to  the  left  of  the  line  ;  the  points  of 
intersection  of  the  line  with  the  curve  will,  for  large  values 
of  ^,  lie  nearly  midway  between  the  two  points,  and  nearly 
coincident  with  the  inflexion-points  of  the  second  set. 
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Representing  the  curve  graphically,  it  will  show  a  succession 
of  steps,  at  nearly  equal  horizontal  intervals ;  the  height  of 
the  consecutive  steps  becomes  smaller,  and  the  rate  of  decrease 
diminishes,  as  we  recede  further  from  the  axis  of  y.  Fig.  1 
shows  the  curve  from  arssO  to  ar=10  ;  for  larger  values  of  ^, 
the  curve  is  given  in  fig.  2.  The  positions  of  the  inflexion- 
points  of  the  first  set  are  shown  by  the  asterisks. 
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3.  Diferent  Expressions  for  Jo'(x)  +  Ji^(x). 

Different  expressions  can  be  found  for  y  ;  for  small  values 
of  0?,  we  may  expand  it  in  powers  of  jr,  by  means  of  well- 
known  definite  integrals : — 

1  C' 

Jo'(d:)  =  —  1    Jq{2x  sin  «)  rfo), 

w  Jo 

]    fir 

Ji^(,ir)  =  —  1    Jo(2jr  sin  <o)  cos  2cd  do), 

^  Jo 

2     fir 

Jo'W  +  Ji'(x)  =  —  1    Jo(2.T  sin  «)  cos^o)  rfo). 

^  Jo 

By  expanding  Jo(2jrcosa))  in  powers  of  2^*008  6),  and 
intejsprating,  we  obtain 

The  ascending  series  converges  very  slowly  for  large  values 
of  a?  ;  we  may  conveniently  employ  the  following  semi- 
convergent  series,  which  can  be  easily  found  from  the  corre- 
sponding expansions  for  Jo(^)  and  Ji(^).     Thus, 

T  */  \        1  /i       1     .     •    1       cos2j?      5sin2^\ 

T ,,  ,        1  /,      3  1        .    ^       3  cos  2^       3     sin  2^\ 
J  2(a?)  =  —  1 1  +  B    o  —sin  2d?—  -: n-. . 5—  J, 

whence 

Ts/  \  .  T2/  \        2  /-        1        cos  2a?      sin2^\  ,„. 

The  above  series  (B)  is  rapidly  convergent,  and  can  be 
conveniently  used  for  values  of  x  greater  than  the  first  root 
Xi= 3*8317  of  Ji(ar)  =0 ;  at  the  last-mentioned  value  of  x,  the 
number  obtained  for  Jo^(ir)  +  fTi*(a7)  will  be  accurate  to  the 
fourth  decimal  place. 

In  the  neighbourhood  of  the  inflexion-points  of  the  first 
set,  y  remains  nearly  constant ;  we  can  thus  expand 
Jo'(*)  +  Ji^W  in  Maclaurin's  series.  Denoting  the  roots  of 
Ji(x)  =  0  by  Xq,  x^, ,  and  putting 

yn=Jo^(^»),     f=^-^», 
we  shall  obtain  the  following  series  for  y  in  the  neighbour- 
hood of  the  point  Xn,  .y„ : — 

»=J.'W  [1-  J  f-,_.  P+  1^  £.  -4(5  -4),-f^_  +  , .-.].  (0) 
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Of  these  three  expressions  (A),  (B),  (C),  we  shall  have 
occasion  to  use  the  second  form  (B)  most  frequently,  as  it 
expresses  the  nature  of  the  curve  v=Jo*(a?) +Ji*(a:)  in  the 
simplest  manner.  It  shows  that  the  curve  is  to  the  first 
approximation  a  rectangular  hyperbola^ 

'y=l^    (D) 

if  a?  be  not  small.  To  the  second  approximation,  we  have  to 
introduce  the  term  — -j—,  which  gives  the  curve  an  undu- 
lating appearance  ;  the  effect  of  the  third  and  fourth  terms  is 
still  smaller,  so  that  for  practical  purposes  it  is  sufficient  to 
assume  the  mean  curve  to  be  an  hyperbola,  as  it  is  very 
tedious  to  push  the  calculation  to  the  fourth  decimal  place. 
To  show  the  difference  in  y^  calculated  from  (B)  and  (D),  1 
give  the  following  table  : — 

a:i=  3-832,  yi  =  0-I622by  (B),  yi =0-1661  by  (D). 

a?j=   7-016,  ys= 0-0921       „  ^2= 0-0907       „ 

ar3=10-173,  ^3=0-0624       „  y,=0-0626       „ 

a:4=  13-324,  ^4=0-0477       „  ^4=00478       „ 

Thus  the  coincidence  becomes  closer  with  increasing  values 
of  X. 

4.  Intensity  at  the  Centre  of  a  Circular  Image, 

Equation  (II.  a)  shows  that  the  intensity  of  light  at  the  centre 
of  a  luminous  disk  as  seen  through  a  telescope  is  given  by 

I(r)=:l-Jo»(r)-J,'{r) 

=  l-y. 

If  the  disk  be  divided  by  a  series  of  concentric  circles  of 
radius  Xn  into  a  number  of  zones^  whose  breadth  is  equal  to 
the  difference  between  the  successive  roots  of  Ji{^)=0,  we 
find  that  the  illumination  at  the  centre  due  to  each  of  these 
zones  is  given  bv  the  height  of  the  corresponding  step  in 
the  curvey=Jo^(a:)-hJi^(ar).  The  diminution  in  the  height 
of  these  steps,  with  increasing  aSy  shows  that  the  effect  of  the 
zone  of  nearly  the  same  breadth  varies  almost  inversely  pro- 
portional to  its  distance  from  the  centre.  The  same  reasoning 
will  apply  to  a  circular  sector. 

The  following  table  gives  the  intensity  at  the  centre  of  the 
luminous  disk  whose  radius  is  equal  to  the  root  of  Jj{r)=0 ; — 
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n. 

*•*• 

IW-     1 

I(0-In(»-n-i). 

0. 
1. 

0-00000 
3-83171 

0-00000 
0-83778 

0-83778 

2. 

7-015;)9 

090994 

0-07216 

3. 

10-17347 

0-93765 

0-02771 

4. 

13-32369 

0-95232 

0-01467 

5. 

16-47063 

0-96140 

0-00908 

6. 

19-61586 

096758 

0-00618 

7. 

22-76008 

0-97205 

0-00447 

1   8- 

25  90367 

0-97544 

000339 

'   9. 

2904683 

0-97809 

000265 

10. 

32-18968 

0-98023 

000214 

20. 

63-61i;i6 

098999 

0-00052 

30. 

95-02923 

0-99330 

000023 

40. 

12644614 

099497 

000013 

50. 

157-86266 

0-99597 

000008 

It  will  be  seen  from  the  table  that  the  effect  of  the  first 
zone  is  five  times  greater  than  all  the  rest  combined.  Thns 
the  illumination  at  the  centre  of  a  disk  of  small  radios  will 
not  sensibly  differ  from  that  of  infinite  extent.  For  values 
of  r  less  than  Vi  we  have  the  following  table  : — 


r. 

I(r). 

Difference. 

r. 

Kr). 

Difference. 

00 
0-2 
0-4 
0^ 
0-8 
10 
1-2 
1-4 
1-6 
1-8 

0-00000 
000995 
0-03921 
0-08605 
0-14775 
0-22187 
0-30129 
0-38497 
0-46783 
054625 

000995 
002926 
004684 
006170  1 
0-07412 
0-07942  1 
0-08368 
0-08286  1 
007842  ; 
0-07101  ' 

20 
22 
2-4 
26 
2-8 
30 
3-2 
3-4 
36 
3-8 

0-61726 
0-67873 
0-72950 
076896 
079790 
0-81741 
082918 
083518 
0-83738 
0  83778 

ppopopoop 

These  two  tables  enable  us  to  integrate  mechanically  the 
expression  (II.)j 

I  =  2^  J(Jo»(»-o)  +  Ji'W  -Jo»(rO  -S,\n))d9, 

for  a  source  of  any  given  shape.  About  a  point  at  which  the 
intensity  is  sought,  describe  a  number  of  concentric  circles 
dividing  the  region  of  integration  into  a  series  of  zones 
whose  breadths  are  equal  to  the  differences  between  the 
successive  roots  of  Ji(r)=0.  If  the  angle  subtended  at  the 
point  by  these  zones  be  known,  we  can,  by  summation  of 
these  separate  effects,  find  the  intensity  at  the  required  point. 
If  the  luminous  source  subtend  several  seconds  of  arc,  the 
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value  of  r  will  bs  a  large  quantity.  Thus,  if  the  boundary 
does  not  show  great  irregularities,  we  can  approximately 
assume  the  bounding  edge  to  be  straight  for  contiguous 
zones.  If  the  mean  angle  an  subtended  by  the  zone  at  the 
given  point  be  found,  the  intensity 

I  =  ^  2««(I(?-n)  —  I(r«_i))   approximately. 

We  notice  that  for  the  first  zone,  I(ri)— I(ro)=0'8378, 
while  for  all  the  rest  I(r^)— I(r,)=0'1622  ;  it  is  thus  neces- 
sary to  subdivide  the  first  zone  into  a  series  of  subsidiary 
zones  and  sum  their  efi^ect  as  for  the  other  zones,  for  which 
the  second  table  will  be  of  use.  In  addition  to  this,  we  shall 
have  to  add  a  small  correction  for  a  few  zones  near  the  given 
point,  inasmuch  as  we  multiply  the  height  of  the  step  by  the 
arithmetical  mean  of  the  bounding  angles  of  zones,  instead  of 
taking  souie  other  proper  value  of  a„,  which  will  leave  no 
error  during  the  mechanical  integration.  The  calculation  of 
the  correction  will  be  simplified  by  assuming  the  zones  in 
the  manner  above  described. 

5.  Intensity  at  the  Rim  of  a  circular  Disk, 

We  have  already  seen  how  the  intensity  at  the  centre  of  a 
circular  disk  can  bo  calculated  ;  we  shall  now  proceed  to  the 
discussion  of  the  intensity  at  the  rim  of  the  disk,  and  then 
obtain  the  result  for  a  general  case,  when  the  point  lies  inside 
or  outside  the  disk. 

Let  the  radius  of  the  circular  source  be  a  ;  then  the  dis- 
tance of  a  point  on  the  periphery  of  the  circle  will  be 

r=2a  cos^. 

The  intensity  at  the  rim  r=0  is  given  by 

drdO. 


TT  Jo    J 


Integrating  it  at  first  with  respect  to  0^  we  can  bring  the 
integiul  under  the  form 


=-f  f 

tr  Jo  Jo 


2a 


dr  dd, 


cos   '  --  ar. 

za 
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Integrating  by  parts, 

1       1  r 


_1_  1  r  J.»(r)+Jt»(r)^„ 
'2      v  J^     ^/'ia*-f^ 


or 


,*« 


=  ^■^(l"JoV)"Jl'WK^ 

The  above  integral  shows  that  the  intensity  at  the  rim 
approaches  the  value  i,  as  the  radius  of  the  disk  is  indefinitely 
increased. 

We  have  already  seen  how  Jo^(r)  +  Ji*(r)  can  be  expanded 
in  ascending  as  well  as  descending  powers  of  r.  For  values 
of  r  smaller  than  4*,  the  semiconvergent  series  cannot  be 
used,  while  for  values  of  r  somewhat  grenter  than  a?i  it  is 
disadvantageous  to  use  the  the  ascending  series.  We  shall, 
therefore,  have  to  divide  the  integral  into  two  parts  :  namely, 
one  extending  from  0  to  Xi,  for  which  the  expansion  in 
ascending  powers  of  r  should  be  used ;  and  from  a?i  to  2a,  for 
which  the  semiconvergent  series  should  be  employed. 

It  is  to  be  noticed  that  the  variation  of  Jo^(r)  +  Ji*(r)  is 
very  small  in  the  neighbourhood  of  r=A'i,  so  that  it  would  be 
advantageous  to  fix  the  limit  of  integration  at  r =^i(=3'8317), 
in  order  to  diminish  the  error  in  integration. 

Thus, 

Jo 


v'4a''-r* 


+  ^ 


1    /»2«  dr 

i£(i-Jo«M-J.'M)-^l^. 


For  practical  application,  a  is  generally  large  compared  to 
ai ;  we  shall  therefore  assume  a>Xi;  then 

=  Ta  f  ('l-J.'M-J,'0-))(l- 1  -^  +  -2-:-4  ■  jiCy  -  ■  •  •)* 

0-9615  ^  1-579  ^  1-543  . 
a  a"*  a 

which  converges  very  rapidly  when  a  is  large. 


Digitized  by 


Google 


12     Prof.  H.  Nagaoka  on  the  Dif  taction  Phenomena  in  the 
In  the  second  integral  we  have  to  put 

•VW + JiW  - 1,  (i-  «-^  +  IrgEl'-). 

Thus  we  shall  have  to  calculate  the  following  integrals  : — 

J««         dr  I  0 

X, 

P ^!U^  1       COt<?x         1      ,        .       $1 

J,,  r»  V4a»-r»  =  8H"» '  aiiT^  ~  8?  '°«  **°  J  ' 
0  01867       3  cos  4a 

=  -— ^^ — 32~^~  "^^'■^y' 

p_8in2r^     0-00322       5  cos 4a 
J,_  r»  V4a»-r»  = a l6  ~?~   "^^''^y* 

Arranging  the  integrals  in  a  suitable  way  and  writing 

l,;„_i«i      0-60984     0-3731  .  0-6162 

w  .        2a  a  cf  a^  -  .  .  ., 

logtani^i  =  lo2  4?i  -  log  4a  -  -^ ^^    . 

6       ^1         8    1       *"g*»      ^y^2      22«a*  •      •' 

we  find  for  the  intensity  at  the  rim  of  a  circular  disk  whose 
radius  is  large  compared  to  x^ 

y  _  1      log  4a      0-1654  ^  ^.^.^  cos  4a         ,         .^^^  , 

As  was  before  remarked^  the  intensity  at  the  rim  approaches 

\  with  increasing  values  of  a  ;  it  is,  moreover,  seen  how  the 

cos  4a 
fluctuation  due  to  the  term  — -^    is  negligibly  small.     By 

applying  the  above  formuU,  the  following  table  was  calcu- 
lated for  a  >  20:— 
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a. 

Ib- 

a. 

Ib- 

20  

0-4695 

0-4747 

0-4832    i 

0-4809 

04890 

0-4846 

04860 

0-4880 

0-4895 

0-4906 

0-4915 

0-4923 

0-4946 

0-4958 

250  

0-4965 
0-4971 
0-4977 
0-4981 
0-4984 
0-4986 
0-4988 
0-4989 
0-4990 
0-4993    1 

25  

300  

80  

400  

85  

500  

40  

600 

45  

700  

50  

800  

60  

900  

70  

1000  

80  

1500  

90  

2000  

0-4995 

100  

2500  

0-4996 

160  

3000  

0-4996    ' 

200  

00  

0*5000    1 

1 

6.  Intensity/  at  any  Point  of  the  Focal  Plane  due  to  a 
Circular  Source  of  Light* 

Let  the  intensity  of  light  be  required  at  any  point  0  in  the 
focal  plane  of  a  telescope,  where  the  point  0  may  lie  either 
external  or  internal  to  the  image  of  the  circular  source  (see 
figs.  3  and  4). 


Fig.  3. 


Fig.  4. 


Put  zBCP=2^;   ^BOP=<?;  AO=S;  then 
OP»=p«=(a  +  S)Ha«  +  2a(aqhS)cos2<^ 
=  (2a+8)«-.4a(a  +  S)sin'^; 
when  0  lies  within  the  circle, 

ft-  (2a-S)  v^I^*^i5»^-,    where  V=^E§. ; 
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and  when  0  lies  external  to  the  circle 

- ,         _  „     4afa  +  8) 

/o.=  (2a  +  S)  >/ 1-*/  sin«<^,     where  ^*  =  (2a +  3)*' 

Thus  P  is  always  less  than  1,  whether  the  point  be  inside  or 
outside  the  circle. 

We  can  easily  prove  that 

'^^  =  (^  +  (2o-SKl-i(-^8in«^))''** 


=  f  1  +  ^j — ,  a*.  8a)^^  ^^^  ^'^  internal  point, 


and 


rftf  =  1 1  —    ^1%''  2^)^0  ^^"^  ^'^  external  point, 
/:/  and  */  being  defined  by 


A:,  -.Vi       ^.  -2a-«' 


2a  fS' 
The  intensity  at  an  internal  point  becomes 

"^Jo  Jo       ^ 

w 

For  an  external  point  we  get 


where  p'=OF,  p=OP,  and  a=Z  AOT. 
Putting  the  values  of  p^  and  dO,  we  obtain 


can  put 


If  the  point  0  be  not  very  near  the  rim  of  the  circle,  we 


J.*0')  +  Ji*(p)  =  I,  nearly, 
*  See  Halphen,  Traits  dea  Fonctions  EUtptiques,  torn.  i. 
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whence  it  follows  that 

Similarly 

Patting  _ 

^  =  iwP'     ^^-n->/*' 

we  have 

"=MD'-KI)'- 

'"=1  +<f)'+'K2y-'  ■  ■  ■  ■•  '»«'''»8  *■='*' 

and 

K  =  I  (1  +  2A  +  2A*  +  2/<»  +  ....); 

further 

27r«        /i  +  4A*  +  9/."  +  .  ■  ■ 
E  =*  K  +  X  •  1  +  2A  +  2A*  +  2/."+  .  .  .  ' 
or 

^=4K*       r+/t'-«+/*«-»  +  A''-''+... 

whence  the  intensity  of  illumination  for  both  cases  can  be 
easily  calculated. 

The    following    table  gives   the   values   of    K  +  j^  and 

p-K.- 

*  In  the  expansion  of  JoHp)+ Ji"(p) »"  semiconvergent  series,  only  the 
first  term  was  retained ;  the  efiect  of  the  succeeding  terms  after  the 
integration  is  almost  insignificant. 

t  See  Weierstrasa-Schwai'z,  Formeln  und  Lehrsiitze  zum  Gebrawh  aer 
eniptUchen  Funciionen,  2te  Auflage,  Eerlin.  1693,  pp.  44,  61. 
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k. 

?.- 

01 

1-6748 
1-5869 
1-6084 
1-6416 
1-6901 

1-7616 
1-8727 
20113 

2-4848 

00000 
00001 
0-0009 
00031 

0-2 

0-3 

04 

06 

0*0088 

0-6 

0-0196 

0  7 :::::::::::; 

0-0611 

0-8 

0-9 

0-1328               1 
0-4080 

The  formula  given  above  applies  only  to  points  far  from 
the  rim  of  the  circular  image.  The  most  interesting  case 
connected  with  the  present  problem  is  the  investigation  of  the 
intensity  in  the  very  neighbourhood  of  the  rim^  where  the 
well-known  phenomenon  of  drop-formation  makes  its  ap- 
pearance. As  the  semiconvergent  expansion  for  J^(p) 
+  Ji'(/o)  is  no  longer  allowable  in  the  vicinity  of  the  rim,  we 
must  have  recourse  to  another  method  of  integration  for  that 
portion  of  the  region,  where  Jo*(/>)  -f  Ji'(/>)  must  be  expanded 
according  to  ascending  powers  of  p. 

We  snail  divide  the  region  of  integration  into  two  parts  by 
describing  a  circle  with  radius  Xi  aoout  the  point  0  (figs.  5 
and  6),  where  the  intensity  is   sought;   at  points  of  the 


Fig.  5. 


Fig.  6. 


periphery  not  included  within  the  circle  thus  described,  we 
can  use  the  semiconvergent  series  for  Jo'(p)+Ji*W>  ^^^ 
apply  the  method  of  integration  given  above,  while  in  the 
interior  we  must  have  recourse  to  the  following  mode  of 
procedure. 
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As  the  point  lies  very  near  the  periphery,  8  is  a  small 
quantity  and  *  very  near  unity  ;  whence,  if  p  be  expressed  in 
terms  of  ^,  0  is  nearly  a  right  angle  for  points  of  the 
periphery  AB  included  within  tne  circle. 

Let 

then 

l-*»sin«^  =  y^A'H  AV-A»t!  nearly. 

Denoting  the  angle  subtended  by  AB  at  the  centre  of  the 
circular  image  by  4*^1,  we  obtain  by  the  formula  already 
given 

(.-^)'=  *•-*•(*■'- 1*')- 

Expressing  k'  in  terms  of  a  and  8,  we  obtain 

^^         3  ^^a{a-By 
Practically,  a  is  very  large  compared  to  Xi,  and  '^  is  a 
very  small  angle,  so  that  we  may  safely  neglect  ^  and  put 

and  for  points  on  the  periphery  AB 


Putting 


f  =  v'4a(a— 6j^,     fi  =  V4ci(a— S)-^!  =  ^i*— 8*  nearly, 
we  have  

d^  =  -d^  =  —  ~^^ — 


v'4a(o-«) 

Retnming  to  formula  (II.)  we  find  the  intensity  at  0  dne 
to  the  sector  OAB, 

=j-ir(joV)+Ji«o»))rf<', 

where  2a  is  the  angle  subtended  by  AB  at  0. 

FhU.  Mag.  S.  5.  Vol.  45.  No.  272.  Jan.  18.98.  G 
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Beplacing  p  and  i 
for  an  internal  point 


Beplacing  p  and  6  by  the  values  already  given,  we  obtain 


,,,,.^,(:.»^.)_|_ 


•T     2>/a(a-8) 
where 


^•'  I."  nearly, 


?{-ys*+$')+j,*{>/s'+^)]di 


When  the  point  0  is  external  to  the  circle, 
-I^  =  - JL=^  +  I."  nearly. 

Fig.  7. 


o-« 


0-3 
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I  have  calcakied  these  two  integrals  1/  and  I,"  by 
mechaDical  quadrature,  for  which  Graass's  method  seems 
specially  suited.  The  course  of  IJ  and  I,'  is  shown  in 
fig.  7. 

The  effect  due  to  the  remaining  part  of  the  circalar  source 
can  be  easily  calculated  by  assuming  the  semiconvergent 
series  for  Jo*(p)  + Ji*(/)).  Betainin^  the  first  term  of  the 
series  only,  we  get  for  the  illummation  at  an  internal 
point  0  due  to  the  part  external  to  the  sector  AOB, 

_ir^a  2         /^^,^^.E(<»0      h^        sin  201        ^ 

where  F  and   E   denote  elliptic  integrals  of  the  Ist  and 
2nd  kind  respectively. 

For  an  external  point  we  shall  have 


Thus  we  obtain,  for  the  total  intensity  of  illumination  at  an 
internal  point  in  the  very  neighbourhood  of  the  rim, 

^^  =  ^-^*(2a-i)V*^**>+^t^"2*7^/l-*,»8in«0y 

'•'      i;'.   .  .  (V.) 


2>/a(a-8) 
At  an  external  point, 

^•-TrVia-S)^^^^^        ^;     +2A:/Vl-*.«8in«0i/ 

1' 


2>/a(a-6) 


i;'.     .     .     (V.a) 


The  expression  within  the  bracket  can  be  calculated  by 
means  of  Legendre's  table ;  the  course  of  the  function  for 
different  values  of  0  and  8  is  shown  in  fig.  8.  The  curves  on 
the  right-hand  side  apply  to  li,  and  those  on  the  left  to  I«. 

Having  found  the  values  of  these  different  integrals,  we  can 
now  discuss  the  illumination  near  the  rim  of  the  circular 
ioiage. 

We  have  already  found  that  the  intensity  of  light  at  the 

C2 

w  or 

iTTNn.-;       . .  'I 
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centre  of  a  circular  disk  is  nearly  equal  to  1,  when    the 
diameter  is  tolerably  large,  and  at  the  rim,  nearly   equal 

Pig.  8. 

_4a(g~a)    ,,_ 


^^^^_^       ,^ 


(2a-.^)=»'         2a-r 


90» 

88® 

87« 


88«» 


90O 


Fig.  9. 


to  half  the  intensity  at  the  centre.     As  will  be  seen  from  the 
expression  for  I,,  the  intensity  increases  very  rapidly  from 
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the  rim  towards  the  centre  ;  and  from  that  for  I^,  the  decrease 
takes  place  very  rapidly  as  we  pass  from  the  rim  outwards. 
Thns  the  variation  of  intensity  is  greatest  near  the  rim,  bat 
the  change  does  not  take  place  abruptly ;  the  intensity  fades 
away  gradually  in  the  neighbourhood  of  the  rim,  as  illustrated 
in  the  accompanying  diagram  *  (fig.  9).  The  full  line  is  for 
a=QO ,  and  the  clotted  line  for  a=40. 

The  image  of  a  luminous  disk,  as  seen  through  a  telescope, 
is  thus  not  sharply  defined  at  the  geometrical  rim,  where  the 
change  of  intensity  takes  place  continuously.  If  the  intensitv 
for  the  limit  of  visibility  be  less  than  Ir,  the  image  of  the  disk 
will  appear  to  a  slight  extent  broadened. 

7.  Lines  of  Equal  Intensity. 

For  practical  purposes  it  is  sometimes  convenient  to  draw 
the  lines  of  equal  intensity.  For  a  circular  source  of  light 
they  consist  of  a  series  of  concentric  circles,  which,  if  drawn 
for  equal  diiFerence  of  intensity,  crowd  together  near  the 
geometrical  edge. 

When  there  are  different  sources  of  light  we  can  superpose 
the  separate  effects  and  graphiciilly  represent  the  distribution 
of  illumination  in  the  following  manner : — 

Draw  the  lines  of  equal  intensity  for  the  image  of  each 
source  ;  at  the  point  of  intersection  of  any  two  lines  the 
intensity  will  be  the  sum  of  the  two.  We  thus  obtain  a 
system  of  points  of  equal  intensity.  By  drawing  the  lines  at 
small  intervals  we  can  obtain  a  sufiicient  number  of  points  to 
draw  curves  of  equal  intensity,  which  will  represent  the 
distribution  of  illumination  due  to  different  sources.  In 
fact,  the  process  of  drawing  the  lines  of  equal  intensity  is 
analogous  to  that  of  drawing  equipotential  lines. 

Suppose  that  the  luminous  source  is  a  circular  disk,  on 
which  there  is  a  small  dark  circular  space  touching  the  rim  of 
the  disk.  The  image,  as  seen  through  a  telescope,  will  form 
a  drop,  as  the  following  consideration  of  the  lines  of  equal 
intensity  will  show. 

.  We  can  imagine  such  a  source  to  be  produced  by  the  super- 
position of  two  different  sources,  one  of  which  consists  of  a 
circular  disk  of  uniform  intensity  without  any  dark  space, 
while  the  other  consists  of  a  circular  disk  occupying  the  place 
of  the  dark  space,  and  of  such  an  intensity  that  it  is  equal  but 
of  opposite  sign.     This  consideration  immediately  gives  the 

«  The  curve  will  in  reality  show  minute  fluctuations,  due  to  the  terms 
of  the  aeries  for  Jo*(p)+Ji^(p)  which  we  have  neglected  in  finding  (V.) 
and  (V.«). 
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solution  of  the  problem  either  as  mathematical  formula  or  as 
graphical  representation. 

For  the  latter  purpose  we  draw  the  concentric  circles 
representing  lines  of  equal  intensity  for  the  luminous  source, 
and  similar  lines  of  equal  negative  intensity  for  the  imaginary 
source  occupying  the  dark  space;  by  the  process  above 
described  we  get  a  series  of  lines  of  equal  intensity  due 
to  these  sources.  In  the  annexed  diagrams  (figs.  10  and  11) 
Fig.  10.  Fig.  11. 


*  t-t  ^  1 


1  give  a  portion  of  these  lines  in  the  neighbourhood  of  the 
rim  of  the  luminous  source  (a=oo),  when  there  is  a  dark 
circular  disk  (a =40)  ;  the  lines  are  drawn  for  equal  inter- 
vals 0*1  of  the  intensity.  Fig.  10  represents  the  lines  when 
the  dark  disk  touches  the  rim,  and  fig.  II  when  the  nearest 
distance  between  it  and  the  rim  is  equal  to  1.  In  both  figures 
the  dotted  lines  give  the  boundaries  of  the  luminous  source. 
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The  inspection  of  these  figures  shows  that  when  the  dark 
p.    -^  space  is  in  geometrical  contact  with 

'^'    "'^  the  edge  of   a  luminous   source,  it 

appears  as  a  dark  protuberance  pro- 
amii  jecting  from  the  surrounding  dark 

*=o  space.     With  the   receding   of  the 

dark  space  towards  the  interior  of 
the  luminous  source,  the  connecting 
ligament  becomes  thinner^  and  finally 
disappears.  The  inner  dark  disk 
is,  however,  a  little  elongated^  and 
^  assumes  a  pear-shaped  appearance; 

while  the  external  dark  space  bulges 
out  towards  the  luminous  source. 
The  change  is  only  transient ;  with 
further  ingress  the  dark  disk  be- 
comes circular,  and  the  swelling  of 
the  external  dark  space  vanishes. 
The  accompanying  diagram  (fig.  12) 
will  represent  approximately  the 
various  stages  of  dark  space  within 
a  luminous  source,  as  ODserved  by 
means  of  a  telescope. 

Thus,  to  the  first  approximation, 
we  have  arrived  at  the  explanation 
of  drop  formation  during  the  transit 
of  inferior  planets. 

If  the  dark  space  be  taken  nearly 
equal  to  the  luminous  source  and 
have  small  protuberances,  we  can, 
by  similar  process,  obtain  a  result 
which  has  close  analogy  with  Baily's 
beads. 


d=0-2 
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II.  Relative  Motion  of  tlie  Earth  and  jEtfier. 
By  William  Sutherland*. 

ri'^HE  experiment  of  Michelson  and  Morley,  described  in 
A  the  Philosophical  Magazine  [5]  xxiv.  p.  449,  has  created 
quite  a  dilemma  in  the  physics  of  the  aether ;  for  while  the 
great  body  of  general  evidence  tends  to  show  complete  inde- 
pendence of  the  aether  near  the  earth  on  the  earth  s  motion, 
this  celebrated  experiment  has  been  supposed  to  prove  defi- 

♦  Communicated  by  the  Author. 
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nitely  that  the  earth's  surface  and  the  adjacent  ffither  have  no 
relative  motion.  I  propose  now  to  show  how  a  slight  altera- 
tion in  the  point  of  view  of  the  theory  of  that  experiment  will 
make  it  appear  that,  until  a  special  adjustment  for  sensitive- 
ness of  the  optical  apparatus  has  been  made,  it  is  not  com- 
petent to  decide  as  to  the  relative  rest  or  motion  of  earth  and 
sether. 

For  the  sake  of  clearness  let  ns  briefly  repeat  the  authors' 
account  of  the  theory  of  their  experiment  along  with  their 
diagram,  b  and  c  are  two  mirrors  at  right  angles  to  one 
another  (fig.  1),  and  at  equal  distances  D  from  a  a  piece  of 

Fig.  1. 


glass  inclined  at  7r/4  to  them,  and  intended  to  divide  a  beam 
of  light  sa  into  reflected  and  transmitted  parte  going  to  b  and 
c  respectively.  Suppose  the  whole  apparatus  to  be  moving 
in  the  direction  8c  with  velocity  v  relative  to  the  aether  in 
which  the  beam  of  light  is  moving  with  velocity  V;  then 
while  the  reflected  beam  is  going  to  b  and  back  a  is  moving 
to  tt],  so  that  the  path  of  the  reflected  part  is  abui^  while  that 
of  the  transmitted  part  is  acai :  at  oi  the  former  is  partly 
transmitted  and  the  latter  partly  reflected  to  the  telescope 
under  conditions  favourable  to  the  occurrence  of  interference. 
Along  ac  the  beam  moves  with  velocity  V— v  relative  to  c, 
so  that  the  time  of  traversing  ac  is  D/(V— v)  ;  similarly  the 
time  for  cai  is  D/(V  +  r),  and  hence 

The  path  of  the  other  beam  is  taken  to  be  abai,  whose  length 
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is  evidently  2D(l  +  t?VV*)*,  so  that  with  omission  of  the  third 
and  higher  powera  of  v/Y  the  difference  between  acai  and  abax 
can  be  set  down  as  Dt?*/V*.  If  v  is  the  velocity  of  the  earth 
in  its  orbit,  then  if  the  whole  apparatus  is  tumeid  through  ir/2 
the  longer  path  becomes  the  shoi*ter,  and  vice  versd :  so  that 
the  difference  of  path  which  occasioned  the  interference-fringes 
in  the  first  position  is  altered  in  the  second  by  2Dt?*/V*,  which 
ought  to  produce  a  difference  in  the  position  of  the  fringes  in 
the  telescope.  And  this  motion  of  the  fringes  is  what  Michel- 
son  and  Morley  found  not  to  occur,  even  after  they  had  given 
the  apparatus  a  sensitiveness  which  they  supposed  to  be  quite 
adequate  to  its  accurate  measurement,  minute  as  is  r*/ V*, 
namely  about  10""*.  Hence  the  startling  conclusion  that  the 
relative  motion  of  earth  and  aether  must  oe  small  compared  to 
the  earth's  orbital  velocity,  in  short  that  the  earth  drags  the 
ffither  with  it. 

In  the  supplement  to  their  paper  Michelson  and  Morley 
(p.  460)  show  that  the  angle  which  ab  makes  with  the  mirror 
at  b  is  more  strictly  r/V  4-  r'/2 V*,  while  cai  after  reflexion 
makes  an  angle  with  the  normal  to  b  which  is  more  strictly 
v/V— r*/2V*,  so  that  the  two  rays  which  are  to  interfere  after 
piissing  ai  are  inclined  at  an  angle  v'/V  to  one  another.  This 
is  of  no  importance  in  the  actual  experiments,  because  to  get 
interference-bands  of  a  convenient  width  it  is  necessary  to 
have  the  rays  inclined  at  a  much  larger  angle  than  this, 
though  still  at  a  very  small  angle,  which  is  obtained  by  slight 
derangements  of  the  mirrors  and  plate  from  the  ideal  ma- 
thematical positions  assigned  to  them  in  the  theory  of  the 
experiment. 

To  ascertain  what  really  happens  with  the  two  interfering 
rays,  let  us  take  a  small  area  of  plane  w  ave  equal  to  the  area 
of  the  pupil  of  the  observer's  eye,  and  take  its  image  in  b  as 
it  appears  immediately  after  reflexion  at  a,  and  let  us  take  the 
image  of  its  transmitted  part  after  reflexion  at  c  and  ai ;  then 
if  the  whole  apparatus  and  sBther  were  at  rest,  and  the  angles 
were  all  exactly  as  supposed^  we  should  have  the  two  images 
coincident  as  represented  in  section  at  AB  (fig.  2) . 

Now  suppose  that  by  slight  derangement  the  images  are 
sepai-ated  as  in  CD  and  EF.  Fringes  now  appear  whose 
width  depends  on  the  angle  COE.  When  the  images  coin- 
cided they  represented  coincident  trains  of  waves  with  double 
illumination  along  their  path.  If  the  derangement,  which 
separated  the  image  AB  into  two,  left  them  still  parallel, 
there  would  be  only  circular  fringes  visible  in  any  plane 
parallel  to  them,  and  only  a  uniform  resultant  central  illumi- 
nation to  an  infinitely  small  eye  moving  along  a  normal, 
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which  will  have  the  special  value  zero  whea  the  distance 
between  the  separated  images  is  equal  to  half  a  wave-length 


Fig.  2. 


of  the  light  employed.  Thus,  then,  while  the  images  are 
parallel  no  straight  fringes  can  be  seen,  and  the  effect  of 
varying  the  distance  between  the  images  is  to  cause  motion 
among  the  circular  fringes.  Returning  now  to  the  case  of 
a  symmetrical  angular  separation  of  the  images  as  at  CD  and 
EF,  we  see  that  the  central  bright  fringe  (really  dark  in  the 
actual  experiments  because  of  the  opposite  conditions  of  re- 
flexion of  the  two  beams)  will  be  seen  anywhere  along  OP; 
and  the  next  may  be  said  to  be  approximately  along  the  line 
GH  (and  only  approximately  straight),  at  such  a  distance 
from  0  that  GH  is  equal  to  X,  the  wave-length.  Thus  the 
interval  between  the  fringes  PQ  is  approximately  given  by  the 
equation 

PQ=X/2tanC0A. 

For  brevity  we  will  confine  the  discussion  to  two-dimensioned 
space,  that  is,  to  straight-line  waves  travelling  in  a  plane. 

Next  let  the  relative  motion  of  the  tether  and  the  apparatus 
cause  the  separation  of  the  images  contemplated  by  Michelson 
and  Morley,  namely  by  a  distance  «=Dt;*/V*,  which  is  also 
accompanied  by  the  angular  rotation  of  the  two  images  through 
v*/2V*  in  opposite  directions  ;  but  when  CO  A  is  large  com- 
pared to  r'/V*  this  last  effect  can  be  neglected.  Suppose, 
then,  that  CD  is  moved  to  CD'  so  that  00^  =  5,  and  let  O'lV 
cut  EF  in  L.  It  seems  to  be  assumed  by  Michelson  and 
Morley  that  the  locus  of  the  central  fringe  moves  along  to 
LR,  so  that 

OM=PR=LM/tan  C0A=«/2  tan  COA,  and  .-.  PR=PQVX; 

and  therefore  that  the  whole  system  of  fringes  is  moved  late- 
rally by  the  same  fraction  of  the  width  of  a  fringe  as  «  is  of  X. 
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Now  this  can  be  true  only  if  the  images  are  symmetrical  with 
respect  to  L,  or  if  each  wave-front  is  absolutely  uniform  in 
-character.  But  in  dealing  with  wave-fronts  of  light  in  con- 
nexion with  interference  we  must  be  careful  to  conjoin  the 
effects  of  parts  only  of  identical  origin,  as,  for  instance,  that 
of  C  with  that  of  E,  or  that  of  0'  with  that  of  0,  or  that  of  L 
in  V/D'  with  that  of  L  in  BF. 

But  in  the  actual  experiments  it  is  practically  impossible  to 
secure  that  the  two  images  intersect  in  a  point  that  corre- 
sponds to  itself  as  L  does.  In  general  we  must  assume  that 
the  two  images  C^D^  and  EF  intersect  under  the  conditions 
represented  in  the  next  diagram  (fig.  3),  where  0  in  EF  and 
O^in  O^D'  are  images  of  the  same  point  in  the  original  wave- 
front. 

Let  0(y=c  ;  then  if  T  is  any  point  at  distance  a  from  0 

Fij?.  3. 


in  EF,  the  corresponding  point  U  in  CD'  is  at  distance 
c  +  ^  from  0.  Let  us  bisect  FOD'  by  AB,  and  find  the 
value  of  a  which  determines  a  pair  of  corresponding  points 
so  that  they  are  equidistant  from  a  point  whose  polar  coordi- 
nates relative  to  O  and  OB  are  r  and  0.  Denote  the  angle 
FOB  by  a  ;  then  the  equality  of  PT  and  PU  gives 

r*  +  a?*-2nrcos(d  +  a)  =  r8+(c  +  a?)'-2r(c  +  a?)cos(^-«),  (1) 

.'.  2.i-(c— 2rsin^sina)  — 2rccos  (^— a)  +c^=0; 

and  treating  a  as  a  small  angle 

2a{e — 2r«  sin  6)  —  2rc  cos  0 — 2rca  sin  ^  f  c* = 0  nearly. 

Denote  r  cos^  by  q,  and  r  sin  0  by  p,  and  then 

2x{c-2pa)-\-c(c-2pa)^2cg=^0.   ...     (2) 

In  this  equation  first  suppose  that 

c-2pa=0, 

then  either  c=0  or  g^O,     If  c  happens  to  be  zero,  then 
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either  jt?=0  or  a=0.  The  case  of  j[)=0  is  of  no  interest^  and 
with  <j=0,  a=0  we  have  the  case  of  absolutely  coincident 
images  with  no  fringes  at  all.  Thus  the  case  with  c— 2/>a=0 
and  c=0  can  be  dismissed,  and  we  have  to  consider  next 
c^2pa==0  and  ^=0,  which  amounts  to  this,  that  at  the  par* 
ticular  position  of  P  given  by  p^cj'laL  and  y=0,  both  of  each 
pair  of  corresponding  points  are  nearly  equidistant  from  P^  so 
that  both  of  each  pair  of  corresponding  disturbances  reach 
this  position  of  P  in  the  same  phase.  In  this  case  there  is 
one  point  pssc/2a  and  q^O  which  stands  nearly  in  the  same 
sort  of  symmetry  with  respect  to  the  two  images  as  0  does 
when  0'  and  0  are  identical.  We  will  return  to  this  as  a 
special  case  after  we  have  studied  the  general  case  in  which 
c—tpa  is  not  equal  to  zero.     Here  we  have 

^^c{^-(c-2pam 

C— 2jt>a 

Let  the  state  of  affairs  we  have  been  discussing  so  far  be  that 
in  which  there  is  no  relative  motion  of  the  apparatus  and  the 
sether,  so  that  the  want  of  coincidence  of  the  two  images  is 
due  entirely  to  experimental  imperfection  ;  and  now  suppose 
the  apparatus  to  acquire  its  velocity  v  relative  to  the  aether, 
the  effect  of  which  is  to  shift  CD'  relatively  to  EF  in  the 
manner  contemplated  by  Michelson  and  Morley.  Let  us 
suppose  the  shift  to  be  the  simplest  possible,  namely,  that  of 
CD'  parallel  to  itself  to  GH  through  a  distance  OK = « = D(;VV* 
along  the  normal  to  AB,  and  let  GH  intersect  EF  in  L,  which 
is  now  to  be  regarded  as  a  new  origin,  c  has  not  been 
altered  by  the  shift,  »  has  been  increased  by  0Y=«/2,  and  q 
has  been  diminished  oy  YL=rf/2  tan  a=s/2oi  nearly;  thus  then 
for  the  distance  a'  defining  the  distance  of  a  point  along  LF 
from  L  which  is  at  the  same  distance  from  P  as  its  corre- 
sponding point  in  LH,  we  get  by  making  in  (3)  the  changes 
indicated 

^,_c{q—8/2a  —  {c--2pa'-sa)/2\  . 

a,  — — ....    14  J 

SO  that  approximately  as  8  and  a  are  small 

^— ^'= s — .5- (5) 

But  X  is  measured  from  L,  so  that  the  actual  shift  of  the 
corresponding  points  is  a:— or'— OL=a:— »i?'— */2a 

__   s      2pa 


2a  c  —  2pa ' 


(6) 
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Therefore  if  c  is  large  compared  to  2pa  the  shift  of  corre- 
sponding points  is  only  a  small  fraction  of  that  (V2«)  con- 
templated by  Michelson  and  Morley  for  the  fringes.     Now  to 
see  how  the  consideration  of  corresponding  points  bears  upon 
the  problem  we  have  only  to  remember  that  each  wave-front 
propagates  itself  normal  to  itself,  and  that  therefore  the  best 
interference  effects  are  to  be  sought  along  the  normal  to  AB 
which  is  equally  inclined  to  the  normals  to  the  two  image 
waves  ;  if  we  fix  our  attention  on  two  small  elements  of  the 
image  waves  around  two  corresponding  points,  we  see  that 
their  most  vivid  interference  effects  will  be  along  the  normal 
to  AB  which  is  at  distance  (a?  +  (?/2)  cos  a,  or  nearly  x  +  c/2 
along  AB  from  0.     In  order  that  y,  which  is  x{c^2pa)/c 
+  (c— 2pa)/2,  should  be  nearly  this  x+cj^y  the  fraction  2oa/c 
is  to  be  small,  or  c  is  to  be  large  compared  to  2/>a,  which  is 
the  condition  just  found  in  order  that  the  shift  of  corresponding 
points  should  be  small  compared  to  that  of  the  fringes  sought 
by  Michelson  and  Morley.     If  the  eye  of  the   observer  is 
placed  in  OZ  (fig.  3),  that  is  if  y=0,'then  a?=  —  c/2,  and  in 
the  whole  system  of  possible  fringes  there  is  along  OZ  a 
peculiar  central  region  characterized  by  a  certain  symmetry; 
but  at  the  same  time  to  an  eye  placed  anywhere  the  central 
band  in  its  field  may  be  characterized  by  maximum  clearness^ 
yet  it  will  have  none  of  the  peculiar  character  of  the  one  abso- 
lute symmetrical  central  one.     To  an  eye  placed  anywhere  the 
central  band  in  its  field  is  at  such  a  point  that  the  mean  dis- 
tance from  equal  corresponding  areas  of  the  two  images  is  the 
same ;  and  according  to  what  we  have  just  seen  if  the  one 
image  is  shifted  through  a  distance  s  along  the  normal  to  the 
mean  position  of  the  two  images^  then  the  position  of  corre- 
sponding  points    is    only   changed    by   the   small    fraction 
2pa/{c^2pa)  or  2pa/c  of  s/2oiy  and  therefore  the  fringes  will 
be  seen  in  the  eye  to  move  approximately  only  the  small 
fraction  2pa/c  of  the  expected  s/2a.     If  things  were  adjusted 
so  that  the  absolutely  central  region  of  the  fringes  appeared 
in  the  eye,  then  just  as  in  fig.  3  0  moves  to  L,  the  complete 
shift  s/2a  of  the  central  region  would  be  observed  ;   but  this 
adjustment  would  be  a  tedious  business. 

In  the  final  experimental  arrangements  the  simplicity  of  the 
scheme  given  in  fifif.  1  was  somewhat  departed  from,  because 
each  half  of  the  aivided  beam  was  reflected  backwards  and 
forwards  four  times  along  its  initial  path  in  order  to  increase 
the  effective  value  of  D ;  the  images  were  brought  into 
apparent  coincidence  and  so  adjusted  that  2a  was  such  as 
gave  fringes  of  convenient  width ;  but  c  was  quite  unknown 
and  might  be  large  compared  to  2pa,  or  say  2Da,  without 
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detection,  because  while  «  was  adjusted  for  by  reason  of  the 
necessity  of  making  the  fringes  of  convenient  width,  there 
was  no  adjustment  for  making  c  zero,  beyond  the  comparatively 
rough  one  of  causing  images  of  an  object  to  coincide  apparently, 
and  therefore  on  the  average  c  may  be  assumed  to  be  large 
compared  to  2pa.  The  case  in  wnich  c  becomes  not  very 
different  from  2pa  has  already  been  partly  discussed  in  the 
extreme  form  when  c=2/>a,  a  relation  which  we  saw  makes 
« indeterminate.  When  c-^2pa  is  small  but  not  zero,  since 
a^z  ~^c/2 '\' qc/(c'^2pa)  we  can,  by  keeping  q  small,  also  keep 
a  as  near  —  c/2  as  we  please,  so  that  the  central  region  of  the 
fringes  is  still  peculiar  and  characteristic.  In  this  case  the 
approximation  given  for  j?'— «  in  (5)  is  no  longer  of  use ; 
and  we  must  reason  in  the  following  way,  that  before  the 
shift  (fig.  3),  the  central  region  will  Tie  along  OZ,  and  after 
the  shift  along  a  parallel  to  OZ  through  L,  so  that  the  system 
of  fringes  shifts  as  expected  by  Michelson  and  Morley ;  in 
short,  when  q  is  small  we  are  observing  near  the  central  fringe 
which  moves  the  full  «/2a.  Thus  we  see  that  while  an  im- 
proper use  of  the  formula  (6)  might  make  it  seem  as  if  we 
could  get  infinite  magnification  of  the  effect  looked  for  in  the 
experiment,  in  reality  the  shift  8/2a  of  the  fringes  is  the  largest 
practically  obtainable^  and  can  be  secured  only  by  making 
either  q  nearly  equal  to  0,  or  as  we  saw  before  (fig.  2)  c=0  ; 
while  if  c  is  allowed  to  be  larger  than  2pa  the  shift  may  be 
any  fraction  of  this  maximum.  In  other  words,  the  shift 
expected  by  the  experimenters  can  be  obtained  in  only  two 
cases:  first  when  the  intersection  of  the  two  images  corresponds 
to  itself,  in  which  case  the  eye  may  observe  anywhere;  and 
second,  when  there  is  a  lateral  shift  of  one  image  relative  to 
the  other,  and  the  eye  is  in  the  axis  of  quasi-symmetry  OZ. 
If  the  contention  here  advanced  is  sound,  it  appears  that  the 
failure  of  Michelson  and  Morley  to  get  evidence  of  the 
relative  motion  of  earth  and  aether  is  due  to  the  absence  of  a 
certain  adjustment  required  to  give  their  method  the  sensitive- 
ness aimed  at,  and  not  to  any  real  defect  in  the  theory  of  the 
experiment.  Their  method  has  been  since  applied  to  other 
attempts  to  measure  motion  of  the  aether,  as  in  Lodge's 
experiment  with  the  whirling  steel  disks  (Phil.  Trans,  clxxxiv. 
1893),  Threlfall  and  Pollock's  on  the  Effect  of  Eontgen  Rays 
(Phil.  Mag.  [6]  xlii.),  and  Henderson  and  Henry^s  (Phil. 
Mag.  [5]  xliv.)  on  the  Motion  of  ^ther  in  an  Electromagnetic 
Field  ;  in  all  these  experiments  only  negative  results  have 
been  obtained.  But  it  is  to  be  remembered  that  in  the  last 
three  the  two  parts  of  the  divided  beam  are  sent  in  opposite 
directions  round  the  same  path,  whereas  in  Michelson  and 
Morley's  experiment  the  two  beams  travel  in  independent 
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paths :  now  in  the  foraier  case  if  the  two  beams  travel  D 
between  separating  and  meeting,  and  meet  again  at  an  angle 
2a,  then  the  linear  separation  of  corresponding  points  may  be 
taken  as  2aD,  which  amounts  to  the  same  as  our  2a/>,  and  hence 
the  conditions  are  such  as  favour  the  degree  of  sensitiveness 
expected  by  Michelson  and  Morley;  while  in  their  own  experi- 
ment, as  each  of  the  separated  beams  is  reflected  fifteen  times 
in  its  own  independent  path  there  is  opportunity  for  a  con- 
siderable lateral  shift  of  the  one  beam  relative  to  the  other 
when  they  meet,  although  both  are  adjusted  as  nearly  to 
parallelism  as  is  necessary,  that  is  to  say  that  c  is  independent 
of  iapj  and  the  sensitiveness  of  the  system  of  fringes  is 
unknown,  but  in  all  probabilit}'  small  compared  to  that 
expected.  In  their  celebrated  repetition  of  Fizeau's  great 
experiment  on  the  effect  of  running  water  on  the  eether 
Michelson  and  Morley  ^ot  their  well-  known  positive  result, 
but  in  this  case  the  divided  beams  were  sent  in  opposite 
directions  round  the  same  path,  so  that  the  optical  arrange- 
ment had  the  sensitiveness  expected.  It  is  the  use  of  multiple 
reflexion  along  different  paths  in  the  experiment  on  the 
relative  motion  of  earth  and  aether  that  introduces  the  possi- 
bility of  comparatively  large  lateral  shift. 

If  the  argument  in  this  paper  is  correct  it  ought  to  be 
possible  by  careful  adjustment  for  the  requisite  sroallness  of 
Cy  or  for  getting  the  absolute  central  band  into  the  field 
of  view,  to  give  the  Michelson  and  Morley  apparatus  the 
sensitiveness  desired  for  measurement  of  the  relative  motion 
of  earth  and  sether ;  and  in  any  case  an  experimenial  examina- 
tion of  the  efiect  of  lateral  shift  seems  desirable. 

Melbourne,  Sept.  1897. 


III.   llie  2'ransmisswn  of  Badiant  Heat  hy  Gases  at  Varying 
Pressures.    By  Charles  F.  Brush*. 

ICPlates  I.  to  X.] 

BEFORE  describing  my  own  investigations  on  the  trans- 
mission of  heat  by  gases,  I  shall  refer  briefly  to  the 
classical  work  of  a  somewhat  similar  nature  by  MM.  Dulong 
and  Petit  early  in  the  present  century.  Their  memoir 
entitled  ^'  Researches  on  the  Measure  of  Temperatures,  and 
on  the   Laws  of  the  Communication  of  Heat,''  gained  the 

Krize  voted  by  the  Academy  of  Sciences  in  1818.     A  trans- 
ition of  this  important  paper  may  be  found  in  the  *  Annals 
of  Philosophy,'  for  February,  March,  April,  and  May,  1819. 

•  Communicated  by  the  Author,  haying  been  read  before  the  American 
Association  for  the  Advancement  of  Science,  August  10,  1807. 
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In  their  researches  ou  the  "  Communication  of  Heat," 
Dulong  and  Petit  used  as  the  cooling  body  a  very  large 
thermometer  bulb  filled  with  mercury  ;  and  as  the  recipient 
of  the  heat,  a  large  copper  bulb  or  "  balloon "  about  three 
decimetres  in  diameter,  in  the  centre  of  which  the  ther- 
mometer bulb  was  placed.  The  copper  balloon  was  coated 
with  lamp-black  on  the  inside,  and  kept  at  any  desired  con- 
stant temperature  by  means  of  a  water-bath  or  melting  ice. 
The  thermometer  tube  was  of  such  length  as  to  bring  the 
zero  of  the  scale  outside  the  balloon ;  and  the  thermometer 
was  adapted  to  be  removed,  heated,  and  quickly  replaced, 
air-tight.  The  balloon  was  connected  with  an  air-pump 
capable  of  rapidly  exhausting  it  down  to  about  two  millimetres 
pressure  ;  and  also  with  a  gas-holder  from  which  it  could  be 
quickly  filled  with  the  gas  whose  cooling  properties  were  to 
be  determined.  The  rate  or  "velocity''  of  cooling  of  the 
thermometer  bulb  was  deduced  from  observations  of  the 
falling  tem[>erature  at  equal  intervals  of  time. 

With  this  apparatus  Dulong  and  Petit  made  many  carefully 
conducted  experiments  at  differences  of  temperature  between 
the  thermometer  and  balloon  ranging  as  high  as  300  degrees ; 
and  with  several  different  gases  besides  air,  ranging  in 
pressure  from  atmospheric  to  two  millimetres.  From  the 
results  of  these  experiments  they  deduced  several  laws  of 
cooling  which  they  held  to  be  general  in  their  application. 
They  sharply  divided  the  cooling  into  two  parts  ;  that  due  to 
convection — the  actual  contact  of  tlie  surrounding  cooler  gas 
renewed  by  its  own  currents, and  that  due  purely  to  radiation — 
the  same  as  would  occur  in  an  "  absolute  vacuum.*'  They 
derived  a  constant  value  for  the  latter,  and  values  for  the 
former  varying  with  different  gases  and  different  pressures. 
They  generally  used  the  thermometer  bulb  naked,  with  its 
natural  vitreous  surface,  but  sometimes  they  silvered  it. 
While  this  radical  change  in  the  character  of  surface  greatly 
changed  the  loss  of  heat  due  to  radiation,  it  apparently  had 
no  effect  on  that  due  to  convection.  They  also  tried  ther- 
mometers with  different-sized  bulbs ;  and  again,  various 
shaped  vessels,  filled  with  various  liquids  surrounding  a  small 
thermometer  bulb,  were  tried  as  the  cooling  body.  None  of 
these  changes  affected  the  genepal  laws  of  cooling  which  they 
had  deduced.  But  they  did  not  try  a  smaller  copper  balloon. 
Had  they  tried  a  very  small  one  they  would  have  found  some 
of  their  general  deductions  untenable. 

MM.  Dulong  and  Petit  devoted  a  lengthy  chapter  to  the 
discussion  of  the  cooling  of  bodies  in  vacuo.  But  they  fell 
into  the  grave  error  of  deducing  the  behaviour  of  the  last  few 
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millimetres  of  gas  from  that  of  the  rest.     In  this  way  thej 
arrived  at  the  following  '*  Sixth  Law : " — 

^'  The  cooling  power  of  a  flaid  diminishes  in  a  geometrical 
progression  when  its  tension  itself  diminishes  in  a  geometrical 
progression.  If  the  nitio  of  this  second  progression  is  2,  the 
ratio  of  the  first  is  1-366  for  air  ;  1-301  for  hydrogen  ;  1-431 
for  carbonic  acid ;  and  1-415  for  defiant  gas." 

My  own  observations  show  that  this  law  can  be  approxi- 
mately true  only  in  the  case  of  a  large  balloon  ;  and  at 
pressures  from  a  few  millimetres  npward.  There  is  no 
suggestion  of  it  when  a  small  balloon  is  nsed  ;  and  at  small 
pressures  it  does  not  obtain  with  either  large  or  small  balloons. 

I  find  that  in  a  small  balloon  the  cooling  eiFect  of  the  last 
millimetre  of  air  is  nearly  ten  times  as  great  as  that  of  all  the 
rest,  up  to  atmospheric  pressure,  combined. 

It  was  throogh  misplaced  confidence  in  their  Sixth  Law 
that  Dulong  and  Petit  were  led  to  place  a  value  on  the  rate 
or  velocity  of  cooling  in  vacuo,  something  like  a  hundred  per 
cent,  too  high,  as  I  shall  show  later;  and  as  they  derived 
the  cooling  values  of  gases  by  deducting  the  coolmg  effect 
of  a  vacuum  from  the  total  cooling  observed,  all  their  values 
for  gases  are  much  too  low.  These  large  errors  vitiate 
mucn  of  their  otherwise  excellent  work,  and  render  the 
numerical  values  of  the  ratios  given  in  the  Second  and  Third 
Laws  extremely  doubtful. 

Other  experimentalists  also  have  studied  the  transfer  of 
heat  by  air  and  other  gases  at  various  pressures.  Kundt  and 
Warburg  (Pogg.  Ann.  1874-5)  and  Winkelmann  (Pogg. 
Ann.  1875-6)  observed  that  the  rate  of  heat  transmission 
remained  substantially  constant  through  a  long  range  of 
diminishing  pressure;  and  then  decreased  with  further  ex- 
haustion. But  as  they  mnde  no  measurements  of  pressure 
below  one  millimetre  (1316  millionths  of  atmospheric  pres- 
sure), their  results  have  no  quantitative  value  for  low  pressures. 

Crookes,  in  his  paper  ^^  On  Heat  Conduction  in  Highly 
Rarefied  Air  (Proc.  Roy.  Soc.  1880),  described  a  similar 
experiment  in  which  he  carried  the  pressure  measurements  as 
low  as  2M.  (two  millionths).  From  the  fall  in  the  rate  of 
heat  loss  which  occurred  between  the  pressures  of  760  milli- 
metres and  1  millimetre,  and  5  M.  and  2  M.,  he  concludes : 
^'  We  may  legitimately  infer  that  each  additional  diminution 
of  a  million^  would  produce  a  still  greater  retardation  of 
cooling,  so  that  in  such  high  vacua  as  exist  in  planetary  space 
the  loss  of  heat — which  in  that  case  would  only  take  place  by 
radiation — would  be  exceedingly  slow." 

PAiZ.  Mag,  S.  5.  Vol.  45.  No.  272.  Jan.  1898.  D 
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In  this  conclusion  Sir  Wm.  Crookes  was,  I  think,  wrong. 
I  find  that  the  curve  representing  the  rate  of  cooling  does 
not  hreak  down  materially  at  pressures  as  low  as  a  twentieth 
of  a  millionth. 

My  own  investigations  on  "  The  Transmission  of  Radiant 
Heat  by  Gases  at  Varying  Pressures  '^  form  a  part  of  a 
general  study  of  the  properties  of  high  vacua,  in  which  I 
have  long  been  engaged,  and  which  is  yet  far  from  being 
completed. 

In  the  course  of  my  work  it  became  necessary  to  know 
how  much  of  the  heat  communicated  by  a  good  radiating 
body  at  ordinary  temperatures,  to  a  neignbouring  body  at  a 
slightly  lower  temperature,  through  nn  intervening  gas,  is 
transmitted  by  the  so-called  aether,  and  how  much  by  the  gas ; 
and  whether  any  of  that  transmitted  by  the  gas  is  com- 
municated otherwise  than  by  the  process  of  convection.  Also 
why,  and  to  what  extent,  do  the  gases  differ  from  each  other 
in  their  heat  transmitting  capacities. 

In  the  drawings  herewith,  Plate  I.  is  a  diagram  of  the 
apparatus  used  in  my  experiments.  A  is  the  thermometer 
whose  cooling  was  observed.  It  has  a  very  open  scale 
divided  into  two-tenths  degrees  C.  The  zero-point  is  placed 
a  long  distance  (about  170  millimetres)  above  the  bulb,  for 
obvious  reasons.  The  bulb  is  cylindrical,  about  20  millim. 
long  and  about  7  millim.  in  diameter,  and  is  coated  with 
lampblack  applied  with  a  very  thin  alcoholic  solution  of  shellac. 
After  several  hours'  bakingat  100  degrees  in  a  good  vacuum, 
this  bulb  gave  constant  r^^tion  results.  The  thermometer 
is  suspended  by  a  platinum  wire,  with  its  bulb  in  the  centre 
of  the  large  pear-shaped  glass  bulb  B,  about  112  millim. 
in  diameter.  The  stem  of  the  thermometer  hangs  freely 
in  the  long  neck  of  the  large  bulb.  I  shall  hereafter  call 
the  glass  bulb  B,  the  "  large  radiation  bulb,''  or  simply  the 
"  large  bulb,"  to  distinguish  it  from  a  smaller  one  used  later. 
The  bulb  B  is  surrounded  by  a  copper  tank  C,  lagged  with 
woollen  cloth,  and  filled  with  crushed  ice  and  distilled  water. 
A  \dre  netting  C  serves  to  keei)  some  of  the  ice  always 
below  the  lowest  point  of  B.  The  tank  C  is  movable  on 
vertical  guides,  whereby  it  may  quickly  be  raised  to,  or 
lowered  from,  the  position  shown,  tous  exposing  the  bulb  B 
alternately  to  the  ice-bath  and  the  atmosphere  of  the  labo- 
ratory. The  bulb  B  communicates  freely  with  the  large 
barometer-tube  D,  which  is  used  for  measuring  all  but  very 
small  pressures.  E  is  a  standard  boiled  barometer,  dipping 
into  the  mercury-cistern  F,  common  to  both  barometers. 
G  is  a  McLeod  gauge  giving  very  accurate  measurements  of 
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small  pressiires,  and  H  is  a  drying-bnlb  containing  phosphorns 
pentoxide.  The  glass  stopcock  I  serves  to  admit  other  gases 
than  air,  and  is  of  course  made  absolutely  tight  when  closed. 
The  mercury  valve  K  prevents  any  leakage  backward  from 
the  pump  when  the  latter  is  stopped  during  observations. 
Exhaustion  is  effected  by  an  automatic  Sprengel  pump 
haying  five  fall  tubes.  L  is  a  fine  cathetometer  placed  in 
front  of  the  whole  apparatus,  and  by  rotation  on  its  vertical 
axis  is  adapted  to  read  the  McLeod  gauge,  both  barometers, 
and  the  thermometer.  It  has  a  vertically  divided  scale  with 
vernier  and  microscope,  for  reading  the  barometers,  and  a 
micrometer  for  reading  the  gauge.  A  watch  N  is  mounted 
close  beside  the  thermometer  on  a  sliding  frame,  so  as  to  be 
easily  kept  in  the  field  of  view  of  the  cathetometer  telescope 
when  the  latter  is  used  to  observe  the  falling  temperature. 

Before  using  this  apparatus  I  always  exhausted  to  a  good 
vacuum,  and  heated  the  bulb  B  by  means  of  a  water-bath,  and 
all  other  vacuous  parts  by  means  of  an  air-bath,  to  100  degrees 
for  several  hours.  This  was  found  necessary  in  the  first 
instance  with  air,  in  order  to  divest  the  inner  glass  surfaces 
of  that  portion  of  their  coating  of  adherent  gas  most  easily 
given  off  in  a  vacuum.  This  gas  was  pumped  out ;  and  not 
being  principally  air,  was  not  largely  re-aosorbed  when  air 
was  admitted.  WitJiout  this  precaution  I  was  unable  to 
obtain  constant  results  at  very  low  pressures.  When  other 
gases  were  tried  successively,  the  preliminary  heating  pre* 
vented  gas  from  one. operation  attaching  itself  to  the  glass 
and  remaining  to  contaminate  the  succeeding  gas  at  very 
low  pressures. 

I  next  introduced  the  proper  gas  up  to  atmospheric  pres- 
sure, and  made  a  preliminary  cooling  of  the  thermometer  by 
raising  the  ice- tank  C.  This  preliminary  cooling  was  found 
to  have  a  slight  effect  on  the  readings  next  following,  and 
was  done  to  make  the  first  set  of  readings  on  any  day 
entirely  comparable  with  the  others.  I  then  lowered  the 
ice-tank,  and  when  the  temperature  had  risen  to  18  degrees, 
stirred  the  ice  and  water  thoroughly,  raised  the  tank  again, 
and  observed  the  thermometer  through  the  telescope— noting 
by  the  watch  N  the  instant  when  the  falling  mercury  passed 
each  degree  of  the  scale.  Then,  with  the  ice-tank  still  up,  I 
noted  the  pressure  by  measuring  with  the  cathetometer  tiie 
difference  in  height  of  the  barometer  colunms  in  D  and  E. 
The  barometer  D  showed  that  the  gas  in  the  radiation  bulb 
cooled  nearly  to  zero  with  very  great  rapidity  when  the  ice- 
tank  was  raised.  I  always  measured  pressures  with  the 
radiation  bulb  cold.      It   was  usual  to  repeat  the  whole 
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operation  to  confirm  results  before  reducing  the  pressure  by 
the  pump. 

Observations  were  thus  made  at  pressures  varying  from 
atmospheric  down  to  the  best  vacuum  obtainable.  In  some 
instances  many  series  of  observations  were  made  at  varying 
pressures  all  within  the  last  millionth.  The  gauge  could  be 
relied  upon  to  measure  these  small  pressures  with  very  great 
accuracy.  But  it  was  difficult  to  maintain  them  long  at  any 
exactly  constant  value  on  account  of  the  continual,  though 
slight,  evolution  of  gas  from  the  glass  of  the  apparatus. 

As  I  desired  only  comparative  results,  no  correction  was 
made  for  the  probable  slight  inequalities  in  the  callibration 
of  the  thermometer  ;  nor  for  heat  conducted  to  or  from  the 
bulb  by  the  stem  ;  nor  for  the  change  of  zero-point  due  to 
changing  external  pressure.  The  mercury  fell  exactly  to 
zero  at  atmospheric  pressure,  and  about  one-fiftieth  of  a 
degree  lower  at  no  pressure.  The  pressure  error  due  to 
differences  of  capillary  depression  in  the  two  barometers  was 
ascertained  at  high  exhaustions^  and  found  nearly  constant. 
It  was  always  corrected.  The  difierent  gases  used  were  care- 
fully prepared  and  dried,  and  were  introduced  quite  free  from 
any  admixture  with  air. 

My  observations  have  extended  over  a  long  period,  and 
are  far  too  voluminous  to  be  recorded  here  in  detail.  But  I 
have  embodied  their  most  salient  features  in  a  series  of 
curves  which  render  them  readily  apparent  to  the  eye.  In 
these  curves  the  abscissae  represent  the  pressure,  and  the 
ordinates  represent  the  rate  of  heat  transmission  through  the 

fas,  from  the  thermometer  bulb  to  the  ice-cold  envelope, 
he  rate  of  transmission  at  any  particular  pressure  is  expressed 
by  the  reciprocal  of  the  number  of  seconds  required  for  the 
temperature  to  fall  through  a  given  number  of  degrees.  For 
convenience  of  scale  all  the  reciprocals  are  multiplied  by  600. 
PI.  II.  shows  the  curve  for  air.  The  heavy  line  represents 
the  rate  of  cooling  from  15  degrees  to  10  degrees.  It  is  in 
three  sections.  A,  B,  and  C.  Section  A  embraces  the  whole 
range  of  pressure  from  nothing  to  atmospheric;  section  B 
embraces  the  range  of  pressure  from  nothing  to  '01  of  atmo- 
spheric ;  and  section  C  embraces  the  range  of  pressure  from 
nothing  to  '0001  of  atmospheric,  L  e.  100  M.  (one  hundred 
millionths).  Atmospheric  pressure  is  taken  at  760  millim. 
Thus  it  will  be  seen  that  section  B  is  the  last  hundredth  of  A, 
magnified  a  hundred  times ;  and  section  0  is  the  last 
hundredth  of  B,  magnified  a  hundred  times.  The  cross- 
section  paper  on  which  these  curves  are  drawn  is  50  centi- 
metres wide ;  hence  if  the  curve  were  completed  on  the  scale 
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of  B,  it  would  be  50  metres  loug  ;  and  if  completed  on  the 
scale  of  C,  it  would  be  five  kilometres  long.  This  magnifica- 
tion of  the  abscissae  without  change  of  the  ordinates  enables 
us  to  study  every  part  of  the  curve  with  ease.  The  small 
circles  represent  the  points  in  the  curve  established  by  ob- 
servation. These  points  are  shown  exactly  as  found,  without 
any  attempt  to  smooth  out  rough  places  in  the  curve.  The 
same  is  true  of  the  curves  of  other  gases.  The  heavy  dotted 
line  parallel  with  the  base  represents  that  portion  of  the  total 
heat  transmission  due  to  the  aether  ;  while  all  above  it  repre- 
sents that  due  to  the  air. 

Starting  at  the  left-hand  end  of  section  A,  representing 
the  rate  of  heat  transmission  at  atmospheric  pressure,  we 
observe  that  the  curve  drops  regularly  at  a  rate  faster  than 
the  diminution  of  pressure,  during  95  per  cent,  of  the  whole 
range  of  pressure  from  atmospheric  to  zero.  Beyond  this 
point  the  rate  of  heat  transmission  remains  substantially 
constant,  as  shown  by  section  B  and  the  latter  part  of  A, 
down  to  a  pressure  of  about  '0003 — ^a  range  of  nearly  ninety- 
nine  and  a  half  per  cent,  of  that  remaining.  Here  the  curve 
suddenly  begins  to  drop  again,  and  falls  steadily,  as  shown 
by  section  C  and  the  latter  part  of  B,  until  it  meets  the  aether 
line  at  the  zero  of  pressure. 

Under  the  curve  A  I  have  drawn  curves  with  finer  lines 
representing  the  rate  of  heat  transmission  at  smaller  difier- 
ences  of  temperature  between  the  thermometer  and  ice-bath. 
As  before  stated,  A  represents  the  cooling  from  15  degrees  to 
10  degrees.  On  the  same  scale  a  represents  the  cooling 
from  9  degrees  to  6  degrees;  aa  from  6  degrees  to  4  degrees; 
and  aaa  from  3  degrees  to  2  degrees.  Now,  Newton's  law 
of  cooling  requires  that  the  rate  shall  vary  directly  with  the 
difference  of  temperature  between  the  cooling  body  and  the 
surrounding  medium.  While  this  law  is  known  to  be  incor- 
rect for  large  differences  of  temperature,  it  is  generally 
accepted  for  very  small  differences.  If  it  were  correct  under 
the  conditions  of  the  present  experiment,  then  the  ratios  of 
the  times  required  for  the  temperature  to  fall  through  the 
several  ranges  above  indicaled,  would  all  equal  unity,  and  the 
curves  A,  a,  aa^  aaa  would  coalesce.  But  they  are  very 
far  from  doing  this.  It  will  be  observed  that  all  of  these 
curves  preserve  their  relative  values  very  closely  indeed, 
until  they  approach  the  point  of  pressure  where  the  curve  A 
reverses  itself;  then  they  begin  to  bunch  themselves  very 
much  closer  together,  especially  the  lower  ones,  and  shortly 
reach  a  greatly  reduced,  as  well  as  varied  ratio  of  values 
which  they  retain  substantially  unchanged  to   the  end,  as 
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shown  in  connexion  with  section  C.  To  avoid  confusion  of 
lines  I  have  omitted  the  secondary  curves  corresponding  with 
section  B. 

PI.  III.  shows  the  curves  for  carbon  monoxide.  This  gas 
was  chosen  for  comparison  with  air,  because  its  absorptive 
power  for  radiant  heat  is  ninety  times  greater,  while  its 
specific  heat  is  almost  exactly  the  same.  The  principal  curve, 
representing  the  rate  of  heat  transmission  from  15  decrees 
to  10  degrees,  differs  very  little  from  that  of  air.  H.  snows 
a  slightly  better  rate  than  air  at  very  small  pressures  ;  not 
quite  so  good  a  rate  as  air  at  intermediate  pressures  ;  and  the 
same  rate  at  atmospheric  pressure.  But  the  curves  a,  aa^ 
a  a  a,  representing  equivalent  amounts  of  cooling  at  smaller 
temperature  differences,  are  materially  unlike  those  of  air. 
At  high  pressures  they  have  about  the  same  ratio  values  as 
with  air ;  but  the  ratio  diminishes  much  less  at  intermediate 
and  low  pressures  ;  that  is  to  say,  the  curves  remain  further 
apart.  It  is  equally  noticeable  that  the  curves  aa^  aaa 
retain  their  full  relative  ratio  values  at  low  pressures,  while 
with  air  they  nearly  coalesce. 

VL  IV.  shows  the  curve  for  ethylene.  It  was  thought  that 
this  gas  might  transmit  heat  more  rapidly  than  air,  oecause 
of  its  mucn  higher  specific  heat.  But  it  does  not  do  so. 
Its  curve  has  the  same  form  as  those  of  air  and  carbon 
monoxide.  It  transmits  heat  nearly  as  well  as  air  at  atmo- 
spheric pressure,  but  not  nearly  so  well  at  intermediate 
pressures.  At  a  very  few  millionths,  however,  it  conducts  a 
trifle  better  than  air.  The  curves  a,  a  a,  and  aaa  have  the 
same  characteristics,  and  about  the  same  ratios,  as  those  of 
carbon  monoxide. 

Hydrogen  was  next  tried,  on  account  of  its  very  low  co- 
efficient of  viscosity,  as  well  as  its  very  high  specific  heat. 
PI.  V.  illustrates  the  hydrogen  curve  on  the  same  scale  as 
the  others.  While  in  general  form  it  resembles  the  air  curve, 
all  the  ordinates  are  immensely  increased.  It  is  noticeable 
that  the  intermediate  section  B  of  the  curve  lies  much  nearer 
A  than  C,  quite  different  from  its  relative  position  in  the 
curves  of  the  other  gases.  This  section  of  the  curve  shows 
that  hydrogen  retains  about  two-thirds  of  its  initial  heat- 
transmitting  power  at  a  pressure  nearly  two  hundred  times 
smaller  than  does  air.  The  curves  A,  a,  a  a,  and  aaa  have 
something  like  the  same  ratios  as  they  have  in  the  cases  of 
carbon  monoxide  and  ethylene.  In  general,  it  may  be  said 
of  hydrogen  in  the  large  radiation  bulb,  that  it  transmits  heat 
nearlv  four  times  as  fast  as  air  at  atmospheric  pressure  ;  more 
ihan  iwice  as  fast  at  a  very  few  millionths,  and  more  than 
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seven  times  as  fast  through  a  long  range  of  intermediate 
pressures. 

As  evidence  of  the  accuracy  of  the  observations  on  which 
the  curves  thus  far  described  are  based,  it  is  gratifying  to 
note  that  the  vacuum,  or  aether  line,  locates  itself  exactly  the 
same  in  all. 

In  making  the  above-described  observations  I  looked  for 
some  change  in  the  phenomena  when  the  exhaustion  reached 
the  point  at  which  tne  mean  free  path  of  the  gas  molecules 
equalled  the  distance  between  the  thermometer  bulb  and  the 
cold  walls  of  the  enclosing  globe.  This  should  have  been  at 
a  pressure  of  about  two  millionths.  No  such  change  was 
observable,  however,  in  any  case.  Partly  in  pursuance  of  the 
same  idea,  I  resolved  to  repeat  some  of  my  experiments, 
using  a  very  much  smaller  radiation  bulb.  This  1  expected 
would  also  reduce  that  portion  of  the  total  cooling  effect  due 
to  convection  currents.  I  accordingly  employed  the  bulb  or 
tube  P  (PI.  I.)  in  my  further  experiments.  This  is  made 
from  a  thin  glass  tube  slightly  less  than  20  millimetres  internal 
diameter,  and  in  it  hangs  the  same  thermometer  A  which 
was  used  before.  In  transferring  the  thermometer,  great 
care  was  taken  to  avoid  any  disturbance  of  the  coating  of 
lampblack  on  its  bulb.  At  &  is  a  contraction  of  the  tube  P 
to  prevent  the  thermometer  bulb  swinging  against  the  inside 
of  the  tube.  The  contraction  b  is,  however,  much  larger 
than  the  thermometer  st^m,  so  that  normally  the  latter  does 
not  touch  it.  The  thermometer  bulb  hangs  exactly  in 
the  centre  of  P,  near  its  bottom,  and  is  separated  from  it  by 
a  space  of  a  trifle  more  than  six  millimetres — almost  exactly 
a  quarter  of  an  inch ;  instead  of  two  inches,  as  in  the  case  of  the 
"  large  bulb/'  The  tube  or  bulb  P,  I  shall  hereafter  designate 
the  "  small  radiation  bulb,''  or  simply  "  small  bulb,"  to  dis- 
tinguish it  from  the  large  one. 

PI.  VI.  shows  the  curve  for  hydrogen,  with  the  small  bulb. 
It  differs  radically  in  size  and  form  from  that  obtained  with 
the  large  bulb.  Section  A,  instead  of  drooping  rapidly  with 
decreasing  pressure,  maintains  almost  its  full  value  through- 
out. Section  B  starts  with  nearly  double  its  old  value,  but 
breaks  down  much  earlier.  Section  0  starts  with  a  little 
higher  value,  but  is  much  straighter,  and  consequently  has  a 
lower  value  throughout  most  of  its  length.  The  curves 
a,  aa^  aaa  are  very  peculiar.  They  start  at  atmospheric 
pressure  with  much  smaller  total,  and  very  different  relative 
ratios  than  in  PI.  V.,  and  are  successively  absorbed  into  A. 
They  reappear  later,  however,  as  shown  in  section  C,  but 
wiUi  smaller  ratios  than  in  PI.  V.- 


Digitized  by 


Google 


40  Mr.  C.  F.  Brush  on  tJie^  Transmission  of 

P).  VII.  gives  the  curve  for  air,  with  the  small  bulb.  It 
differs  from  that  with  the  large  bulb  quite  as  much  as  did  the 
hydrogen  curve.  Section  A  droops  shghtly,  and  then  regains 
almost  its  full  atmospheric  value  at  one  per  cent,  pressure. 
Section  B  has  the  same  form  as  with  the  large  bulb  (PI.  II.), 
but  more  than  double  its  value ;  and  section  0  also  has  a 
much  higher  value  throughout.  The  curves  a,  aa,  aaa  have 
small  ratio  values  at  the  beginning,  and  are  absorbed  into 
section  A  the  same  as  with  hydrogen.  But  a  a  and  aaa 
coalesce  when  they  reappear,  and  coincide  to  the  end  ;  while 
the  ratio  between  a  and  a  a  remains  constant  at  a  very  small 
value. 

PI.  VIII.  IS  the  curve  for  carbon  dioxide,  with  the  small 
bulb.  It  closely  resembles  the  air-curve  in  form,  but  has  a 
very  much  smaller  value  throughout.  While  the  curves  a  a 
and  aaa  are  soon  united,  and  remain  so  to  the  end,  a  and  a  a 
never  disappear  as  they  did  in  the  cases  of  hydrogen  and  air. 

With  the  small  bulb,  as  with  the  large,  no  cliange  in  the 
character  of  the  phenomena  was  observable  wben  the  ex- 
haustion had  reached  the  point  at  which  the  mean  free  path 
of  the  molecules  equalled  the  space  through  which  the  neat 
was  conducted.  This  point  was  reached  in  the  small  bulb  at 
a  pressure  of  about  fourteen  millionths. 

It  seems  reasonable  to  assume  that  the  radical  difference 
between  sections  A  of  the  curves  obtained  with  the  large  and 
small  bulbs  respectively  was  due  to  an  almost  complete  sup- 
pression of  convection-currents  in  the  latter  case.  In  the 
absence  of  convection-currents,  that  part  of  the  heat  trans- 
mitted by  the  gas  was  probably  carried  by  a  process  analogous 
to  conduction  in  solids.  The  shortness  of  conductor  in  the 
case  of  the  small  bulb  may  account  for  the  greatly  increased 
rate  of  conduction.  But  why  the  conductivity  of  a  gas 
remains  nearly  constant  through  a  very  wide  ran^e  of  pres- 
sure is  not  clear.  Sir  Wm.  Crookes's  explanation  of  this 
phenomenon  seems  to  me  very  unsatisfactory. 

It  will  be  noticed  that  the  "  sether-line  "  is  about  four  per 
cent,  lower  with  the  small  bulb  than  with  the  large  one.  This 
may  be  due  to  the  greatly  decreased  amount  of  surface  pre- 
sented by  the  small  bulb  for  absorption  of  the  radiant  heat. 

The  enormous  heat-conducting  capacity  of  gases  at  very 
small  pressures  is  strikingly  shown  in  all  the  curves.  But 
hydrogen  is  preeminent  in  this  respect.  Thus,  in  the  large 
bulb,  hydrogen  at  a  pressure  of  only  twenty-six  millionths  of 
an  atmosphere  transmits  heat  as  rapidly  as  the  sether  I  At 
seventy-six  millionths  it  equals  air  at  atmospheric  pressure ; 
that  is  to  say,  it  does  the  work  of  nearly  two  hundred  tliousand 
times  its  weight  of  air  I 


Digitized  by 


Google 


Radiant  Heal  by  Gases  at  Varying  Pressures.  41 

It  is  remarkable  that  at  pressuros  up  to  a  few  uiiliiouths  all 
of  the  curves  are  nearly  straight  lines.  This  is  especially 
noticeable  in  the  small-bulb  curves,  showing  that  at  these 
small  pressures  the  heat-transmitting  power  of  a  gas  varies 
directly  with  its  amount.  Hence  it  seems  reasonably  certain 
that  if  the  very  small  fraction  of  a  millionth  of  the  gas 
examined,  which  remained  at  the  end  of  each  experiment, 
could  have  been  entirely  removed,  the  heat-transmitting 
power  of  the  vacuum  would  not  have  been  materially  dimi- 
nished. It  was  customary  at  the  end  of  the  experiments  with 
each  gas  to  close  the  gauge  permanently  when  the  pressure 
had  fallen  to  a  tenth  of  a  millionth  or  so,  and  with  the  capacity 
of  the  whole  apparatus  thus  reduced  run  the  pump  con- 
tinuously from  one  to  two  hours.  Several  sets  of  observa- 
tions were  always  made  during  this  extreme  exhaustion,  and 
while  the  change  in  the  rate  of  cooling  of  the  thermometer 
was  generally  appreciable  it  was  always  very  small  indeed. 
In  my  earlier  experiments  I  took  the  greatest  care  to  ensure 
the  absence  of  mercury-vapour  in  the  final  vacuum.  But  the 
presence  or  absence  of  mercury-vapour  made  no  difference 
distinguishable  from  the  errors  of  observation. 

Of  course  the  best  vacuum  producible  by  a  Sprengel-pump 
still  contains  many  thousands  of  millions  of  gas-molecules  per 
cubic  centimetre.  This  may  be  regarded  as  a  prodigiously  large 
or  exceedingly  small  quantity  of  gas,  according  to  oar  point  of 
view.  While  it  has  no  apparent  effect  on  the  general  heat- 
transmitting  capacity  of  the  vacuum,  it  does  seem  to  interfere 
with  or  modify  some  function  of  the  sether.  This  is  the  only 
explanation  of  certain  phenomena  that  I  can  offer.  I  refer 
to  the  different  behaviour  of  the  vacua  with  different  residual 
gases,  and  in  different-sized  bulbs,  in  the  matter  of  adherence 
to,  or  departure  from,  Newton's  simple  law  of  cooling.  The 
curves  a,  aa,  aaa  illustrate  these  differences  in  the  several 
cases  at  the  extreme  end  of  section  C  of  the  principal  curves. 
These  differences  are  too  large  to  be  attributed  to  errors  of 
observation.  This  is  one  of  several  reasons  which  lead  me  to 
suspect  that  at  higher  pressures  all  the  gases  examined  inter- 
fere materially  with  and  retard  the  transmission  of  heat  by 
the  aether.  In  other  words,  I  suspect  that  the  dotted  aether 
line  of  my  curve  sheets  should  not  be  drawn  parallel  with  the 
base,  and  have  a  constant  value  at  all  gaseous  pressures  as 
shown,  but  should  have  a  decreasing  value  as  the  gas  pressure 
rises  from  zero.  On  this  interesting  phase  of  my  subject  I 
hope  to  have  more  to  say  at  a  future  date. 

JSefore  closing  I  will  call  attention  to  two  more  curve 
sheets.  PI.  IX.  is  an  air-curve  plotted  from  figures  given  in 
Dulong  and  Petit's  paper.     It  is  drawn  to  such  a  scale  that 
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the  rate  of  heat-condnction  at  atmospheric  pressure  is  the 
same  as  in  my  own  experiment  with  air  in  the  large  bulb,  and 
illustrated  in  PI.  II.  The  first  five  stations  in  the  curve  are 
the  ones  from  which  they  deduced  their  ^*  Sixth  Law "  of 
cooling.  The  rest  of  the  curve  is  drawn  in  accordance  with 
that  law,  and  the  vacuum  hue  represents  exactly  the  value 
they  assigned  to  the  cooling  power  of  an  absolute  vacuum. 
Comparison  with  PI.  II.  shows  how  much  they  erred  in  their 
deductions. 

PI.  X.  embodies  the  results  obtained  with  a  mixture  of 
three  volumes  of  hydrogen  and  five  volumes  of  carbon  dioxide 
in  the  small  bulb.  A  study  of  this  curve  in  connexion  with 
PI.  VI.  shows  that  the  carbon  dioxide  interfered  very  greatly 
with  the  performance  of  the  hydrogen.  Before  any  exhaustion 
was  made^  the  hydrogen  alone  would  have  done  more  than 
three  times  the  work  of  both  gases.  It  was  not  until  the 
pressure  had  fallen  to  about  one  liundred  milHonths  that  both 
gases  combined  did  as  well  as  the  hydrogen  would  have  done 
alone.  Below  this  pressure  both  gases  contributed  to  the 
result. 

This  interference  of  mixed  gases  is  a  very  interesting  phe- 
nomenon, and  seems  to  warrant  tho  careful  investigation 
which  it  is  my  intention  to  give  it. 


IV.  The  Stresses  and  Deflection  of  Braced  Girders. 
By  W.  H.  Macaulay*. 

A  STRUCTURE  consisting  of  a  number  of  bars  hinged 
together  (or  pin-jointed)  at  their  ends  is  called  a  frame. 
The  points  at  which  hinges  occur  are  called  joints.  A 
frame  is  said  to  be  stiff  if  the  number  and  arrangement  of 
bars  are  such  that  the  frame  cannot  be  distorted  without 
stretching  one  or  more  of  them.  If  this  is  not  the  case  it  is 
said  to  be  loose.  A  frame  is  said  to  be  just  stiffs  if  it  is  stiff 
and  the  removal  of  any  one  bar  could  make  it  loose.  If  a 
frame  is  stiff,  but  not  just  stiff,  it  is  possible,  by  removing  a 
set  of  one  or  more  bars,  to  make  it  just  stiff  without  depriving 
it  of  any  joints ;  such  bars  are  called  redundant  bars,  A  frame 
may  have  more  than  one  set  of  redundant  bars,  that  is  to  say 
it  may  be  possible  to  reduce  it  to  being  just  stiff,  without  loss 
of  joints,  in  more  than  one  way.  The  same  terminology  may 
be  applied  to  a  frame  in  one  plane ;  it  is  then  assumed  that 
no  distortion  is  admissible  except  in  that  plane,  and  that  any 
forces  applied  to  the  frame  are  in  its  plane. 

•  Communicated  by  the  Author. 
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The  problem  of  determining  the  tensions  of  the  members 
of  a  stiff  frame  with  redundant  bars,  and  its  deformation 
(assumed  to  be  small)  in  any  direction  under  the  action  of 

fiven  forces  applied  at  the  joints^  was  completely  solved  by 
)lerk  Maxwell,  His  solution  was  published  in  the  Philo- 
sophical Magazine  in  1864,  series  4,  vol.  xxvii,,  and  is 
reprinted  at  the  end  of  vol.  i.  of  his  collected  papers.  The 
only  step  in  this  direction  previously  published  was  due  to 
Clapeyron,  and  dealt  only  with  the  deformation  ot  a  frame 
witnout  redundant  bars.  The  method  employed  is  sometimes 
referred  to  as  Mohr's,  although  Mohr  made  his  earliest  con- 
tributions to-  the  subject  some  years  after  the  publication  of 
Maxwell's  solution,  and  then  only  attempted  some  particular 
examples  of  very  simple  character. 

The  application  of  Maxwell's  solution  to  any  practical  case 
involves  no  difficulty,  though  the  calculations  may  be  rather 
long.  Several  examples  of  such  applications  have  been  given 
from  time  to  time  by  Mr.  Max  am  Ende  in  the  ^  Engineer.' 
The  primary  practical  use  of  the  method  is  for  such  applica- 
tions to  examples  with  particular  numerical  data,  cind  in  this 
connexion  it  deserves  rather  more  attention  than  it  has  received. 
General  results,  sufficiently  concise  to  be  of  interest,  can  only 
be  obtained  for  frames  of  rather  simple  and  sjrmmetrical  types 
with  simple  arrangements  of  loading.  The  object  of  the 
present  investigation  is  to  obtain  from  Maxwell's  equations 
some  general  results  for  one  or  two  simple  types  of  girders. 

It  may  be  convenient  to  begin  with  a  statement  of  Maxwell's 
solution  of  the  problem.  The  question  which  he  proposes  is 
Ihis: — Let  K,  L,  M,  N  be  four  joints  of  a  stiff  frame,  and  let  the 
forces  applied  to  it  consist  of  a  tension  F  between  K  and  L, 
in  consequence  of  which  the  points  M  and  N  approach  each 
other  through  a  small  distance  a ;  to  find  a:  and  the  tensions 
of  all  the  bars  of  the  frame,  assuming  that  the  strains  are  sill 
very  small,  and  that  Hooice's  law  is  applicable.  And  the 
answer  is  as  follows : — Select  out  of  the  bars  of  the  frame  a  set 
which  form  a  just  stiff  frame,  connecting  all  the  joints  of  the 
given  frame;  let  the  extensibilities  of  these  be  ex,  e^y  &c., 
extensibility  being  the  ratio  of  extension  to  tension,  or,  for  a 
uniform  bar,  length  -r-  (area  of  section  x  Young's  modulus) ; 
let  their  tensions  be  Ti,  T«,  &c. ;  let  €x,  €s,  &c.  be  the  extensi- 
bilities and  Ri^  Rj,  &c.  the  tensions  of  the  remaining  or  re- 
dundant bars ;  let  pi,  p^y  &c.  be  the  tensions  of  the  selected 
bars,  taken  alone  as  a  just  stiff  frame,  due  to  a  unit  tension 
between  K  and  L,  yi,  q^j  &c.  their  tensions  due  to  a  unit 
tension  between  M  and  N,  rij  r/',  &c.  their  tensions  due  to 
a  unit  tension  in  the  line  of  the  first  redundant  bar,  rsV'*/^  ^* 
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their  tensions  dae  to  a  unit  tension  in  the  iine  of  the  second 
redundant  bar,  and  bo  on ;  then  Ri,  Rf,  &c.  are  given  by  the 
equations 

Ri€i  +  Ri2^i«-hR32«-ir,  +  R,S<frir8  +  . .  .  +  F2^i=0 
Ra^a  +  RiS^ir,  +  R,2«r,*  +  'Ri^er^r^  + .  .  .  +  Ftepr^ 
&c. 

Also  Ti  =piF  +  r/Rj  +  rj'R,  + (2) 

&c. 
and 

a=::'Ftepq+'R{teqri  +  'R3'Zeqr^+ (3) 

To  apply  this  solution  to  the  case  of  a  girder  on  two  rigid 
supports  with  a  load  at  one  of  the  joints  K,  we  may  suppose 
that  a  base  connecting  the  supports  with  the  necessary  rigidity 
forms  part  of  the  frame,  and  that  a  force  equal  to  the  load 
acts  vertically  between  K  and  a  point  of  this  base ;  the  formulse 
given  by  Maxwell  then  apply,  and,  if  we  take  N  to  be  a  point 
of  this  base  vertically  below  M,  the  value  we  get  for  a;  will  be 
the  deflection  of  the  joint  M.  If  there  are  several  loads,  we 
must  investigate  their  efi'ects  separately  and  compound  the 
results. 

Let  us  apply  these  equations  to  the  case  of  a  pin-jointed 
girder  of  the  type 


,^1X1X1X1X1X1 


with  N  panels,  with  all  the  horizontal  members  of  equal  ex- 
tensibility \,  all  the  sloping  members  of  equal  extensibility  /*, 
all  the  N— 1  intermediate  vertical  members  of  equal  extensi- 
bility V,  and  the  two  end  vertical  members  of  equal  exte  A- 
bility  v\  Suppose  the  sloping  bars  not  to  be  pinned  together 
at  their  intersections.  Let  6  be  the  inclination  to  the  vertical 
of  each  of  the  sloping  bars,  and  let  us  write  s  and  t  for  sec  0 
and  tan  0  respectively. 

Let  the  ends  (lower  joints)  of  the  girders  rest  on  rigid 
supports  A,  B,  and  a  load  W  be  applied  at  one  of  the  lower 
joints  C,  and  let  the  weight  of  the  girder  be  neglected.  Let 
m  be  the  number  of  panels  between  A  and  0,  and  n  the 
number  between  C  and  B. 

Distinguish  the  vertical  bar  at  A  by  the  suffix  0,  and  the 

panels  from  A  to  B  each  consisting  of  the  bars  ^  by  the 

suffixes  1,  2,  ....  N.  Select  for  a  just  stiff  frame  that 
obtained  by  rejecting  all  the  vertical  bars  except  the  one  at  A, 
then  the  tensions  of  these  verticiil  bars  are  ki  Rj  ....  R^ 
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respectively.     Distingxiish  the  four  bars  of  a  panel  ^  of  the 

just  stiff  frame  by  the  letters  a,  ft,  c,  d;  a  belonging  to  the  top 
bar,  h  to  the  bottom  bar,  c  to  the  one  which  slopes  upwards 
from  left  to  right,  and  d  to  the  one  which  slopes  downwards 
from  left  to  ri^ht.  The  tension  of  a  bar  of  the  just  stiff  frame 
being  denoted  by  T  with  a  suitable  suffix,  Tai  is  written  for 
the  tension  of  the  bar  a  in  the  panel  1.  The  jo's  of  Maxwell's 
equation  can  be  distinguished  by  the  same  double  suffixes, 
and  the  r's  by  triple  suffixes,  of  which  the  first  indicates  the 
redundant  bar  referred  to,  the  second  the  position  in  the 
panel,  while  the  third  is  the  suffix  of  the  panel.  The  bar  0  is 
of  course  an  exceptional  case,  requiring  only  the  single 
suffix  0. 

A  number  of  relations  among  the  tensions  can  be  written 
down  without  reference  to  the  strengths  of  the  bars ;  in  fact 
the  whole  number  of  bars  being  5N-t-l,  we  can  find  4N+1 
such  relations  independent  of  one  another. 

Using  the  method  of  sections  we  get 


/)=ltoN 

P 

P 


Top-f  Tftp  +  (T,p  +  Td^)  sin  ^=0  (N  equations), 


1  to  m 
»i  + 1  to  N 


n , 


p=:l  to  m 
p  =  m+l  toN 

p=  1  to  m 


T^-T,,=  (2p-lj<Jw 


To+T<nCOB^=0  >[ 

R»  +  (T^p+Ta.,+i)cos^=JW 


(4) 


>  (N  equations),     .     .     •     .     (5) 


>•  (N  equations),     (6) 


P=m  +  1  toN-1    Rp+(T,p  +  T^,+Ocos^=-gW/  ^^  +  ^^^^*^^°')-  l^^ 

RN+TrfNCOS^=-^W 

N 

We  want  N  more  equations  to  enable  us  to  determine  the 
tensions  of  all  the  bars  of  the  frame,  and  these  are  furnished 
by  Maxwell's  system  of  N  linear  equations  for  Rj  R,  . . , .  U^. 
Let  us  now  solve  these  equations,  replacing  F  by  W. 

The  first  step  is  to  calculate  the  coefficients  for  our  particular 
case.  The  r's  and  p's  are  readily  found,  the  only  difficulty 
being  to  write  them  down  systematically,  with  due  regard  to 
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all  the  d  liferent  cases  which  arise  according  as  m  and  n  ar^ 
odd  or  even. 

Wegetrpo=(-l>+S 


ifir<p  +  l, 

rpa.=r^^{-iy*% 

r^^r^^{-iy^'^% 

i{  fr>p. 

rpair^rpt<r=rpe^-rf^=0; 

thus 

(-l)P+-S«-pr,=:i/  +  2p(X/»  +  /^), 

where 

/j<<r+l, 

the  summation  being  for  all  bars  of  the  jnst  stiff  frame^  r^ 
referring  to  the  /jth,  and  r^  to  the  crth  redundant  bar. 

For  the  panels  I  to  fn : 
if  N— (riseven,;?air  =  -o-^«  +  r«J,     Pb<r  =  {(r—l)^i+lt]y 


if  N-tr  is  odd,  pa^  =  -(o—l)  ^ <-[«],    p*^  =o-^«-[«], 

where  the  terms  in  square  brackets  are  to  be  kept  if  n  is 
odd,  and  to  be  omitted  if  n  is  even. 
For  the  panels  m  + 1  to  N  : 

if  N— (T  is  even,7?o<r  =  ""(N— cr)  jv^,      />5<^s=(N— (r+l)j^«, 

-  m 


ifN-(risodd,;>aa=-(N-(7+l)S<,      i>6<r=(N-(7)^^, 


m 


Thus  for  the  panels  1  to  m, 
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and  for  the  panels  m  + 1  to  N, 

Accordingly  if  p    m  + 1, 
2«pr,=(-irVov'+(-l)^*''-^V{j-[2l}(X/'+/««) 

=  (-l)p+»/,ov'+(-l)N-Pp|2-(_l)-|(X/«+;««); 

and  if  p>m, 

24pr,=(-l)''«/^,v'  +  (-l)N+P+im{^-[2]}(\f«+/M«) 

On  examining  these  resalts  we  find  that 

is  zero,  except  when  p=o',  and  that  in  this  case  it  is  equal  to 
2(X/«+/i5*);  also  that 

2^p-i  +  22«prp  +  Sqwp+i 

is  zero  except  when  p^m^  and  that  iu  this  case  it  is  equal  to 

Accordingly,  if  we  take  the  p— 1th,  pth,  and  p+lth  of 
Maxwell's  equations  and  add  them  together  after  multiplying 
the  pth  hy  2,  all  the  R's  will  be  eliminated  except  three,  the 
resulting  equation  being 

F(Rp,i  +  2R^  +  Bp+i)  +  2(^'+A«^)Rp=0, 

subject  to  the  following  exception,  namely,  that  when  p=m 
we  must  add  the  term  —  (Xi^  +  /i«^)W,  and  that  in  the  last 
equation  vR^  must  be  replaced  by  v'Rn . 

Let  yffv^ay  and  2(X/*-f  M5^)/v=i8,  then  each  three  succes- 
sive R's  of  the  series  R^  Rj  .  .  .  R^  satisfy  the  difference 
equation 

Rp-i  +  (2+/3)R,4-Rp+i=0 (8) 

Accordingly,  this  series  of  R's  are  given  by  the  equation 

Rp=Au~-<»  +  Bt;~-^ (9) 

where  u  and  v  are  the  roots  of  the  equation 

w«+(2+/8)u  +  l=0, 
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that  is  to  say,  M+i?=— 2— ^,  and  ttt?=l.  It  is  clear  that 
u  and  V  are  boUi  negative ;  let  us  denote  by  n  the  root  which 
is  a  proper  fraction. 

Similarly  B«,  I^+i,  .  .  .  Rn-i  are  given  by  the  equation 

R^«A'w^-«+B'r-«       ....     (10) 
and 

aRBr=A'M»  +  B'r», (11) 

where 

A'  +  B'=A  +  B (12) 

We  have  now  used  N— 3  of  our  N  equations  (1),  and  have 
three  left  to  complete  the  determination  of  A  B  A'  B',  namely 
the  equation 

R,-i+(2+/3)R«  +  B«^i-i/9W=0,  .    .    (13) 

and  the  first  two  of  the  equations  (1),  which  are 

Ri  +  {Ri-R,  +  Ra-  .  .  .  -(-l)^RN;(a+^>+ Jw2^i=0,  (14) 

-Ri(a  +  /3)+R,+  {R,-R3+  .  .  .+(-l)^Rir}(a+2/3) 
+  JWS^,=0 (15) 

Now  from  equation  (2) 

To-=;)oW  +  Bi-R,+  .  .  .  -(-l)'Tlw.    •    •     (16) 
So  equations  (14)  and  (15)  may  be  written 

Ri+To(a+y3)  +W{-;»o(«+/3)+  I  S«pri}=0, 

R,/9+ B,-To(a+ 2/8)  +  W{po{a+2fi)  +  ^  S«pr,} =0, 
or 

E,+To(a+/8)=-iW^/9,      .    .    .     (17) 

R^+B,-To(a+2/3)=Wji8.      .    .    (18) 

We  have  now  to  solve  equations  (12),  (13),  (16),  (17),  and 
(18)  for  A,  B,  A',  B'. 
Since  /3=—(l +«)*/">  equation  (13)  gives 

A'«  +  B'p=At;+B«-  ^-^^^W. 
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Combining  this  with  (12)  we  got 

1+uWy 

(19) 
I-uYJ 
from  (17)  and  (18)    B,  (2  +/8)  +  B, + Toa=0, 

.-.  Toa=A«"+Bt;" (20) 

Substituting  this  valae  of  To  in  (17)  we  get 

A«»+>{»-^-(l+r)}+Btr{u^^(l  +  «)}=iW^(l+«). 

i(l  +  ")-«*=*j  and  ^(l  +  t;)-tJ=V^, 
BO  that 

then  this  equation  may  be  written 

A^u«+i  +  B<^r-=-iW^(l+w).      .     .     (21) 

To  get  another  equation  for  A  and  B  we  must  sum  the 
series  in  equation  (16)  ;  the  result  is 

^  (Ai.-+B»-)=f.W-(-l)-A^~<~°)' 

+  (-l)»'B'r  t"(--^)^"^  -  (-1)^-  (A'u»  +  B'r«), 
which  reduces  to 

Ar.^  (-1)^B^=  {  i=^r.-  »ii±^«  } 

'^  ^  +  (-l)»ftt»+>  2 '    *    •    ^    ' 
and  solving  equations  (21)  and  (22)  we  get 

fif>(l-u'){il>+^-^')     n      ■)       l+»      W         . 
^"l  (l-«)(^+^'^+»)  ^N"  J^— ^K+1  2'^^"*^ 

fVr(l-u»)(^+Vnt»>^)M-+'      nl    (1+«)«»W    ,g,. 

^ \       (l_«)(^+^»+i)        +Ni^-f,/'*+i2"-(^*) 

P/»i7.  i/air.  S.  &.  Vol  45.  No.  272,  Jan.  1898.  E 
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We  get  A'  and  B'  bj  interchanging  m  and  n  in  ibese 
results,  or  we  can  nse  equations  (19). 

Thus  the  solution  of  Maxwell's  equations  for  the  tensions  of 
the  redundant  bars  of  our  frame  has  been  obtained  in  a  fairly 
simple  and  concise  form. 

Ilp(p  from  1  to  m)  =  Am*-^  +  Bwp-"*, 
Rp(p  from  m  to  N-l)=AV-«  +  B'M«-p=Att«-p  +  Bu^-*» 

Thus  the  general  expression  for  Bp  {p  from  1  to  N  — 1)  may 
be  written 

where  the  term  in  the  square  brackets  is  to  be  omitted  when 
p— m  is  negative. 

This  expression  is  equal  to  oTq  when  p= 0,  and  to  aRir  when 
/)=N.  It  should  be  noted  that  the  result  involves  the  ex- 
tensibilities of  the  bars  and  the  inclinations  of  the  sloping 
ones  only  in  the  form  in  which  these  quantities  occur  in  a 
and  /3.  When  v^=:y,if>  and  ^  are  each  unity.  Now  —  m  is 
a  positive  proper  fraction  (except  in  the  limit  when  v  is 
infinite)  ;  and  it  is  clear  that  if  the  intermediate  vertical 
bars  are  not  very  slender  compared  with  both  horizontal 
and  diagonal  bars,  w^  will  be  small,  and  good  approximate 
results  of  a  simple  form  will  be  obtain^  by  neglecting 
this,  and  possibly  some  other  powers  of  u,  in  comparison 
with  imity. 

We  have  (1 4  u)fa=4>  +  "  5  thus 

If  we  put  v=oo  in  this  equation  we  get  results  for  the 
girder  |/<^/OOO^I  which  can  be  easily  verified. 

The  remaining  tensions  may  be  found  either  from  Max- 
welPs  equation  (2)  or  from  the  equations  (4)  to  (7).  As 
equations  (7)  are  not  very  convenient  in  form,  let  us  employ 
equations  (2)  to  find  T^  and  T^. 
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=i',pW+<{R^-B^+,+  .  .  .  +(-.l)»--.R„}. 
Let  p  be  greater  than  m ;  then 

=  -(N-p  +  i)^«W+j^(Au«-p+>  +  B«^-) 

When  p<m+l  we  have  by  s^inmetry 

Ta,=  -(p-i)  J<W+  ji-CAw-o+i  +  Bu'-). 
Similarly 

We  have  the  same  summation  as  before,  and  when  p-»-m, 
T^=;>.,W-  j^(A'«^+B'«-^«)  +  (-l)3'-p,.iW5 

=  |g  «W  -  j^CAw-'-'+i  +  B«^-)  +  i,W  jij  («-P+i_„.-.). 

We  at  once  dedaoe  from  this  the  value  of  T^  for  the  case  of 
p<  m  +  1 ;  and  all  the  other  tensions  can  be  written  down 
with  the  help  of  equations  (5)  and  (6),  the  results  being  as 
foUows  in  terms  of  A  and  B : — 

E2 
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Tap=i  J^W-  j~^ (Au-p+i  +  BuP-«), 

Rp  =Att'"-p  +  Bw  -~  (this  being  aT^  when  p=0) ; 
p>m: 

T5p=  (N-p  +  i)  g<w  +  r~  (Aw«-p+i  +  BuP— ) 

Teprrjg^W-  ^_i-(Au— P+1  +  BuP"*) 

+i^W  J—  (w«»-p+^-t<p-«), 
+i«WT-^(t*"-p+i-Mp-«) 

1— u  '^ 

Rp= Att~-p+  BuP-*-iW^±^(w«-p-ttP-m) 

1— w^  ^ 

(this  being  aRi^  when  p=N). 

In  these  expressions  the  values  which  have  been  found  for 
A  and  B  can  be  inserted.     We  get  at  once 

(Att*-p+i  +  Bm^-«)  =  4  W - 

I  (l-M)(<^+^a^+i) 

+  ^(w^-p+i-tiP)J.     .     (27) 
The  fall  expression  for  Rp  has  already  been  written  down. 
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Let  us  now  calculate  the  deflection  of  the  ^rder  at  a  point 
distant  k  bays  from  A  and  I  bays  from  B.  The  deflection  is 
by  Maxwell's  formula 

Wtepq  +  RiS^yn  +  EjS^yrg  + (28) 

and  to  find  the  o's  we  have  only  to  stibstitute  k  and  I  respec- 
tively for  m  ana  n  in  the  expression  for  the  j^'s.  Let  us  first 
deal  with  the  case  in  which  A:<m+1 ;  when  we  have  found 
the  deflection  for  this  portion  of  the  girder  the  deflection  for 
the  remainder  can  be  obtained  by  symmetry, 

<!:('5-''X's->")-':r('s*^>-4 

where  single  dashes  indicate  that  the  term  in  qnesiion  is  to  be 
omitted  if  n  is  even,  and  doable  dashes  that  it  is  to  be  omitted 
if  I  is  even.  Performing  the  summations  indicated  we  find 
ihat 

+  (X<»+/M»)^  {2W"-n'-n") ; 
and  the  last  term  may  be  written 

(x<«+/**»)4t[i-(-i)"-(-i)>-«+(-ir'N^ 

Now  when  p<k  +  l 

teqr,=  (-ir'jov'+  (-l)^-'p{^  -(-1)'}  0^+t^), 

and  when  p>k 

S«3r,=  (-l>'+'gov'+  (-l)»-'A;{^-(-l)'}  (fU'+^L^), 
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Thus  Ri  S«g'»'i  +  Bj2«gT,+  . . . 

=2ov'(Ri-B,+ .  ..)-(-l)^|(Ri-2R,+8R,- ...)(X<*+/M^ 

+  (-1)*{B,-2B,- ..  .+(-l)»«ARtKA/«+/M«) 
+*{R»+x-B*+,+  . . .  +  (-1)'+iEk}(\<« +/««). 
Now 

R,-R,+  . . .  =  j(Au"+Bi»«)-poW, 

and  the  oiher  sums  can  be  evalnated  in  terms  of  A,  B,  u,  v, 
and,  finally,  we  get  for  the  value  of  the  whole  expression 

1 1  -VoJoW-  ^  (Au«»+ Bo»)  - ^(A'tt»+B'tC)  +  A«'-^+ Be"-*! 

-i(\/»+/M«)w|Ul-(-i)--(-l)']"t  +  (-ir*N}. 

Thus 

P9+RiS«2n  + 

,kn 


Wtepg+Eite^  +  B,teqr,  +  ..  .=JW\<«§^(N>-n»-A*-i) 


+iW/*^^-^   [j(n'o+AB],)-R*].    .    (29) 

This  is  the  deflection  at  the  point  ky  I  when  k<m+ly  and  by 
symmetry  we  see  that  the  deflection  at  this  point  when  k>mis 

-^^(iTo+iBK)-E»}.    .     (30) 

If  we  substitute  for  Tq,  Bn,  and  R*  the  values  which  we  have 
found  for  them  (25)^  we  get  for  the  deflection  when  A<  m  + 1^ 

iW3U»^(N»-n»-*»-i)  f  iWAM»^ 
■  iw      l+«     f(l-t4^Xi-«*)(^+^"''+')(^""-*+^*-^') 

+  *"''^-^'»+i  l  (l-«)(^  +  ^u»+i) 

+  ^(««*+M  (l-«^)  +  ^  («--«")-  g  (u*--*) }  ;  .(81) 
and  when  A  >*  m, 
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+  1  Wr      ^  +  ^        /  (1  -u")  ft-u*)  (»  +  t""-^^)(^u«*-H  ^u"+^) 

We  can  obtain  another  expression  for  the  deflection  at  a  point 
at  which  k  >inhj  interchanging  w,  n  and  Z,  k  throughout  the 
expression  (31), 

We  are  now  in  a  position  to  find  by  a  process  of  summation 
the  tensions  of  the  bars  and  the  deflection  at  any  point  for  the 
case  of  uniform  loading,  a  weight  W  being  attached  to  each 
of  the  lower  joints,  the  total  load  being  (N— 1)W.  It  will  be 
seen  that  the  results  in  this  case  are,  in  consequence  of  the 
symmetry  of  the  loading,  somewhat  simpler  than  those 
obtained  for  the  case  of  a  single  load.  To  obtain  Bp  for  this 
case  we  have  to  sum  the  values  of  the  expression  (25)  for  a 
single  load  for  all  values  of  m  from  1  to  N— 1,  w  varying  from 
N-ltol.     The  result  is 

^i(K-i)w(^;iyj-"'^iwi±;'T-  ,.-.^,. 

which  reduces  to 

-jwil^^^l^  (5-  ,  1^}  .iw(l±J)' ,  (3a, 

this  18  aTo,  which  is  equal  to  aR^,  when  p  is  0  or  N. 

We  have  some  simple  relations  as  before  between  the  other 
tensions,  but  these  it  is  hardly  necessary  to  use,  for  the 
principal  summation  is  the  same  for  all  of  them^  that  is  to  say 
we  have  to  evaluate 

1      masN— 1  1      m=o-l 

Gall  this  expression  S,  then 

T„=-"TV-i)5^W-"T'(N-p+i)  5<W+<S 
=  -i{"(N-p+i)0'-i)  -i]<W+<S. 
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Similarly^ 

T^.=H(N-p+i)(p-i)-i}*W+<t, 
T.^=-i(N-2p+  l)»W-*2, 
Tdi,-i(N-2p+l>W-»2. 
Now 

Thns  the  tensions  of  all  the  bars  are  found. 

To  find  the  deflection  at  the  point  k,  I  for  the  loading  onder 
consideration  we  have  to  sum  the  expressions  (29)  and  (80), 
the  former  for  values  of  m  from  Z  to  1^—  1,  and  the  latter  for 
valaes  of  m  from  1  to  Z— 1.    Thns  the  deflection  is 

To,  Bk,  and  Rt  being  here  the  tensions  for  the  case  of  the 
continuous  loading,  these  being  the  results  of  summing  the 
corresponding  tensions  for  the  case  of  a  single  load.  He- 
membering  that  FSo  +  ^Rk  ^  NTq,  and  substituting  the 
ralues  which  we  have  found  for  the  tensions  To  and  Ok,  the 
expresfflon  for  the  deflection  becomes 

iWKl^kl{  N»-l-i(**  +  *^+P) }  +iWAM»AZ 
or 

The  results  obtained  for  continuous  uniform  loading  may 
be  written  concisely  as  follows.    Let 
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and  let  x  and  y  be  the  number  of  bays  from  A  and  B  re- 
spectively to  centre  of  bar  in  the  case  of  a  tension  formula^ 
or  to  point  of  deflection  in  the  case  of  the  deflection  formula^ 
then 

T.=  -ieW[ar3^-i  +  (i^+^+ur+l)co-^3^,},.  (35) 
T,=i«w{.3^-i-(u-+»  +  t.y+*)«>+(j|^^  .(36) 

Tc=i«W{i(^-y)+(t^+*+T^+*)a>-p^,},.  (37) 
T.=i.w|i(y-..r)  +  (u-+i+uy+i)»-^j^^  (38) 

R=iW(l+u)|-(u-+,^)a,+^l^,},.    .    .(39) 

Deflection=iW{i\«2^(N«+«j^-2)+A«^^ 

+  F(l  +  u)(l-M')(l-My)a)}.  .     .     .  (40) 

Here,  as  before,  the  expression  (39),  when  ^=0  and  y=N, 
is  equal  to  aTo,  which  is  equal  to  aRy. 

These  results  appear  to  be  sufSciently  simple  and  concise* 
The  numerical  yalues  of  u  and  o>  can  readily  be  calculated 
for  a  given  girder.  Referring  to  the  quadratic  equation 
which  u  satisfies,  we  see  that 

2u     __         2         /l+u\«         /3 


(!-«)«  4+^'    \l-uJ       4+/3' 

and  M  =-.i-iy3+ j^(4+y3)*. 

The  data  of  the  question,  admitting  only  four  different 
sections  of  members  of  the  frame,  do  not  permit  the  sections 
to  be  all  proportioned  to  the  tensions.  The  results  obtained 
can,  however,  be  compared  with  those  given  by  other  less 
accurate  methods. 

Let  us  regard  the  girder  as  a  uniform  b<9a;m,  loaded  with 
N  — 1  weights,  each  equal  to  W,  at  equal  intervals  along  it, 
and  apply  the  ordinary  Bemoulli-Euler  method  for  deter- 
mining the  deflection  at  any  point.  If,  in  calculating  the 
moment  of  inertia  of  a  section  of  the  beam,  we  take  account 
only  of  the  two  horizontal  booms,  neglecting  the  web,  we 
readily  find  that  the  deflection  at  a  point  at  a  distance  x  from 
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one  end  of  the  beam  and  y  from  the  other  end  (the  unit  of 
length  being  the  length  of  a  bay)  is 

iVWX<«^(NH^) (41) 

In  comparing  ihis  result  with  the  expression  (40),  we  must 
suppose  that  x  and  y  can  only  have  integral  values  from  1  to 
N  — 1  ;  thus  the  value  of  xy  ranges  from  N— 1  to  ^N^  or  to 
i(N'— 1)  according  as  N  is  even  or  odd.  Accordingly  (41) 
comprises  what  may  be  expected  to  be  generally  the  most 
important  part  of  (40). 

However,  if,  as  will  naturally  be  the  cose,  /ti**  >  f  X^,  the 
remaining  terms  of  (40),  which  may  be  by  no  means  insig- 
nificant, will  certainly  be  positive  ;  whereas  the  terms  omitted 
in  (41)  by  neglecting  the  moment  of  inertia  of  the  web  will 
be  negative. 

Let  u$  take  a  numerical  example.  Let  the  cross-sections 
be  8f  for  horizontal  bars,  2f  for  diagonals,  4f  for  end  verticals, 
and  5  for  intermediate  verticals;  let  N=r9  and  tf =45°,  so 
that  fcl  and  «=  >/2.  Then,  taking  the  depth  of  the  girder 
or  the  length  of  a  horizontal  bar  to  be  unity  as  before,  and 
writing  E  for  Young's  modulus, 

._j_        _x/2         _J.         ,_l_ 
%iW    ^""25E'     ^""fE'  45E' 

/8=3-078,    u=-.-205,    v=x -4-873, 
^=4,    </»=:3-38,    -^a: -.10-62,    «=l-78, 

M.»-jX^=l-33p, 

and  the  values  of  the  several  terms  of  our  formula  are  given 
by  the  following  table  :— 


j»=l,  y=8. 

*=2,  y=7. 

a?=3,  y=6. 

«=4,y=5. 

U<«xv{N«+arv)?B  

29-7 

10-6 

1-7 

56-4 

18-6 

1-4 

74-2 

23-9 

1-4 

84*2 

26-6 

1-4 

ritf*~ix<*wt/CB 

\r"      »'*•  r'sr^*^  •••• 

i<l-fi»)(l-ttx)(l-«y)«CB... 

We  see  that  in  this  case  the  term  (/lw*— fX^)«y  is  of  con- 
eiderable  importance,  and  that  to  make  it  small  compared 
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with  (4) )  the  value  of  /a  must  be  considerably  reduced.  Let 
us  suppose  the  diagonal  members  to  be  of  the  same  section  as 
the  horizontals^  keeping  the  latter  of  the  same  section  as 
before;  then 

and  the  four  successive  values  of  (jis^^lkfi)ay^  become 
respectively  2-2,  3-8,  4*9,  5-4 ; 

^=•96,  «»=— 39,  t?=-2-57,  ^-2-8,  i^=-3-7,  ®=l-83, 

and  the  four  successive  values  of  i'(l  +  w)(l— u')(l— My)a)5E 
are  1-5,  -9,  1'2,  and  I'l. 

Here  the  expression  (41)  gives  a  comparatively  good 
result. 

It  is  clear  that  we  ought  not  to  correct  C41)  by  introducing 
a  value  for  moment  of  inertia  of  web,  for  this  would  be  an 
alteration  in  the  wrong  direction. 

The  expression  co  qnay  be  written 

^(l  +  u)(l  +  u^)-i*-u^ 

so  it  is  easy  to  estimate  the  importance  of  the  term  involving 
w  provided  that  u  is  not  nearly  equal  to  —  1. 
in  the  limiting  case  in  which  y=<x>  we  get  the  frame 

iXXXX><3; 

we  have  a=0,  i8=0,  tt=r=  — 1;  when  N  is  even  e»=0, 
when  N  is  odd  ^^w^TT) '  ^^^  *^®  expression 

y(l  +  u)(l-u')(l-t«y> 
has  the  following  values  : — 

N  even  and  a  even    ...     0, 

N  even  and  «  odd     .    .    .     2(X^+/«*), 

N  odd  and  x  even     .    .    .     ^^(^ +/«*)> 
N  odd  and*  odd.     .     .     .     ^^i^^+t^)* 
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In  the  general  case  let  as  suppose  that  u^  is  negligible 
compared  with  unity,  then 


and 


^•=-»^l-^{*(''-l)-T^}- 


Thus  the  condition  that  —  Tq  is  eqnal  to  a  quarter  of  the 
total  load,  namely  :J(N  — 1)W,  is 

or 


2     / 


Thus,  when  N=9  and  «=— *205,  —To  will  be  equal  to  a 
quarter  of  the  total  load  if  the  end  verticals  are  of  about 
6  times  the  strength  of  the  intermediate  ones;  when  N=9 
and  w=  — '39  the  same  result  will  be  secured  if  the  end 
verticals  are  about  9  times  the  strength  of  the  intermediate 
ones.  By  means  of  such  results  as  these,  we  may  form  an 
estimate  of  the  conditions  under  which  the  method,  sometimes 
employed,  of  calculating  the  tensions  of  the  bars  of  a  re- 
dundant frame  by  considering  it  as  the  result  of  the  super- 
position of  two  iust  stiff  frames,  can  be  regarded  as  in  any 
degree  trustworthy. 

Certain  results  for  the  girder  IXX/OOKXI  ^^>  ^s 

we  remarked  above,  be  deduced  from  the  case  already  con- 
sidered by  making  the  extensibilities  of  the  intermediate 
vertical  bars  all  infinite.  But,  as  we  have  in  this  frame 
only  one  redundant  member,  we  can,  without  inconvenience, 
take  a  more  general  case  than  we  have  hitherto  dealt  with 
with  regard  to  the  sections  or  extensibilities  of  the  bars,  or 
even  suppose  these  to  be  all  different.  Let  us  use  the  same 
notation  as  before  for  distinguishing  the  bars  of  the  frame, 
and  take  as  our  redundant  bar  the  vertical  bar  which  bounds 
the  Nth  panel,  its  extensibility  being  e  and  its  tension  R. 
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Tlien 

and  for  a  single  load  at  the  lower  joint  m,  n,  the  p*B  are  the 
same  as  before.  Fpr  the  single  load  W,  E  is  given  by  the 
equation 

B(e+Ser»)  +  WS^/>=0,  .    .    .    •     (42) 

and  R  haying  been  determined,  all  the  other  tensions  can  be 
written  down  at  once  by  resolving  the  forces  at  each  joint, 
and  by  summing  we  can  dednco  results  for  any  system  of 
loading. 

Although  no  case  presents  any  difficulty,  it  is  well  to  assume 
some  symmetry  of  structure  in  order  to  obtain  results  which 
are  concise  enough  to  be  of  interest.  It  will  be  noticed  that 
if  N  is  even  and  the  structure  and  loading  are  both  symme- 
tricsil  about  the  vertical  line  through  the  centre  of  the  girder 
(the  loading  being  wholly  on  the  lower  boom),  Tc^  and 
TdjN+i  must  both  be  zero ;  accordingly,  the  bars  c,  ^N  and 
rf,  ^N  -h  1  may  be  removed  without  any  effect  upon  the  tensions 
of  the  other  bars.  But  this  removal  reduces  the  frame  to  the 
state  of  beins  just  stiff,  so  all  the  tensions  are  independent  of 
the  distribution  of  extensibilities,  and  can  be  found  by  re- 
solving the  forces  at  the  joints. 

Let  us  suppose  that  the  girder  is  symmetrical  about  the 
horizontal  line  through  its  centre  and  in  its  plane.  With 
this  assumption  very  simple  expressions  can  be  found  for  the 
tensions.  We  will  also  suppose  that  it  is  symmetrical  about 
the  vertical  line  through  its  centre,  since  all  actual  girders 
have  this  property.  We  have  then  ea^-=eb^  let  us  call  each 
of  these  X^. ;  we  have  also  ecir=eaaj  lot  us  call  each  of  these 
fitn  And  by  virtue  of  the  symmetry  about  the  vertical  line 
Xv=:Xisr_a+i>  and  /A^=/*ir-<r+i ;  also  «o=€,  let  us  call  each  of 
these  V. 
•    Then  for  a  single  load  at  the  lower  joint  m,  n^  we  have 

2«y=rr«po+<«{  -  J  +  [2J  }2"x+^5/^^X 


=»^oPo+^(/«S\+««2m) 


1  1 
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and 

also 

Thas  the  expression  for  B  is  very  simplei  namely, 

*N^+  2(i'+rSX+»«S/») 

If  N  is  even  and  msn, 

I  1 

and 

R=-i{i-(i)"}W, 

which  verifies  the  remark  made  above. 

For  the  case  of  a  uniform  loading  W  on  each  of  the  N— 1 
lower  joints, 

Hero  SS^r^  menu!^  the  summation  of  all  values  of  ^erp  for 
diflFerent  values  of  m  and  n.  To  evaluate  it  let  us  find  first 
the  part  of  it  which  belongs  to  the  two  bars  aa  and  ba.  We 
have 

/>.,+i'»,=(-lp-^-H-^L«]>     («r=lto».), 
Pa^-^P^^i-^V-^t  (<r=m  +  ltoN), 


the  term  in  square  brackets  to  be  kept  only  if  n  ia  odd. 
Thus  the  part  of  X^erp  for  the  bars  a<r  and  ba  is 

the  term  in  square  brackets  hereto  be  kept  only  if  N— <r  is 
odd  ;  this  reduces  to 

iVMN-(-l)^-'f. 

Similarly  the  part  of  XXerp  belonging  to  the  bars  cc  and 
dc  is 

i/M*{N-(    If-'), 
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aiid 

=:ivN{(-l)W  +  l}, 
thus 

Thus  we  get 

=  -i(N-7)W (43) 

WhenN  18  even,2(-l)'^'Xand2{-l)''"'A»»  are  both  aero 
on  account  of  the  symmetry  abont  the  vertical  line  through 
the  centre  of  the  girder,  and  thus  y  is  zero. 

When  N  is  odd, 

y-^ V+elx+s'^^i, •  •  •  ^^> 

The  values  of  the  remaining  tensions  can  readily  be  de- 
duced ;  they  are  as  follows : — 

T„=  -^Wt{  (<r-l)(N-.r)  +iN  +  K-l)'7h 

T4,=iW»HN-«r+ 1 +i(-l)'7K 
T.  =-iW(N-7). 

These  expressions  for  the  tensions  do  not  depend  upon  the 
assumption  of  any  symmetry  about  the  vertical  through  the 
centre  of  the  girder,  except  that  the  two  end  vertical  bars  are 
equal,  and  io  suppose  them  to  be  unequal  would  not  introduce 
any  complication. 

If  y  is  not  too  great  compared  with  the  X's  and  fA\  thai  is 
to  say  if  the  vertical  bars  are  strong  enough,  we  may  expect 
7  to  be  of  a  magnitude  less  important  than  N  ;  and  so  we  can 
choose  the  sections  of  bars  roughlv  proportional  to  the  ten- 
sions throughout,  and  then  calculate  7  and  determine  the 
extct  values  of  the  tensions,  and  so  decide  whether  it  ia 
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desirable  to  make  any  corrections  in  the  assumed  sections,  the 
process  being  repeated  with  corrected  values  of  sections  if 
necessary,  in  the  limiting  case  in  which  the  vertical 
members  are  very  strong  y  will  certainly  be  small,  and  Tq 
will  be  nejirly  equal  to  JNW. 

The  case  of  the  common  type  of  girder 


1/i/1/IXI\N\h 


is  very  simple,  since  Maxwell's  problem  has  only  to  be  applied 
to  the  cim^re  panel,  and  the  results  are  hardly  worth  writing 
down. 

In  practice  the  joints  of  a  girder  are  generally  rivetted 
and  stiffened  with  gussets,  and  the  horizontal  booms  are 
.  continuous.  The  effect  of  stiffness  of  the  angles  is  doubtless 
a  matter  of  secondary  importance,  but  the  effect  of  continuity 
of  the  horizontal  booms  and  their  resistance  to  bending,  when 
they  are  no  longer  regarded  as  lines,  seems  to  deserve  more 
attention.  Accordingly,  let  us  see  how  the  comparison  of 
results  (40)  and  (41 )  is  modified  by  this  consideration. 

Let  the  lines  which  we  have  hitherto  taken  for  the  horizontal 
members  in  our  original  girder  be  replaced  by  the  neutral 
lines  of  continuous  booms.  Let  f  be  the  area  of  cross-section 
of  each,  and  k  the  radius  of  gyration  of  the  area  about  the 
horizontal  line  in  its  plane  through  its  centre  of  gravity. 
Thon  to  obtain  the  Bemoulli-Euler  deflection,  neglecting  the 
web  as  before,  we   must  multiply  the   expression   (41)  by 

j2-(^2+C*');ttusweget 

^\W\t'ay(ii''{-xt,)(l  +  ^t'k')'\      .    .     (45) 

here  2tk  is  certainly  less  than  the  ratio  of  the  depth  of  a  boom 
to  the  depth  of  the  girder  between  the  neutral  lines. 

Now  consider  the  girder  as  a  frame,  but  with  the  bottom 
boom  continuous,  and  let  us  aim  at  adding  such  loading  to 
the  bottom  boom,  at  the  joints,  as  shall  give  it  at  those  pomts 
the  deflection  (40).  Write  8  for  the  deflection  (41),  8  +  S' 
for  the  deflection  (40),  and  S^  W  for  the  greatest  values  of  8 
and  S\  First  add  a  uniform  loading  2<*PW,  this  by  the 
Bemoulli-Euler  theory  will  give  the  boom  by  itself  the  de- 
flection  8.  Now  we  want  to  add  a  loading  which  will  give 
the  boom  by  itself  a  deflection  8';  this  will  not  be  a  uniform 

loading,  but  a  uniform  loading  2WW^    which  gives  the 

central  deflection  correctly  will  give  nearly  the  deflection  8' 
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elsewhere.  Thus  for  the  girder  considered  as  a  frame,  with 
the   bottom   boom  only  continuous,  and  a  uniform  loadinff 

1  +  2,t^k^  ^  ^    '   j- ,  we  have  a  deflection  agreeing  with 

S  +  S^  at  the  centre  and  very  nearly  equal  to  it  elsewhere. 
Now  4^***  is  a  small  fraction,  squares  of  which  cannot  be 
worth  keeping,  so  the  reduction  in  deflection  under  loading  W, 
due  to  the  bottom  boom  being  continuous,  is  very  nearly 

2^*P-^— ^(S  +  S').     And  if  we  suppose  the  efiect  of  con- 

tinuity  of  the  top  boom  to  be  about  the  same  as  for  the  bottom 
one  (it  is  probably  less  and  hardly  can  be  greater) ,  the  whole 
reduction  of  deflection  due   to  continuity  of  both  booms  is 

about4^^A^?4^(S  +  S0. 

Now  the  reduction  in  the  result  (41)  already  found  (45)  is 
At^k^hy  and  the  difference  between  these  reductions  is 


4^A«{S'+|-'(S  +  S0}. 


So  we  see  that  the  efi^ct  of  taking  account  of  the  area  of 
section  and  continuity  of  booms  in  both  calculations  is  to 
reduce  the  divergence  between  the  results  (40)  and  (41)  by 
the  fraction 


4.*.{l4'('4)} 


of  itself.     We  shall  not  be  far  wrong  in  substituting  tor  this 

the  fraction  U^I^  (  ^  +  x  )•    Thus,  if  we  calculate  the  deflection 

of  the  girder  as  a  frame  with  continuous  booms,  and  compare 
the  result  with  that  given  by  the  BernouUi-Euler  theory 
(leaving  out  the  wob  in  the  moment  of  inertia  of  the  section), 
we  still  have  substantially  the  divergence  already  noted, 
though  it  is  reduced  by  a  small  percentage.  Moreover,  the 
remark  made  above  as  to  the  omission  of  the  web  still  applies. 
The  reduction  in  the  divergence  between  the  two  results, 
since  it  can  be  roughly  estimated,  may  as  well  be  taken  account 
of.  Thus,  if  the  depth  of  boom  is  ^  of  the  depth  of  the 
girder  between  the  neutral  lines,  the  reduction  will  be  about 
2  per  cent,  or  a  little  more. 
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V.  Electrical  Measurement  hy  Alternating  Currents.  By 
Henry  A.  Rowland,  Johns  Hopkins  University ^  Baltic 
morey  Aid* 

[Plate  XIX.] 

THE  electrical  quantities  pertaining  to  an  electric  current 
which  it  is  usually  necessary  to  measure,  in  addition  to 
current,  electromotive  force,  watts,  Ac,  are  resistances^  self 
and  mutual  inductances,  and  capacities.  I  propose  to  treat 
of  the  measurement  of  alternating  currents,  electromotive 
force,  and  watts  in  a  separate  paper.  Resistances  .are  ordi- 
narily best  dealt  with  by  continuous  currents,  except  liquid 
resistances.  I  propose  to  treat  in  this  paper,  however,  mainly 
of  inductances,  self  and  mutual,  and  of  capacities  together 
with  their  ratios  and  valnes  in  absolute  measure  as  obtained 
by  alternating  currents.  I  also  give  a  few  methods  of  re- 
sistance measurement  more  accurate  than  usually  given  by 
means  of  telephones  or  electrodynamometer  as  commonly  used 
and  specially  suitable  for  resistances  of  electrolytic  liquids. 
I  have  introduced  many  new  and  some  old  methods  de- 

E ending  upon  making  the  whole  current  through  a  given 
ranch  circuit  equal  to  zero.  These  always  require  two  ad- 
justments and  they  must  often  be  made  simultaneously. 
However,  some  of  them  admit  of  the  adjustments  being  made 
independently  of  each  other,  and  these,  of  course,  are  the 
most  convenient.  But  none  of  these  zero  methods  admit 
of  any  great  accuracy  unless  very  heavy  currents  are  passed 
through  the  resistances.  The  reason  of  this  is  that  an  electro- 
dynamometer  cannot  be  made  nearly  as  sensitive  for  small 
currents  as  a  magnetic  galvanometer.  The  deflexion  of  an 
electrodynamometer  is  as  the  square  of  the  current.  To  make 
it  doubly  sensitive  requires  double  the  number  of  turns  in 
both  the  coils.  Hence  we  quickly  reach  a  limit  of  sensitive- 
ness. It  is  easy  to  measure  an  alternating  current  of  '0001 
ampere  and  difficult  for  '00001  ampere.  A  telephone  is  more 
sensitive  and  an  instrument  made  by  suspending  a  piece  of 
soft  iron  at  an  angle  of  45°,  as  invented  by  Lord  Kayleigh, 
is  also  probably  more  sensitive. 

For  this  reason  I  have  introduced  here  many  new  methods 
depending  upon  adjusting  two  currents  to  a  phase-difference 
of  90°,  vrhicn  i  believe  to  be  a  new  principle.  This  I  do  by 
passing  one  current  through  the  fixed  and  the  other  through 
the  suspended  coil  of  an  electrodynamometer.  By  this  means 
a  heavy  current  can  be  passed  through  the  fixed  coils  and  a 

*  Communicated  by  the  Author. 


Digitized  by 


Google 


Measurement  by  Alternating  Currents,  67 

minute  current  through  the  movable  coil,  thus  multiplying 
the  sensitiveness  possibly  1000  times  over  the  zero  current 
method. 

I  have  also  foimd  that  many  of  the  methods  become  very 
simple  if  v^e  use  mutual  inductances  made  of  wires  twisted 
together  and  wound  into  coils.  In  this  way  the  self-induc- 
tances of  the  coils  are  all  practically  equal  and  the  mutual 
inductances  of  pairs  of  coils  also  equal.  Hence  we  have  only 
to  measure  the  minute  diflference  of  these  two  to  reduce  the 
constants  of  the  coil  to  one  constant,  and  yet  by  proper  con- 
nexions we  can  vary  the  inductances  in  many  ratios.  Three 
wires  is  a  good  number  to  use.  However,  the  electrostatic 
induction  between  the  wires  must  be  carefully  allowed  for  or 
corrected  if  much  greater  accuracy  than  jq^  is  desired. 

By  these  various  methods  the  measurement  of  capacities 
and  inductances  has  been  made  as  easy  as  the  measurement 
of  resistances,  while  the  accuracy  has  been  vastly  improved 
and  many  sources  of  error  suggested. 

Relative  results  are  more  accurate  than  absolute  as  the 
period  of  an  alternating  current  is  difficult  to  determine,  and 
its  wave-form  may  depart  from  a  true  sine-curve. 

Let  self-inductiances,  mutual  inductances,  capacities,  and 
resistances  be  designated  by  L  or  Z,  M  or  m,  C  or  c,  and  R  or 
r  with  the  same  suffixes  when  they  apply  to  the  same  circuit, 
the  mutual  inductance  having  two  suffixes.  Let  b  be  27r 
times  the  number  of  complete  periods  per  second,  or  6=27rn. 

The  quantities  6L,  6M  or  -jr  are  of  the  dimensions  of  resist- 

L 
ance  and  thus  ^rf,  6^LC  or  t^MChave  no  dimensions.    6^LM, 

L       M 

Y^  or  7^  have  dimensions  of  the  square  of  resistances. 

Where  we  have  a  mutual  inductance  M^,  we  have  also  the 
two  self-inductances  of  the  coils  Iii  and  Lj.  When  these  coils 
are  joined  in  the  two  possible  manners,  the  self-inductance  of 
the  whole  is 

Li  +  Ls  +  2M„  or  Li  +  La  -  2Mi2. 

In  case  of  a  twisted  wire  coil  the  last  is  very  small.  Likewise 
LjL,— M^u  will  be  very  small  for  a  twisted  wire  coil,  as  is 
found  by  multiplying  the  first  two  equations  together. 

If  there  are  more  coils  we  can  write  similar  equations. 
For  three  coils  we  have 

Li  +  La  +  La  +  2Mi,  +  2Mis  +  2M2g 

1.  L1  +  L2+L8-2M1J-2M13+2M38 

2.  Li  +  L2  +  L8-2M„+2Mi8-2M23 

3.  Li  +  Lj  +  L3  +  2Mia-2Mi8-2M2s 

F2 


Digitized  by 


Google 


68  Prof.  H.  A.  Rowland  <m  Electrical 

Connecting  them  in  pairs,  we  have  the  self-indactances 

Li  +  Lj+2M,3        L1+L8  +  2M18        Ls+L8  +  2M28 
Li  +  L2-2M1J        Li  +  Lj-  2Mi8        L2  +  L8-  2M88 

There  are  many  advantages  in  twisting  the  wires  of  the 
standard  inductance  together,  but  it  certainly  increases  the 
electrostatic  action  between  the  coils.  This  latter  source  of 
error  must  be  constantly  in  mind,  however,  and,  for  great 
accuracy,  calculated  and  corrected  for.  But  by  proper  choice 
of  method  we  may  sometimes  eliminate  it. 

For  the  most  accurate  standards,  I  am  rather  doubtful 
about  the  use  of  twisted  wire  coils,  at  least  without  great 
caution.  But  for  many  purposes  it  certainly  is  a  great  con- 
venience, especially  where  only  an  accuracy  of  one  per 
cent,  is  desired,  in  some  calculations  I  have  made,  I  have 
obtained  corrections  of  from  one  to  one-tenth  per  cent,  from 
this  cause. 

For  twisted  wires  the  above  results  reduce  to  3L  +  6M, 
3L— 2M.  Similar  equations  can  be  obtained  for  a  larger 
number  of  wires.      For  twisted  wire  coils,  n  wires  joined 

abreast,  the  self-induction  is i^iHJ — ^  which  is  practically 

equal  to  L  or  M.     The  resistance  is  R/n. 

When  we  have  n=p  +  m  wires  twisted  and  wound  in  a 
coil  and  we  connect  them  o  direct  and  m  reverse,  the  resist- 
ance and  self-induction  will  be 

nW  +  bm[AC  +  BC-nAB]        ,    R^[n(A  f  B) -■  C]  +  6^ABC 
(nRy  +  (bG)-'  ^"""^  {nUy  +  (bC)' 

where  R  is  the  resistance  of  one  coil  and 

A=L+(72-l)M 

B=L-M 

C  =  nL+  (4?7ip— n)M. 

This  gives  self -inductances  and  resistances  equal  to  or  less  than 
L  and  R.  The  correction  for  electrostatic  induction  remains 
to  be  put  in.  For  the  general  case,  the  equation  is  very 
complicated  for  coils  abreast,  with  mutual  inductances. 

The  number  of  mutual  inductances  to  be  obtained  is  M  for 
two  wires,  0,  M,  2M  for  three  wires,  0,  M,  2M,  3M  for  four 
wires,  Ac.  From  these  results  we  see  that  we  are  always 
able  to  reduce  mutual  to  self-inductance.  Measuring  the 
self-inductance  of  a  coil  connected  in  diflfer^nt  ways,  we  can 
always  determine  the  mutual  inductances  in  terms  of  the 
self-inductances. 
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Thus  we  need  not  search  for  methods  of  directly  comparing 
mutual  inductances  with  each  other,  although  I  have  given 
two  of  these,  but  we  can  content  ourselves  with  measuring 
self-inductances  and  capacities.  Fortunately  most  of  the 
methods  are  specially  adapted  to  the  latter,  the  ratio  of  self- 
inductance  to  capacity  being  capable  of  being  determined 
with  great  exactness  by  many  methods. 

In  the  use  of  condensers  1  have  met  with  great  difficulty 
from  the  presence  of  electric  absorption,  I  have  found  that 
this  can  be  represented  by  a  resistance  placed  in  the  circuit 
of  the  condenser,  which  resistance  is  a  function  of  current 
period. 

I  have  developed  Maxwell's  theory  of  electric  absorption 
in  this  manner.  Correcting  his  equations  for  a  small  error, 
I  have  developed  the  resistance  and  capacity  of  a  condenser 
as  follows : 

Let  a  condenser  be  made  of  strata  of  thicknesses  aj,  a^,  &c., 
and  specific  inductive  capacities  ki^  k^,  &c.,  and  resistances 
Pu  Ps5  &<5«     Then  we  have 

R—  "^0  _  Bj  ,  B4      « 


^=Ao-p?  +  ^-&<^. 


where 


&c. 


&c. 

Mr.  Penniman  has  experimented  in  the  Johns  Hopkins 
University  laboratory  with  condensers  by  method  25  and 
found  some  interesting  results.  With  a  mica  standard  con- 
denser of  J  microfarad  he  was  not  able  to  detect  any  electric 
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absorption^  although  I  have  no  doubt  one  of  the  more  accurate 
methods  will  show  it. 

With  a  condenser,  probably  of  waxed  paper,  he  found  : — 


Nuinber  of  complete 

Capacity  in 

Apparent  resistance 

periods  per  second. 

microfanidn. 

in  ohms. 

14-0 

4-64 

139-6 

32-0 

4-96 

341 

53-3 

4-96 

20-5 

131-1 

4-94 

5-2 

The  first  value  of  the  capacity  seems  to  be  in  error,  possibly 
one  of  calculation.  However,  the  result  seems  to  show  a 
nearly  constant  capacity  but  a  resistance  increasing  rapidly 
with  decrease  of  period,  as  Maxwell's  formula  shows.  The 
constant  value  of  the  capacity  remains  to  be  explained. 

Mr.  Penniman  will  continue  the  investigation  with  other 
condensers,  liquid  and  solid,  as  well  as  plates  in  electrolytic 
liquids. 

The  results  in  the  other  measurements  have  been  fairly 
satisfactory,  but  many  of  the  better  methods  have  only  been 
recently  discovered  and  are  thus  untried.  But  we  must 
acknowledge  at  once  that  work  of  the  nature  here  described 
is  most  liable  to  error.  Every  alternating  current  has, 
not  only  its  fundamental  period,  but  also  its  harmonics,  so 
that  very  accurate  absolute  values  are  almost  impossible  to 
obtain  without  great  care.  To  eliminate  them,  I  propose  to 
use  an  arrangement  of  two  parallel  circuits,  one  containing 
a  condenser  and  the  other  a  self-inductance,  each  with  very 
little  resistance.  The  long-period  waves  will  pass  through 
the  second  side  and  the  short  ones  through  the  condenser- 
side.  By  shunting  off  some  of  the  current  from  the  second 
side,  it  will  be  more  free  from  harmonics  than  the  first  one. 

However,  in  a  multipolar  dynamo,  especially  one  containing 
iron,  there  is  danger  of  long-period  waves  also,  which  this 
method  might  intensify.  A  second  arrangement,  using  the 
condenser  side,  might  eliminate  them.  However,  many 
dynamos  without  iron  and  without  too  many  poles  and 
properly  wound  produce  a  very  good  curve  without  harmonics, 
especially  if  the  resistance  in  the  circuit  is  replaced  by  a  self- 
inductance  having  no  iron.  These  remarks  apply  only  to 
absolute  determinations.  Ratios  of  inductance,  self  and 
mutual,  and  capacity  are  independent  of  the  period,  and  thus 
it  can  always  be  eliminated.  Measurements  of  resistances 
also  are  independent. 

But  there  are  other  errors  which  one  who  has  worked  with 
continuous   currents  may  fall  into.     Nearly  aU  alternating 
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currents  generate  electromagnetic  waves  which  are  so  strong 
that  currents  exist  in  every  closed  circuit  with  any  opening 
hetween  conductors  in  the  vicinity. 

We  eliminate  this  source  of  error  by  twisting  wires  together 
and  other  expedients.  But  in  avoiding  one  error,  we  ^unge 
into  another.  For,  by  twisting  wires  we  introduce  electro- 
static capacitv  between  them,  which  may  vitiate  our  results. 
Thus,  in  methods  23  or  24  for  comparing  mutual  inductances, 
if  there  is  electrostatic  capacity  between  the  wires,  a  current 
will  flow  through  the  electrodynamometer  in  the  testing 
circuit  and  destroy  the  balance. 

Various  expedients  suggest  themselves  to  eliminate  this 
trouble,  as,  for  instance,  the  variation  of  the  resistance  A  in 
the  above  ;  but  I  shall  reserve  them  for  a  future  paper.  I 
may  say,  however,  that  it  is  sometimes  possible,  as  in  method 
12  for  instance,  to  choose  a  method  in  which  the  error  does 
not  exist. 

However,  witli  the  very  best  method,  much  rests  with  the 
experimenter,  as  errors  from  electromagnetic  and  electrostatic 
induction  are  added  to  errors  from  defective  insulation  when 
we  use  alternating  currents. 

These  errors  are  generally  less  than  one  per  cent.,  however, 
and  intelligent  and  careful  work  reduces  them  to  less  than  this. 

The  following  methods  generally  refer  by  number  to  Plate 
XIX.,  on  which  the  resistances  &c.  are  generally  marked. 
One  large  circle  with  a  small  one  inside  represents  an  electro- 
dynamometer.  Of  course  the  circuit  of  the  small  coil  can  be 
interchanged  with  the  large  one.  Generally  we  make  the 
smaller  current  go  through  the  hanging  coil. 

By  the  methods  1  to  14,  we  adjust  the  electrodynamometer 
to  zero  by  making  the  phase-difference  in  the  two  coils  90°. 
For  greatest  sensitiveness,  the  currents  through  the  two  coils 
must  be  the  greatest  possible,  heating  being  the  limit.  This 
current  should  be  first  calculated  from  the  impedance  of  the 
circuit,  as  there  is  danger  of  making  it  too  great. 

In  the  second  series  of  methods,  15-26,  the  branch  circuit 
in  which  the  current  is  to  be  0  is  indicated  by  0. 

Resistances  in  the  separate  circuits  are  represented  by  R  R' 
R,  &c.,  and  r  /  r,  &c.  Corresponding  self-inductances  and 
capacities  in  the  same  circuits  are  L  L^L,  &c.,  and  I  V  2,  &c., 
or  C  C  G,  &c.,  and  c  </  c,  &c.  h^iim^  where  n  is  the 
number  of  complete  current  waves  per  second. 

The  currents  must  be  as  heavy  as  possible,  ^^  ampere  or 
more,  and  it  is  well  to  make  those  that  require  a  current  of 
more  than  ^}^j^  ampere  of  larger  wire  freely  suspended  in  oil. 
A  larger  current  can,  however,  be  passed  through  an  ordinary 
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resistance-box  for  a  second  or  two  without  danger.  A  few 
fixed  coarse  resistances  of  large  wire  in  air  or  oil  with  ordinary 
resistance-boxes  for  fine  adjustment,  are  generally  all  that 
are  required.  Special  boxes  avoiding  electrostatic  induction 
are,  however,  the  best,  but  are  not  now  generally  obtainable. 

In  some  methods,  such  as  8,  9,  10,  &c.,  we  can  eliminate 
undesirable  terms  containing  the  current  period  by  using  a 
key  which  suddenly  changes  the  connexions  before  the  period 
has  time  to  change  much. 

In  using  twisted-wire  mutual  inductances,  methods  7  and  12 
are  about  or  entirely  free  from  error  due  to  electrostatic  action 
between  the  wires.  In  all  the  methods  this  error  is  less  when 
the  resistance  of  the  coils  is  least,  and  in  23  and  24  when  A 
is  least.  In  method  8  the  error  is  very  small  when  the  coil- 
resistances  and  R  are  small  and  r  great.  In  this  method  with 
1  henry  and  1  microfarad^  the  error  need  not  exceed  1  in 
1000.  Probably  the  same  remarks  apply  to  9,  10,  11  also. 
By  suitable  adjustment  of  resistances  in  the  other  method, 
the  error  may  be  reduced  to  a  minimum.  It  can,  of  course, 
be  calculated  and  corrected  for. 

An  electrodynamometer  can  be  made  to  detect  '0001  ampere 
without  making  the  self-inducf  ance  of  the  suspended  coil  more 
than  "0007  henry  or  that  of  the  stationary  coils  more  than  -0006 
henry,  the  latter  coil  readily  sustaining  a  current  of  j^  ampere 
without  much  heating. 

An  error  may  creep  in  by  methods  1-14  if  the  current 
through  the  suspension  is  too  great,  thus  heating  it  and 
possibly  twisting  it.  This  should  be  tested  by  short-circuiting 
the  suspended  coil  or -varying  the  current.  This  error  can  be 
eliminated  by  always  observing  by  reversing  the  current  in 
one  coil. 

,    Inductances  containing  iron  introduce  harmonics  and  vary 
with  current  strength.     Thus  they  have  no  fixed  value. 

Closed  circuits  or  masses  of  metal  near  a  self-inductance 
diminish  it,  and  increase  the  apparent  resistance,  which  effects 
vary  with  the  period.     Short  circuits  in  coils  are  thus  detected. 

Electrolytic  cells  act  as  capacities  which,  as  well  as  the 
apparent  resistance,  vary  with  the  current  period.  They  also 
introduce  harmonics.    The  same  may  be  said  of  an  electric  arc. 

An  incandescent  lamp  or  hot  wire  introduces  harmonics 
into  the  circuit. 

Hysteresis  in  an  iron  inductance  acts  as  an  apparent  re- 
sistance in  the  wire  almost  independent  of  the  current  period, 
and  does  not,  of  itself,  introduce  harmonics.  The  harmonics 
are  due  to  the  variation  of  the  magnetic  permeability  with 
the  amount  of  magnetization. 
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Electric  absorption  in  a  condenser  acts  as  a  resistance 
varying  with  the  square  of  the  period,  the  capacity  also 
varying,  as  I  have  shown  above. 

In  general  any  circuit  containing  resistances,  inductances, 
and  capacities  combined  acts  as  a  resistance  and  inductance  or 
capacity,  both  of  which  vary  with  the  current  period,  the 
square  of  the  current  period  alone  entering.  For  symmetry 
the  squire  of  the  current  period  can  alone  enter  in  all  these 
cases  and  those  above. 

Hence  only  inductances  containing  no  iron  or  not  near  any 
closed  metallic  circuits  have  a  fixed  value.  The  same  may  be 
said  of  condensers,  as  they  must  be  free  from  electric  absorp- 
tion or  electrolytic  action  to  have  constjints  independent  of  the 
period.  There  is  no  apparent  hysteresis  in  condensers  and  the 
constants  do  not  apparently  vary  with  the  electrostatic  force. 

In  Plate  XIX.  I  have  drawn  the  diagrams  for  the  various 
methods,  which  are  nearly  self-explanatory.  In  methods  1  to 
14  inclusive,  the  concentric  circles  are  the  coils  of  the  electro- 
dynamometer.  Either  one  is  the  fixed  coil  and  the  other  the 
hanging  coil.  Oblong  figures  are  inductances,  and  when  near 
each  other  are  mutual  inductances.  A  pair  of  cross-lines  is 
a  condenser.  When  a  condenser  and  inductance  are  on  the 
same  circuit,  we  may,  in  general,  leave  out  one  or  the  other. 

The  following  numbers  indicate  both  the  number  of  the 
method  and  the  figures  in  Plate  XIX. 

Metliod  1. 

L^_[KR/+R^0+R//(^-Ht/)][R^(H/-HR/y)-HR^^(Ry+in3 

c  •  (K.  +  R'^  +  RJ^ 

Method  2. 
-or6^LLor-j53^  = 

[R,R'-R,Rn[R.(r  +  R^O  +R./r  +  RJ1 
R,(R,  +  R,) 

Method  3. 
In  (1)  make  R'=R"=R,;=0,  or  in  (2)  make  R"=R^=0, 

R„=oo  .     Hence  —  =rR'. 
"  c 

In  case  the  circuit  r  contains  some  self-inductance,  /,  we 
can  correct  for  it  by  the  equation 
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Metlwd  4. 
Li  _  [R'(r+R«)+R"(R'+R»)][R'(R"+R«)+R"(R,+R„)] 

c WW  • 

Method  5. 

Li      [R,(R"  +  R„)+R„(R'+R")][R'(R"  +  RJ-l-r(R'+R")] 
7-  (R'+R")(R"+R„)  • 

Method  6. 
^or^=(R+R')(R"+r). 

We  can  correct  for  self-indactions  L',  L"  in  the  circuits 
R',  R"  by  using  the  exact  equation 

6»r[L'(r+R")  +(l"-  ^)R']  [l"(R  +  II')  +  R"(L  +  L')]  + 

R'R"(r+R")(R+R'), 
or  approximately 

+  &c. 

Metlwd  7. 

B,R3MisMi8+6'Ll^3Mi2-M28Mi3][L2M,3-M,3Mi,]=0. 

For  a  coil  containing  three  twisted  wires,  M,3=Mi3=M23 
and  the  self-inductions  of  the  coils  are  also  equal  to  each  other 
and  nearly  equal  to  the  mutual  inductions.  Put  an  extra  self- 
induction  L3  in  Rs  and  a  capacity  Cj  in  R^.     Replace  L3  by 

L  +  Ls  and  L^  by  L—  f^rr  and  we  can  write 

^^"*"^"^  =rR2R3  +  t''(L-M)(L3+L-M). 

As  L— M  is  very  small  and  can  be  readily  known,  the 
formula  will  give  j-  »     When  L— M=0  we  have 

jr  or-^=RjRfl. 
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Method  8. 

6»M(M+L)=rR        26»M*=rR+ (rR)' 
or 

6«M(M-L)  =  (rR)'    26«LM=rR-(rR)'. 

Placing  a  capacity  in  the  circuit  R,  we  have  also 

6«M(M  +  L)-^=rR, 
or 

6«M(M-L)+^=rR. 

To  correct  for  the  self-induction,  /,  of  r  we  have  the  exact 
equations 

6«M(M+L)=rR+6»Z(L  +  M) 

J»M(M-L)=»-R+6«i(L-M) 

6»M(M  +  L)-^=rR-6'i(L  +  M-Aj 

6*M(M-L)  +  ^=rR-5»^L-M-^^\ 

If  the  condenser  is  put  in  r,  we  have 
L+M 


=rR-6»M(L  +  M) 


or 


or 


?^:^=rR+6''M(L-M). 
c 

Metlu)d  9. 
WM-  M  =R^[r'+R,+  -^J 

-6«L'M+^=R,[R'+R,+;:^„]. 

Making  R"  =»  and  r+R'=r,  we  have 

-t»L'M+^     or    6»L'M-Jf,=RXr+R,). 
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Taking  two  observations  we  can  eliminate  i'L'M,  and  we 
have 

§=R,{r-(r)'}. 

Knowing  L'M  we  can  find  C.  Throwing  out  C  (/.  e. 
making  it  oo  )  we  can  find  t'^L'M  in  absolute  measure  :  then 
put  in  C  and  find  its  value  as  above. 

To  correct  for  self-induction  in  R^,  we  have  for  case 
Il''=(x>  the  exact  equation 

The  correction,  therefore,  nearly  vanishes  for  two  twisted 
wires  in  a  coil  where  L'  — M  =  0  and  C  is  taken  out. 


Method  10. 

-fc2/M+-     or     62/M--  = 
c  c 

This  can  be  used  in  the  same  manner  as  9,  to  which  it 
readily  reduces.  But  it  is  more  general  and  always  gives 
zero  deflexion  when  adjusted,  however  M  is  connected.  To 
throw  out  C  makes  it  oo  . 

Method  11. 
L-M 


c 
L  +  M 


=rR+6'(Z-M)(L-M), 


=  rR  +  6«(Z  +  M)(L  +  M). 

For  the  upper  equation  the  last  term  may  be  made  small 
and  the  method  may  be  useful  for  determining  L— M  when 
€  is  known.     Method  8,  however,  is  better  for  this. 

Method  12. 
L'      R-hR^ 
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Shoqld  the  circuits  B  and  r  also  have  small  self  •inductances, 
L  and  I,  we  can  nse  the  exact  eqnation 

1+  — 

When  L'  and  I  are  approximately  known,  we  can  write  the 
following,  using  the  approximate  value  on  the  right  side  of  the 
equation, 

L'     R  +  R'n^Lr     y_r-b''Ll.     "i 
Taking  out  L'  and  patting  a  condenser,  0,  in  R  we  have 

For  a  condenser,  R  can  be  small  or  zero. 

Method  13. 
[A)  ^Oij       j^j   _  ^  . 

This  determines  capacities  or  self-inductions  in  absolute 
value.  As  described  above,  mutual  induction  can  also  be 
determined  by  converting  it  into  self-induction. 

m  hh  -  ±V-  [R"Ri-R'R/i][R//(>-+R,)+R/r+R")i 

W  ^t>U„      ^^,J  -  R'(r+R,)  • 

(C)  hL        1  V-  [R'R^-R^RJCR/r+R'O  +  R/r  +  R,)] 


[*i^-iy]'= 


Method  14. 


[R,R^^~R,Rq(r[R^+R,+  R^-hR,,]  +  [R^+R,][R^^  +  RJ} 
R^ytr  +  R^  +  UJ 

Of  course,  in  any  of  these  equations,  methods  13  or  14, 17' 
is  eliminated  by  making  L"=0  or  the  condenser  C  is  omitted 
by  making  Csoo. 
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Method  15. 

or    6»L,L"    or    -J^  = 


R'R»(R,+ RJ  (R"+ R"0  -R^R^R'^Ria 
R'R„-R"%„ 

C,    ""^    L"    ^"^       '^^'^  ~R'R„(R"+R"')-R"R^R"'* 
(A)  When  R„,=oo  we  liave 

If  we  adjust  by  continuous  current,  we  shall  have 

For  a  condenser  we  can  make  R"=0  provided  there  is  no 
electric  absorption.     In  this  case  t^L^C"  is  indeterminate  and 

wo   can  adjust  to  find  -7^.     However,   two   simultaneous 

adjustments  are  required. 

But  I  have  shown  that  the  presence  of  electric  absorption 
in  a  condenser  causes  the  same  effect  as  a  resistance  in  its 
circuit,  the  resistance,  however,  varying  with  the  period  of 
the  current.  Hence  R''  must  include  this  resistance.  How- 
ever, the  value  of  R"  will  not  affect  the  first  adjustment  much 
and  so  the  method  is  easy  to  work.  If  it  is  sensitive  enough 
it  will  be  useful  in  measuring  the  electric  absorption  of  con- 
densers in  terms  of  resistance. 

It  has  the  advantage  of  being  practically  independent  of 

the  current  period  for  p,  as  it  should  be. 

For  comparison  of  capacities  the  same  simplification  does 
not  occur. 

Indeed,  the  method  is  of  very  little  value  in  this  case,  being 
surpassed  by  16. 

Method  16. 
(A)   [R,ir-Rv,R'][W  +  r'  +  r"]  +  WCR/'-r'RJ  =0; 

L,    ""'     C      R,,      R,(W+r'+r"y 
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The  first  equation  is  satisfied  bj  adjusting  the  Wheatstone 
bridge  so  as  to  make 

(R,R"-E,,RO  =0  ;  R/'-Ry =0  ; 

R,(R,,+r")-H,XB'  +  r')=0. 

That  is 

R^_B^  _  r^ 

We  can  then  adjust  W  with  alternating  currents.  This  is  a 
very  good  method  and  easy  of  application,  but  requires  many 
resistances  of  known  ratio.  Many  of  these,  however,  may  be 
equal  without  disadvantage.  A  well-known  case  is  given  by 
making  /  and  /'=0. 

(B)  By  placing  self-inductions  or  condensers  in  R^  and  r^^ 
instead  of  the  above  wo  have  the  following 

^,or     0-1./!   Of//.  ~ii//(^v +/+/') Wr" 

W  +  R" 
Making  R"=0,  we  have 

^  or  -t«L/'  or  ^,  s     '    ^,^„     " 

-^'  ^'  7^  ""'  -6«L/'=R%,  +  /R,,(l+  ^) 
-^'(R/W-R'RJ. 

In  case  we  adjust  the  bridge  to  R,W— R^,;=0  and  a 
condenser  is  in  r^'  so  that  we  can  maKe  r^'=0,  the  value  of 

— 6*Ly  will  be  indeterminate,  and  we  can  find  -^  by  the 

adjustment  of  W  alone. 

This  is  an  excellent  method,  apparently,  as  only  one  adjust- 
ment is  required. 

However,  see  the  remarks  on  method  15.     This  present 

method  with  r"=Ofor  --  is  Anderson's,  with,  however,  alter- 

C  7  7  7 

nating  currents  instead  of  direct  as  in  his. 

The  other  two  values  are  imaginary  in  this  case.     Indeed 
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the  whole  method  (B)  is  only  of  special  value  for  — ,  as  two 
adjustments  are  needed  for  the  others.  ^ 

Method  17. 

(A)  W  =  w,R=<»: 

J«ML'=R,R"-R,,R', 
L' _  R^fR^+R^M^ 
M  -  R, 

By  this  method  the  self-induction  of  the  mutual  induction- 
coil  is  eliminated.  But  it  is  difficult  to  apply,  as  two  resistances 
must  be  adjusted,  and  the  adjustment  will  only  hold  while  the 
current  period  remains  constant.  The  same  remarks  apply  to 
(B)  and  (C)  following. 

(B)  R=oo  : 

^^^■"     W^'^  +  R.+  R,,    ' 
L^  _  W^^^[R^+R,  +  R^^-hRJ  +  (R^-hR,)(R^^  +  RJ 
M"  R~W 

(G)  W=oo: 

^^^^"R.fK?--fR.(^-^^^-^^^^^)- 

U_B(R^+Bv  +  R^^+Ri  +  (R-hB,)(R^^+R.) 
M "  KR^; 

Method  18. 
R,R"-R%,=0, 

M'""^"^R;,"^      W     • 

1/  and  M'  belong  to  the  same  coil.      By  adjusting  the 
Wheatstone  bridge  first,  W  can  then  be  afterwards  adjusted. 
To  find  the  ratio  for  any  other  coil  independent  of  the 

induction-coil,  we  can  first  find  ttji  as  above.     Then  add  L 

to  the  same  circuit,  ana  w^e  can  find  — iTfT— •     Whence  we 

can  get  L.     This  seems  a  convenient  method  if  it  is  sensitive 

enough,  as  the  value  of  ^  should  be  accurately  known  for 
the  inductance  standard. 
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Method  19. 

L'      R'  +  R,    jaLT-MVZ      ,\     R^+R,     R'R, -R^^/^  /  ^,\ 

This  is  useful  in  obtaining  the  constants  of  an  induction 
standard.  For  twisted  wires  L7—M*  should  be  nearly  0,  de- 
pending, as  it  does,  on  the  magnetic  leakage  between  the 

coils,     v^  is  often  known  sufficiently  nearly  for  substitution 

in  the  right  hand  member.     It  can,  however,  be  found  by 
reversing  the  inductance  standard. 

Method  20. 

L"R;Tii;,'  i?""r'(r,+r;p^  l^-r'+r"^^"*"'  ^ 

any  value. 

In  case  of  a  standard  inductance,  M  and  L  are  known, 
especially  when  the  wires  are  twisted. 

The  method  can  then  be  used  for  determining  any  other 
inductance,  L',  and  is  very  convenient  for  the  purpose. 

R^ ,  and  R,  +  R^  are  first  calculated  from  tne  inductance 
standard.  The  Wheatstone  bridge  is  then  adjusted  and  W 
varied  until  a  balance  is  obtained.  This  balance  is  indepen- 
dent of  the  current  period,  as  also  in  the  next  two  methods. 

Method  21. 

r:r,,-r''r,=o, 

M"      R,      '  M^      rR,       '    Z  "       r      *^^- 

This  is  Niven's  method  adapted  to  alternating  currents. 
See  remarks  to  method  20.  \ . 

Methods  20  and  21  are  specially  useful  when  one  wishes  to 
set  up  an  apparatus  for  measuring  self-induction,  as  the 
resistances  R ,  R^',  R,,  R^^  can  be  adjusted  once  for  all  in 
case  of  a  given  inductance  standard  and  only  W  or  r  need  be 
varied  afterwards. 

Pha.  Mag.  S.  5.  Vol.  45.  No.  272.  Jan.  1898.  G 
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Method  22. 

This  18  Carey  Foster's  method  adapted  to  alternating  cur- 
rents and  changed  by  making  R'^  finite  instead  of  zero. 

The  ratio  of  R'  +  R,  to  R,  is  computed  from  the  known 
valne  of  the  induction  standard.  R''  is  then  adjusted  and  C^ 
obtained.  In  general  the  adjustment  can  be  obtained  by 
changing  R^  and  R'^  The  adjustment  is  independent  of  the 
current  period. 

Method  23. 
t«wU=rR,  +  R[r  +  R'  +  RJ, 

=r+R'  +  R,. 

If  we  make  R  =  0  we  have 

M__r  +  R^fR, 
?n  ""  r 

This  method  requires  two  simultaneous  adjustments.  M 
must  also  be  greater  than  m.  As  M  and  L'  belong  to  the 
same  coil,  we  can  consider  this  method  as  one  for  determining 
m  in  terms  of  the  M  and  L'  of  some  standard  coil. 

The  resistance^  A,  can  be  varied  to  test  for,  or  even  correct, 
the  error  due  to  electrostatic  action  between  the  wires  of  the 
induction  standard. 

Method  24. 

h.^KVi    M,_/(r,^R,  +  RJ 
M,  ""  M  V  M'  ■"  ry  -h  R'  +  R'O* 

This  is  a  good  method  for  comparing  standards.     We  first 

determine  -^  for  each  coil  by  one  of  the  previous  methods. 

Then  we  can  calculate  -^  and  adjust  the  other  resistances  to 
balance. 

It  is  independent  of  the  period  of  the  current  and  suitable 
for  standards  of  equal  as  well  as  of  diflferent  values,  as  the 
mutual  inductances  can  have  any  ratio  to  each  other. 

For  twisted  wire  coils  r;=/  very  nearly.  See  method  23 
for  the  use  of  the  resistance,  A. 
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Metlwd  25. 

In  fig.  6  remove  the  shunt  R'  and  self-induction  L. 

This  method  then  depends  upon  the  measurement  of  the 
angular  deflexion  when  a  self-induction  or  a  capacity  is  put 
in  the  circuit  of  the  small  coil  of  the  electrodynamometer,  and 
comparing  this  with  the  deflexion  when  the  circuit  onlj 
contains  resistance. 

The  resistance  of  the  circuit,  r,  is  supposed  to  be  so  great 
compared  with  B  that  the  current  in  the  main  circuit  remains 
practically  unaltered  during  the  change. 

There  is  also  an  error  due  to  the  mutual  induction  of  the 
electrodjnamometer-coils  which  vanishes  when  r  is  great. 

These  formulas  assume  that  the  deflexion  is  proportional 
to  0,  This  assumption  can  be  obviated  by  adjusting  O^ff^ 
when  we  have 

tV  """^  ^  ^ R  • 

These  can  be  further  simplified  by  making  R''=R/^ 
The  method  thus  becomes  very  easy  to  apply  and  capable 
of  considerable  accuracy.  As  the  absolute  determination 
depends  on  the  current  period,  however,  no  great  accuracy 
can  be  expected  for  absolute  values  except  where  this  period 
is  known  and  constant^  a  condition  almost  impossible  to  be 
obtained.  The  comparison  of  condensers  or  of  inductances  is, 
however,  independent  of  the  period  and  can  be  carried  out, 
however  variable  the  period,  by  means  of  a  key  to  make  the 
change  instantaneously. 

Method  26. 

Similar  results  can  be  obtained  by  putting  the  condenser 
or  inductance  in  R^^  instead  of  r,  but  the  current  through  the 
electrodynamometer  suspension  is  usually  too  great  in  this 
case  unless  r  is  enormous.  We  have  in  this  case  for  equal 
deflexions, 

^„-,  or  b^L"»=R"(R"+r)  {^^"f—y 

where  r,  and  R^''  are  the  resistances  without  condenser  or 
self-induction. 

This  is  a  very  good  method  in  many  respects. 

G2 
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For  using  25  and  26,  a  key  to  make  instantaneous  change 
of  connexions  is  almost  necessary. 

Method  27. 

To  measure  resistance  by  alternating  currents,  a  Wheat- 
stone  bridge  is  often  used  with  a  telephone. 

I  propose  to  increase  the  sensitiveness  of  the  method  by 
using  my  method  of  passing  a  strong  current  through  the 
fixed  coils  of  an  electrodynamometer  while  the  weaker  testing 
current  goes  through  the  suspended  system. 

Using  non-inductive  resistances,  methods  10,  13  A,  B,  C, 
and  14  all  reduce  to  proper  ones.  10  or  14  is  specially  good 
and  I  have  no  doubt  will  be  of  great  value  for  liquid  resist- 
ances. The  liquid  resistances  must,  however,  be  properly 
designed  to  avoid  polarization  errors.  The  increase  of  ac- 
curacy over  using  the  electrodynamometer  in  the  usual 
manner  is  of  the  order  of  magnitude  of  1000  times. 

By  this  method,  a  resistance  of  10,000,000  ohms  can  be 
measured  to  1  part  in  1000  or  even  more.  This  method 
should  play  a  great  part  in  future  work  on  liquid  resistances. 

Since  writing  the  above  I  have  tried  some  of  the  methods, 
especially  6  and  12.  By  the  method  12,  results  to  1  in  1000 
can  be  obtained.  Replacing  L'  by  an  equal  coil,  the  ratio  of 
the  two,  all  other  errors  being  eliminated,  can  be  obtained  to 
1  in  10,000,  or  even  more  accurately. 

The  main  error  to  be  guarded  against  in  method  12,  or  any 
other  where  large  inductances  or  resistances  are  included, 
arises  from  twisting  the  wires  leading  to  these.  The  electro- 
static action  of  the  leads  or  the  twisted  wire  coils  of  an 
ordinary  resistance-box,  may  cause  errors  of  several  per  cent. 
Using  short  small  wire  leads  far  apart,  the  error  becomes 
very  small. 

Method  6  is  also  very  accumte,  but  the  electric  absorption 
of  the  condensers  makes  much  accuracy  impossible  unless  a 
series  of  experiments  is  made  to  determine  the  apparent 
resistance  due  to  this  cause. 

In  method  12  I  have  not  yet  detected  any  error  due  to 
twisting  the  wires  of  coils  L  However,  the  electrostatic 
action  of  twisted  wire  coils  is  immense,  and  the  warning 
against  their  use  which  I  have  given  above  has  been  well 
substantiated  by  experiment.  Only  in  case  of  low  resistances 
and  low  inductances,  or  in  cases  like  that  just  mentioned,  is 
it  to  be  tolerated  for  a  moment.  Connecting  two  twisted 
wires  in  a  coil  in  series  with  a  resistance  between  I  have 
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almost  neutralized  the  self-inductance,  which  was  one  henry 
for  each  coil,  or  four  henrys  for  them  in  series. 

Altogether  the  results  of  experiment  justify  me  in  claiming 
that  these  methods  will  take  a  prominent  place  in  electrical 
measurement,  especially  where  fluid  resistances,  inductances, 
and  capacities  are  to  be  measured.  They  also  seem  to  me  to 
settle  the  question  as  to  standard  inductances  or  capacities, 
as  inductances  have  a  real  constant  which  can  now  be  com* 
pared  to  1  in  10,000  at  least. 

It  is  to  be  not^d  that  all  the  methods  15  to  24  can  be 
modified  by  passing  the  main  current  through  one  coil  of  the 
electrodyuamometer  and  the  branch  current  through  the  other. 
The  deflexion  will  then  be  zero  for  a  more  complicated  re* 
lation  than  the  ones  given.  If,  however,  one  adjustment  is 
known  and  made,  the  method  gives  the  other  equation. 

Thus  method  18  requires  R^R"— R'R^,=0.  Hence,  when 
this  is  satisfied  we  must  have  the  other  condition  alone  to  be 
satisfied.  Also  in  method  22,  when  we  know  the  ratio  of 
the  self  and  mutual  inductances  in  the  coil,  the  resistances 
can  be  adjusted  to  satisfy  one  equation,  while  the  experiment 
will  give  the  other,  and  hence  the  capacity  in  terms  of  the 
inductance.  Again,  pass  a  current  whose  phase  can  be  varied 
through  one  coil  of  the  electrodjTiamometer,  and  connect  the 
circuit  to  be  tested  through  the  other.  Vary  the  adjustments 
of  resistances  until  the  defiexion  is  zero,  however  the  phase 
of  current  through  the  first  coil  may  be  varied. 

The  best  methods  to  apply  the  first  modification  to  are 
15  a,  16  A  and  b,  18,  20,  21,  22,  and  24.  In  these  either  a 
Wheatstone  bridge  can  be  adjusted  or  the  ratio  of  the  self 
and  mutual  inductances  in  a  given  coil  can  be  assumed 
known  and  the  resistance  adjusted  thereby. 

The  value  of  this  addition  is  in  the  increased  accuracy  and 
sensitiveness  of  the  method,  an  increase  of  more  than  one 
hundredfold  being  assured. 

As  a  standard  I  recommend  two  or  three  coils  laid  together 
with  their  inductances  determined,  and  not  a  condenser,  even 
an  air  condenser. 

VI.  A  New  Harmonic  Analyser. 
By  A.  A.  MiCHELSON  and  S.  W.  Stratton*. 

[Plates  XI.-XVin.] 

EVERYONE  who  has  had  occasion  to  calculate  or  to  con- 
struct graphically  the  resultant  of  a  large  number  of 
simple  harmonic  motions^  has  felt  the  need  of  some  simple 
*  CommuDicated  by  the  Authors. 


Digitized  by 


Google 


86 


Messrs.  Michelson  and  Stratton  on 


and  fairly  accurate  machine  which  wonld  save  the  consider- 
able time  and  labour  involyed  in  such  computations. 

The  principal  difficulty  in  the  realization  of  such  a  machine 
lies  in  the  accumulation  of  errors  involved  in  the  process  of 
addition.  The  only  practical  instrument  which  has  yet  been 
devised  for  eflPecting  this  addition  is  that  of  Lord  Kelvin. 


In  this  instrument  a  flexible  cord  passes  over  a  number  of 
fixed  and  movable  pulleys.  K  one  end  of  the  cord  is  fixed 
the  motion  of  the  otner  end  is  equal  to  twice  the  sum  of  the 
motions  of  the  movable  pulleys.  The  range  of  the  machine 
is,  however,  limited  to  a  small  number  of  elements  on  account 
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of  the  stretch  of  the  cord  and  its  imperfect  flexibility ;  so  that 
with  a  considerable  increase  in  the  number  of  elements^  the 
accnmnlated  errors  due  to  these  causes  would  soon  neutralize 
the  advantages  of  the  increased  number  of  terms  in  the  series. 
It  occurred  to  one  of  us  some  years  ago  that  the  quantity 
to  be  operated  upon  might  be  varied  almost  indefinitely,  and 
that  most  of  the  imperfections  in  existing  machines  might  be 
practically  eliminated.  Among  the  methods  which  appeared 
most  promising  were  the  following  : — ^addition  of  fluid  pres- 
sures, elastic  and  other  forces,  and  electric  currents.  Of  these 
the  simplest  in  practice  is  doubtless  the  addition  of  the  forces 
of  spiral  springs. 

Tne  principle  upon  which  the  use  of  springs  depends  may 
be  demonstrated  as  follows  :— 

Let  a  (fig.  1)  =  lever-arm  of  small  springs   (but  one   of 
which  is  shown  in  the  figure), 
b  =s  lever-arm  of  large  counter-spring  S, 
Iq  =  natural  length  of  small  springs, 
Lo=  „         »  large  spring, 

-  Z-ho?  =  stretched  length  of  small  springs, 
L-hy=  „        „  large  spring, 

e  SB  constant  of  small  springs, 
E  =  „  larce  spring, 

n=  number  of  small  springs, 
pss  force  due  to  one  of  the  small  springs, 
P=      ,y      »       large  spring; 
then 

E 


It 


whence 


aZp=bP, 


y= 


»(e-0 


From  this  it  follows  that  the  resultant  motion  is  propor- 
tional to  the  algebraic  sum  of  the  components,  at  least  to  the 
same  order  of  accuracy  as  the  increment  of  force  of  every 
spring  is  proportional  to.  the  increment  of  length. 

To  obtain  the  greatest  amplitude  for  a  given  number  of 
elements  the  ratios  //L  and  ajb  should  be  as  small  as  possible, 
but  of  course  a  limit  is  soon  reached  when  other  considerations 
enter. 
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Abont  a  year  ago  a  machine  was  constracted  on  this  prin- 
ciple with  twenty  elements,  and  the  results  obtained*  were  so 
encouraging  that  it  was  decided  to  apphr  to  the  Bache  Fund 
for  assistance.  The  present  machine  of  eighty  elements  was 
constructed  with  the  aid  of  a  grant  from  this  fund. 

Fig.  1  shows  the  essential  parts  of  a  single  element,  s  is 
one  of  the  eighty  small  springs  attached  side  by  side  to  the 
lever  C,  which  for  greater  rigidity  has  the  form  of  a  hollow 
cylinder,  pivoted  on  knife-edges  at  its  centre.  S  is  the  large 
counter-spring.  The  harmonic  motion  produced  by  the 
eccentric  A  is  communicated  to  a?  by  the  rod  R  and  lever  B, 
the  amplitude  of  the  motion  at  ,x  depending  on  the  adjustable 
distance  d.  The  resultant  motion  is  recorded  by  a  pen  con- 
nected with  u  by  a  fine  wire  ;  under  the  pen  a  slide  moves 
with  a  speed  proportional  to  the  angular  motion  of  the  cone  D 
(Plate  XL). 

To  represent  the  succession  of  terms  of  a  Fourier  series  the 
eccentrics  have  periods  increasing  in  regular  succession  from 
one  to  eighty.  This  is  accomplished  by  gearing  to  each 
eccentric  a  wheel  the  number  of  whose  teeth  is  in  the  proper 
ratio.  These  last  are  all  fastened  together  on  the  same  axis 
and  form  the  cone  D  (PI.  XL). 

Turning  the  cone  will  produce  at  the  point  x  motions  cor- 
responding to  cos  6j  cos  20,  cos  30,  &c.,  up  to  cos  80^,  with 
amplitudes  depending  on  the  distances  d.  The  motion  of 
the  elements  may  also  be  changed  from  sine  to  cosine  by  dis- 
engaging the  cone  and  turning  all  of  the  eccentrics  through 
90  by  means  of  a  long  pinion,  which  can  be  thrown  in  gear 
with  all  of  the  eccentric  wheels  at  once. 

The  efficiency  and  accuracy  of  the  machine  is  well  illus- 
trated by  an  inspection  of  the  summations  of  Fourier  series 
shown  by  curves  1  to  12  (Pis.  XII.  to  XIV.). 

Curves  13  to  24  (Plates  XIV.  to  XVI.)  are  added  to 
illustrate  the  use  of  the  machine  in  constructing  curves  repre- 
senting functions  which  scarcely  admit  of  other  analytical 
expression. 

PI.  XVII.  shows  well  the  dependence  of  the  accuracy  of 
the  representation  of  a  particular  function  on  the  number  of 
terms  of  the  series. 

The  machine  is  capable  not  only  of  summing  up  any  given 
trigonometric  series,  but  can  also  perform  the  mverse  process 
of  finding  for  any  given  function  the  coefficients  of  the  corre- 
sponding Fourier  series.    Thus  if 

f{a)  =ao4-ai  cos  or  +  aj  cos  2a?+, 

*  Paper  read  'before  the  National  Academy  of  Sciences,  April  1897. 
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we  have 

0^=  —  I  f(x)  cos  kx  dx. 

On  the  other  hand,  if  n  is  the  nninber  of  an  element  of  the 

machine  and  a  the  distance  between  any  two  elements,  and 

the  distance  d  (fig.  1)  is  proportional  to  f{na)y  the  machine 

gives 

**  *  tn 

2 /(na)  cos  ntf  =  %f{x)  cos  --  dx^ 

which  is  proportional  to  a^  if  ft=  — .     Hence  to  obtain  the 

integral,  the  lower  ends  of  the  vertical  rods  R  (PI.  XI.)  are 
moved  along  the  levers  B  to  distances  proportional  to  the 
ordinates  of  the  curve  y=/(wa). 

The  cnrve  thus  obtained  for  a^t  is  a  continuous  function  of  k^ 
which  approximates  to  the  value  of  the  integral  as  the  number 
of  elements  increases.  To  obtain  the  values  corresponding 
to  the  coefficients  of  the  Fourier  series,  the  angle  i7=7r,  or 
the  corresponding  distance  on  the  curve^  is  divided  into  in 
equal  parts.  The  required  coefficients  are  then  proportional 
to  the  ordinates  erected  at  these  divisions. 

Curve  No.  25  (PL  XVIII.)   is  the  approximate  value  of 
^^x)QO%kxdx  when  ^(^)  =  constant  from  0  to  a^  and  is 

"      L 

zero  for  all  other  values.     The  exact  integral  is  — 7—.     The 

accuracy  of  the  approximation  is  shown  by  the  following 
table^  which  gives  the  observed  and  ihQ  calculated  values  of 
the  first  twenty  coefficients  for  a =40. 

1  cos  kxdx. 
Jo 

n,  Obs.  Calc.  A. 

0   1000  100-0  00 

1   65-0  64-0  1-0 

2  0-0  0-0  0-0 

8  -200  -21-0  1-0 

4  0-0  0-0  0-0 

5  12-5  13-0  -0-5 

6  -  1-5  0-0  -1-5 

7  -  9-0  -  9-0  O'O 

8  O'O  0-0  0-0 

9 60  7-0       -ro 

10  -  20  00  -2-0 
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Table  (eonlinued). 

11  -  60  -  6-0  0-0 

12  00  0-0  00 

13 4-0  5-0       -ro 

14  -  2-0  0-0  -2-0 

15  -  4-0  -  4-5  0-5 

16  0-5  0-0  0-5 

17  3-5  4-0  -0-5 

18 -  1-0  0-0  -1-0 

19  -  3-5  -  30  -0-5 

20  00  0-0  0-0 

The  average  error  is  only  -65  of  one  per  cent  of  the  value 
of  the  greateiit  term. 

Another  illastratlon  is  given  in  curve  No.  27  (PI.  XVIII.), 
in  which 

i}>{x)=e-'^. 

For  a=l  the  following  are  the  values  of  the  coe£Bcients  of 
the  first  twelve  terms  of  the  equivalent  Fourier  series  : — 


.c 


g-aft"  (jQg  ^j.  J^^ 


n.  Obs.  Calc.  A. 

0  100  100  0 

1  97-5  96  1-5 

2  88  86  2 

3  73-5  70  3-5 

4  56  54  2 

5  40  38  2 

6  26-5  25  1-5 

7  16-5  15  1-5 

8  9-5  8  1-5 

9  5-5  4-5  1 

10  3  2  1 

11  1  10 

12  0  0-5  -0-5 

Here  the  average  error  is  somewhat  greater,  being  1*5 
per  cent,  of  the  value  of  the  greatest  term,  but  by  a  suitable 
selection  of  the  constant  it  may  be  made  less  than  1  per  cent. 

It  appears,  therefore,  that  the  machine  is  capable  of  effecting 
the  integration  ^<f>{x)  cos  ibr  (fj;  with  an  accuracy  comparable 
with  that  of  other  integrating  machines;  and  while  it  is 
scarcely  hoped  that  it  will  be  nsed  for  this  purpose  where 
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great  acctiracy  is  required,  it  certainly  saves  an  enormous 
amount  of  labour  in  cases  where  an  error  of  1  or  2  per  cent, 
is  unimportant. 

.  The  experience  gained  in  the  construction  of  the  present 
instrument  shows  that  it  would  be  quite  feasible  to  increase 
the  number  of  elements  to  several  hundred,  or  even  to  a 
thousand,  with  a  proportional  increase  in  the  accuracy  of  the 
integrations. 

Finally,  it  is  well  to  note  that  the  principle  of  summation 
here  employed  is  so  general  that  it  may  be  used  for  series  of 
any  functions  by  giving  to  the  points  p  the  motions  corre- 
sponding to  the  required  functions,  instead  of  the  simple 
harmonic  motion  furnished  by  the  eccentrics.  A  simple 
method  of  effecting  this  change  would  be  to  cut  metal  tem- 
plates of  the  required  forms  and  mount  them  on  a  common 
axis.  In  fact,  the  harmonic  motion  of  the  original  machine 
was  thus  produced. 


-  VII.  A  Telemetriccd  Spfierometer  and  Focometer, 
By  Prof.  W.  Stkoud,  D.Sc.y  M.A* 

HAVING  been  enraged  for  the  past  eight  years  in  con- 
junction with  rrof.  Barr  in  the  construction  and 
perfecting  of  naval  range-finders,  it  was  natural  that  I  should 
turn  my  attention  to  the  possible  application  of  telemetrical 
principles  to  physical  measurement. 

One  very  obvious  application  is  to  the  determination  of  (1) 
the  radius  of  curvature  of  a  concave  and  especially  of  a  convex 
surface,  and  (2)  the  focal  length  of  a  convex  and  especially 
of  a  concave  lens.  The  problem  of  finding  the  position  of 
the  image  of  an  object  in  a  convex  mirror  or  a  concave  lens 
is  essentially  a  range-finding  problem. 

For  the  particular  purpose  in  view  the  most  suitable  form 
of  range-finder  is  a  constant-range  instrument,  i,  e,  an  instru- 
ment (whose  optical  parts  are  rigidly  fixed)  which  can  be 
translated  along  an  optical  bank  and  will  indicate  when  an 
object  or  image  is  at  tne  specified  range.  The  mode  of  action 
of  the  instrument  will  thus  be  very  like  that  of  an  ordinary 
short-focus  telescope  as  commonly  used  on  optical  banks,  but 
a  short-focus  telescope  is  essentially  bad  as  a  range-finder, 
and  that  for  the  following  reasons  : — 

(1)  As  is  well  known,  when  using  such  a  telescope  it 
is  advisable  to  cover  up  the  middle  portion  of  the  objective 

*  Communicated  by  the  Physical  Society :  read  Oct  29, 1897. 
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so  that  only  the  extreme  beams  are  used  to  form  the  image. 
In  this  way  a  crude  range-finder  is  formed,  which  suffers  from 
a  radical  defect,  arising  from  the  fact  that  the  beams  ent>er  the 
eye  in  different  directions,  so  that  any  alteration  in  the  accom- 
modation of  the  eye  produces  a  duplication  of  the  ima^e. 
An  attempt  is  made  to  avoid  error  from  this  cause  by 
keeping  the  eye  focussed  all  the  time  on  cross-wires  fixed  in 
the  focal  plane  of  the  eyepiece.  (2)  The  short-focus 
telescope  has  not  usually  base  enough  for  accurate  telemetry 
(the  maximum  available  base  bemg  the  diameter  of  the 
objective),  or  if  it  should  have  base  enough,  the  minimum 
range  which  it  can  measure  is  too  great. 

Looked  at  from  the  range-finding  point  of  view  the  problem 
of  optical  spherometry  and  focometry  is  one  of  excessive 
simplicity.  What  is  required  is  a  range-finder  whose  prime 
reflectors  can  be  fixed  at  any  distance  apart  (to  furnish  the 
adjustable  base)  and  at  any  angle  to  that  base  (to  furnish  the 
adjustable  range). 

Fig.  1. 


Fig.  2. 


One    arrangement   is    shown  in  plan  in  fig.   1    and    in 
perspective  in  fig.  2.     A,  A'  are  two  triangiuar  reflecting 
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prisms  forming  the  prime  reflectors  supported  on  stands 
provided  with  levelling-screws.  Slots  S,  S^  are  provided  in 
the  frame-piece  D  through  which  pass  stout  pins  P,  P'  pro- 
vided with  clamping-screws  below.  B,  B'  are  fixed  reflectors 
opposite  A  and  A'  respectively.  C  is  an  extra  reflector 
(made  into  one  block  with  B  and  B')  so  as  to  reflect  the  two 
beams  upward  to  the  eye.  If  now  the  prime  reflectors  be 
adjusted  for  a  particular  range,  the  two  portions  of  the  object 
viewed  will  appear  in  coincidence  in  the  field  of  view 
furnished  by  C.  If  the  two  portions  are  not  in  coincidence 
they  may  be  brought  into  coincidence  by  translating  the 
range-finder  to  or  from  the  object  or  image.  The  instrument 
works  in  fact  just  like  a  short-focus  telescope^  the  only 
difierence  being  that  the  correctness  of  the  range  is  deter- 
mined by  observing  whether  or  not  the  two  portions  of  the 
object  viewed  are  in  alignment. 

The  instrument  was  used  to  determine  the  radius  of  curva- 
ture of  a  convex  mirror  by  the  ordinary  method.  It  is  clear 
that  u  should  be  made  as  large  as  possible  so  as  to  make  v 
large. 

The  object  (a  thin  rod  or  slit  well  illuminated  at  the  back) 
was  placed  at  the  extremity  of  the  bank,  and  the  mirror  at  the 
other  extremity  ;  the  R.F.  (range-finder)  was  brought  up  to 
read  (1)  the  image  of  the  rod,  (2)  the  surface  of  the  mirror, 
(3)  the  position  of  the  object.  Measurement  (1)  is  first  done 
because  the  R.F.  should  be  adjusted  on  the  image  so  as  to  have 
maximum  available  base-length  and  minimum  range  (the 
conditions  for  maximum  accuracy).  The  portion  of  the 
mirror  used  was  restricted  to  10  cm.  diameter,  so  as  to  make 
the  measurements  comparable  with  direct  measurements 
made  with  our  spherometer,  which  has  its  adjustable  point 
5  cm.  distant  from  each  of  the  fixed  legs.  The  B.F.  is  then 
brought  up  to  within  a  few  cms.  of  the  mirror  and  the  prime 
reflectors  are  angled  until  the  images  appear  nearly  in 
coincidence,  the  prime  reflectors  are  then  rigidly  fixed  and 
the  R.F.  is  moved  to  and  fro  along  the  bank  until  exact  coin- 
cidence has  been  obtained^  when  the  reading  on  the  bank  is 
taken.  If  the  base-length  is  10  cm.  and  the  image  about 
70  cm.  away,  the  extreme  variations  cannot  amount  to  1  mm. 
and  should  not  amount  to  more  than  ^  mm.  From  fig.  1  it 
will  be  seen  that  the  R.F.  is  so  constructed  that  it  does  not 
itself  obstruct  the  beams  forming  the  two  separate  images 
provided  its  distance  from  the  mirror  is  sufficient  (say  8  or 
10  cm.) . 

Measurement  (2)  is  eflectod  by  suspending  a  weight  by  a 
very  fine  wire  so  that  the  wire  rests  in  contact  with  the 
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convex  surface.  Oar  mirror  was  silvered  at  the  back,  the 
wire  resting  against  the  front  glass  surface.  Under  these 
circumstances  an  image  of  the  wire  will  be  formed  by  re- 
flexion in  the  surface.     The  R.F.  is  adjusted  {a)  on  the  wire, 

{b)  on  its  image.     If  t  is  the  thickness  of  the  glass,  —  is  the 

difference  between  these  readings,  from  which  t  can  be  calcu- 
lated with  sufficient  accuracy. 

Measurement  (3)  is  effected  most  conveniently  by  shifting 
the  rod  or  slit  a  measured  large  distance  (say  100  cm.) 
towards  the  mirror,  so  that  the  R.F.  can  be  brought  to  bear 
upon  it. 

The  following  results  were  obtained  : — 


«. 

V. 

r. 

r  (corrected). 

143-62 

26-82 

66-50 

65-37 

128-79 

26-09 

65-44 

65  31 

1       118-78 

25-66 

65-46 

65-33 

124-12 

25-88 

65-39 

65  27 

11912 

25-67 

6.'»-44 

6531 

The  last  column  gives  the  value  for  the  radius  corrected  for 
aberration.  The  radius  of  the  same  mirror  measured  by  our 
spherometer  gave  65'31  and  65*37  cm.  It  should  be  re- 
marked (1)  that  our  spherometer  has  received  a  good  deal  of 
rough  usage,  (2)  that  the  spherometer  measures  the  curvature 
of  the  external  surface,  while  the  telemeter  was  used  to 
measure  the  curvature  of  the  silvered  surface.  Still  the 
results  show  that  this  telemetrical  method  is  nearly  as 
accurate  as  direct  spherometry. 

The  constants  of  a  concave  lens  were  next  determined. 
One  face  was  obviously  concave,  the  other  looked  nearly  flat. 
The  radius  of  the  concave  face  was  first  got  in  this  way  : — 
the  rod,  suitably  and  strongly  illuminated,  was  placed  between 
the  R.F.  and  the  concave  surface,  and  roughly  adjusted 
so  that  it  and  its  image  were  in  close  proximity  near  the 
centre  of  curvature.  In  other  words  u  and  v  were  made 
nearly  equal  and  the  value  of  each  determined.  In  this  case 
we  are  dealing  with  a  real  image  and  can  bring  our  R.F.  as 
near  as  we  please  to  the  image. 

Now  a  little  elementary  calculation  shows  that  if  R  be  the 
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ranca,  dR  the  error  in  R,  B  the  base,  and  dd  the  error  in 
angular  estimation,  then  ^^=  "r"  '  g;  ^^'i*  r-  ^s  practically 

fixedy  as  its  maximum  value  =  - ,  where  S,  p  are  the  diameter 

and  radius  of  the  surface  respectively.  Hence  as  dd  is 
fixed  (=•  1  minute  of  arc  for  snapshot  naked-eye  work  and 
=  ^  minute  when  great  care  is  taken),  (2R  will  be  a  minimum 
when  R  is  a  minimum.  To  determine  the  range  of  a  real 
image  as  accurately  as  possible,  we  must  then  take  the 
n)inimum  base  and  minimum  range  for  maximum  accuracy. 
In  this  case  it  may  be  advisable  to  place  on  the  face  of  the 
prism  a  convex  lens  whose  focal  length  is  equal  to  the  range 
required. 

In  the  case  of  the  lens  used  8=8  cm.  p  =:  16  cm.;  so  that 

dR=R.^-.d«=2Rd^. 
r> 

If,  then,  dd=i  minute  =  j^^qqq  and  R=5  cm.,  then 

rfR= jJ-Q-  mm. 
In  order  to  compete  in  accuracy  with  this  a  spherometer 
would  require  to  indicate  to  ^q^oq  ^^'  ^^  short,  as  a  R.F. 
could  be  constructed  to  work  at  much  shorter  ranges  than 
even  5  cm.,  there  can  be  no  question  that  for  concave  sphe- 
rical surfaces  the  telemetrical  method  is  more  accurate  than  the 
spherometer. 

In  this  way  (though  not  with  a  very  restricted  base,  for  I 
did  not  realize  at  the  time  that  the  accuracv  would  be  much 
increased  by  restricting  the  base  and  diminishing  the  range) 
the  radius  of  curvature  was  found  to  be  15*81.  A  small 
spherometer  gave  15*87  cm. — ^the  lens  face  was  too  small  for 
the  large  spherometer  previously  mentioned ;  the  radius  of 
the  circle  of  contact  of  the  small  spherometer  was  only  1*5  cm., 
and  as  the  instrument  was  home-made  and  only  ordinary  care 
had  been  bestowed  on  cutting  the  screw,  I  attribute  the  dis- 
crepancy to  errors  in  the  spherometer. 

The  second  face  when  measured  telemetrically  turned  out  to 
be  very  shghtly  concave,  the  mean  of  several  measurements 
giving  a  radius  of  3300  cm. 

The  thickness  of  the  lens  can  be  readily  got  on  the  optical 
bank  in  this  way: — The  R.F.  stand  is  so  constructed  that  it 
can  be  turned  mrough  180^  about  a  vertical  axis.  A  fine 
wire  carrying  a  weight  at  its  lower  end  is  supported  about  the 
middle  of  the  bank  and  readings  of  its  position  are  taken  with 
the  R.F.  from  both  sides. 
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The  wire  is  now  replaced  by  the  lens  and  the  operation 
repeated  with  the  B.F.,  the  readings  for  the  one  face  being 
taken  from  the  one  side,  the  readings  for  the  second  face  from 
the  other. 

The  diflPerences  between  the  sets  of  readings  for  the  wire 
and  the  corresponding  sets  for  the  lens  gives  the  thickness 
reomired. 

The  principal  points,  the  focal  length,  and  the  refractive 
index  can  now  be  obtained  in  the  ordinary  way. 

The  following  results  were  obtained  for  the  focal  length  for 
sodium  light,  u  and  v  being  referred  to  the  principal  points. 


». 

L\ 

/. 

/*• 

2410 

13-33 

29-82 

1-5276 

31-40 

15-31 

29-87 

1-5268 

3213 

15-46 

2975 

1-5287 

3521 

16-13 

29-77 

15284 

Mean 

2*J'80 

1-5279 

The  results  are  remarkably  good  when  it  is  remembered 
that  all  the  observations  are  simple  naked-eye  observations 
without  the  assistance  of  any  magnifying-power. 

Fig.  3. 


I 

■\ 

I 


Fig.  3  shows  in  plan  another  form  which  the  B.F.  may 
tiike.     A,  A'  are,  as  before,  the  prime  reflectors.    The  com- 
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posite  block  of  prisms  B,  B',  and  C  (figs.  1  and  2)  is  now 
replaced  by  a  single  right-angled  polished  8{)eculum-pri8m  C 
turned  edge  upwards,  as  shown  in  the  plan.  As  it  stands, 
this  instrument  would  not  be  a  range-finder  at  all,  but  an 
azimuth  indicator.  A  right-angled  glass  prism  P  is,  however, 
mounted  on  the  stage  suppoiting  the  reflector  A',  so  that  the 
beam  of  light  is  reversed  right  for  left  before  falline  on  A'. 
This  converts  the  instrument  into  a  range-finder.  The  kind 
of  appearance  that  is  presented  in  the  instrument  before 
correct  alignment  has  been  attained  is  shown  by  the  lines  /,  /', 
as  seen  in  the  prism  C  Here  the  object  being  observed  is  a 
line  perpendicular  to  the  plane  of  the  figure  at  some  distance 
away  in  the  direction  of  the  arrow.  A  moment's  reflection 
will  show  that  the  R.F.  is  too  near  the  object.  To  produce 
alignment  we  should  require  to  move  the  instrument  in  the 
opposite  direction  to  that  of  the  arrow.  The  advantage 
which  this  arrangement  presents  over  the  preceding  is  thi^t 
the  speculum-prism  (7  obstructs  very  little  of  the  beams. 
Experiment  shows  that  the  accuracy  obtainable  with  it  is  not 
appreciably  different  from  that  obtainable  with  the  instrument 
first  described. 

Conclusions. 

1.  The  telemetrical  method  described  is  not  much  inferior 
to  a  spherometer  for  measuring  the  radii  of  curvature  of 
convex  and  approximately  plane  surfaces. 

2.  The  method  is  superior  in  accuracy  (though  not  of 
course  in  convenience)  to  the  spherometer  for  measuring  the 
radii  of  curvature  of  concave  surfaces. 

3.  The  method  is  available  for  determining  all  the  geo- 
metrical or  optical  constants  of  either  a  convex  or  a  concave 
lens  on  the  optical  bank  alone. 

Appendix. 

In  connexion  with  this  subject  there  remains  to  be  described 
a  simple  apparatus  for  measuring  optically  the  radius  of  cur- 
vature of  a  convex  mirror  or  the  focal  length  of  a  concave 
lens. 

I  venture  to  think  that  it  will  be  found  as  useful  in  ele- 
mentary teaching  in  other  laboratories  as  it  has  been  foupd  at 
the  Yorkshire  College. 

M  is  the  convex  mirror,  P  is  a  slip  of  silvered  plate^glass 
(assumed  P^ne),  S  is  a  pin  well  illuminated  or  narrow  slit 
of  light.     The  plate-glass  P  is  arranged  so  that  its  upper 

PhU.  Mag.  S.  5.  Vol.  45.  No.  272.  Jan.  1898.  H. 
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edge  is  nearly  on  the  horizontal  axis  of  the  mirror.  Either 
S  or  P  is  shifted  nearer  to  or  further  from  M,  until  the  image 
of  S  in  P  coincides  with  the  image  of  S  in  M,  whether  viewed 

Fig.  4. 


from  E  or  from  E^  Under  these  circumstances  u=a  +  b, 
vssa^by  whence  r  can  be  obtained.  As  the  image  formed 
by  reflexion  in  M  is  sm^iUer  than  that  formed  in  P^  it  is 
advisable  to  use  a  very  narrow  slit  at  S. 

To  determine  the  focal  length  of  a  concave  lens,  the  mirror 
is  removed,  the  concave  lens  is  placed  so  that  its  face  touches 
the  silvered  back  of  P,  and  is  half  covered  by  it.  A  stout 
vertical  rod  is  placed  at  some  considerable  distance  behind  the 
mirror  on  the  prolongation  of  the  axis  of  the  lens,  and  the  pin 
S  is  shifted  to  or  from  the  mirror  until  the  ima^e  of  the  pin 
seen  by  reflexion  in  the  plane  mirror  coincides  with  the 
image  of  the  rod  as  seen  directly  through  the  lens,  whether 
we  look  from  E  or  from  E^  This  gives  the  position  of  the 
virtual  image  of  the  rod,  whence  the  focal  length  can  be 
calculated. 

The  pin  or  rod  can  with  advantage  be  replaced  by  a  vertical 
straight  edge  well  illuminated. 

Both  these  methods  will  be  found  very  satisfactory  for 
elementary  students.  The  apparatus  is  very  simple,  and  the 
method  seems  to  mo  instructive  in  illustrating  the  subject  of 
parallax. 


VIII.  High  Electromotive  Force.    By  John  Trowbridge*. 

LOBD  KELVIN,  in  a  paper  dated  April  12, 1860t.  entitled 
"  Measurement  of  Electromotive  Force  Required  to 
Produce  a  Spark,"  states  that  ^Hhere  is  a  much  less  rapid 

•  Communicated  by  the  Author. 

t   'Papers  on  Electrostatics  and  Magnetism/   MacmiUan:  London. 
1872.    P.  268. 


Digitized  by 


Google 


Hiijh  Electromotive  Force*  99 

variation  with  distance,  of  the  electrostatic  force  preceding  a 
spark  at  the  greater  than  at  the  smaller  distance.  It  seems 
most  probable  that  at  still  greater  distances  the  electrostatic 
force  will  be  found  to  be  sensibly  constant,  as  it  was  certainly 
expected  to  be  at  all  distances. 

Having  at  my  command  a  very  much  improved  Plants  rheo- 
static  machine  with  sixty  condensers  of  15  x  80  inches  coated 
surface,  I  have  been  enabled  to  greatly  extend  my  studies  of 
high  electromotive  force,  and  to  investigate  the  conditions 
necessary  to  produce  sparks  of  great  bodv  forty-eight  to  fifty 
inches  in  length.  The  accumulator  whicn  was  used  to  charge 
the  rheostatic  machine  in  parallel  had  a  voltage  of  20,000, 
and  the  machine  could  then  give  me  1,200,000  volts.  The 
length  of  spark  which  corresponds  to  this  voltage  is  very 
closely  forty-eight  inches.  Professor  Elihu  Thomson,  by 
means  of  transformers,  has  obtained  sparks  of  fifty  to  sixty 
inches  in  length,  and  has  estimated  the  necessary  voltage  to 
produce  a  spark  of  80  centim.  at  500,000. 

This  estimate  A.  Heyd  weiler*  thinks  is  very  much  too  great, 
and  he  believes  that  100,000  would  be  nearer  the  truth.  My 
investigations  show  conclusively  that  the  estimate  of  Professor 
Thomson  is  far  nearer  the  truth  than  that  of  Heydweiler  ;  and 
instead  of  being  lessened  it  should  be  increased. 

In  a  recent  paper  on  the  tension  at  the  poles  of  induction- 
apparatus,  A.  Oberbeck  t  states  that  a  potential-diflPerence  of 
60,000  volts  under  given  conditions  can  produce  a  spark  of 
more  than  10  centim.  in  length.  It  is  difficult  to  obtain  con- 
sistent results  bv  means  of  induction-coils  and  transformers. 

My  results  snow  that  Lord  Kelvin's  conjecture  that  the 
electrostatic  force  necessary  to  produce  a  spark  in  air  remains 
sensibly  constant  for  all  distances  beyondf  the  limit  he  de- 
scribes, is  correct ;  for  when  lengths  of  spark  are  plotted  as 
abscissas,  and  the  corresponding  electromotive  forces  as  ordi- 
nates,  a  straight  line  is  obtained.  Plants  calls  attention  to  the 
fact  that  the  loss  of  energy  resulting  from  the  transformation 
of  dynamic  into  static  electricity  is,  in  the  case  of  his  appa- 
ratus, much  less  than  in  induction  apparatus.  This  remark 
applies  with  great  force  to  the  modern  use  of  transformers  for 
the  production  of  high-tension  effects.  With  the  improved 
form  of  rheostatic  machine  which  I  have  constructed,  one 
third  of  a  horse-power  will  produce  the  effects  which  have 
hitherto  required  the  employment  of  from  thirty  to  forty  horse- 
power.    The  condensers  in  this  apparatus  are  very  uniform 

♦  Wied.  Ann.  xlviii.  p.  231  (1893). 
t  Wied.  Ann,  No.  9,  p.  109  (1897). 
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in  thickness,  and  the  charging  and  discharging  method  is  a 
complete  departure  from  that  adopted  by  Plante.  All  forms 
of  rotating  cylinders  carrying  contact^pieces  were  abandoned, 
and  two  Tever-arms  were  used  to  charge  the  condensers  in 
parallel,  and  then  to  discharge  in  series.  Great  uniformity 
of  action  was  thus  secured. 

The  sparks  produced  by  the  apparatus  have  great  disruptive 
effects,  and  produce  reports  like  the  discharge  of  a  pistol. 
The  electrostatic  field  in  the  neighbourhood  of  the  terminals 
is  very  intense,  and  the  wires  leading  to  the  spark-gap  emit 
brush-discharges  which  extend  at  least  12  inches  from  the 
surface  of  the  wire.  I  was  interested  to  observe  the  effect 
of  such  powerful  discharges  through  Crookes-tubes,  and 
therefore  set  up  a  tube  which  had  been  exhausted  to  such  a 
degree  that  sparks  of  8  inches  in  length  preferred  to  pass 
through  the  air  from  terminal  to  terminal  of  the  tube  rather 
than  to  pass  through  the  rarefied  space.  The  disruptive 
discharge  produced  by  the  machine  ]iassed  readily  through 
such  a  tube,  and  showed  the  4:-rays  with  great  brilliancy: 
moreover,  the  degree  of  rarefication  of  the  tube  was  not 
sensibly  altered  by  single  discharges  of  such  high  electro- 
motive force. 

The  results  so  far  obtained  by  the  employment  of  this 
apparatus  prove  (1)  that  the  length  of  spark  is  proportional 
to  the  electromotive  force  ;  (2)  rarefied  spaces  hitherto  con- 
sidered too  high  vacua  to  conduct  electricity  cease  to  act  like 
such  vacua  to  very  high  electromotive  force. 

Jefferson  Physical  Laboratory, 
Harvard  Universsty,  Cambridge,  U.S. 


IX.  Phosphorescence  produced  hy  Electrification. 
By  John  Trowbridge  and  John  E.  Eurbank*. 

VARIOUS  investigators  have  stated  that  the  x-TBya  can 
communicate  an  electrical  charge  to  bodies.  We  were 
interested  to  discover  whether  this  statement  could  be  verified 
by  means  of  the  phenomenon  of  phosphorescence.  When 
fiuorite,  in  the  state  of  a  comparatively  coarse  powder,  is 
heated  to  a  low  red  heat  for  about  an  hour,  it  loses  completely 
its  power  of  phosphorescing  under  the  effect  of  a  low  red  heat; 
if  it  is  then  electrified  by  means  of  the  brush-discharge  of  an 
electrical  machine  and  then  submitted  to  a  low  red  heat  it 
suddenly  phosphoresces.     In  this  connexion  it  is  interesting 

*  Communicated  by  the  Authors. 
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to  note  a  statement  of  E.  Becquerel  upon  the  efiPect  of 
electric  sparks  on  phosphorescent  bodies.  In  his  work  en- 
titled La  Lumiire^  ses  Causes  et  ses  Effets^^  he  says: — "  In 
order  to  submit  the  substances  to  the  action  of  electric 
discharges  they  were  placed  directly  upon  an  insulated  stand 
if  they  were  in  fragment««,  or  in  tubes  if  they  were  in  the 
sbite  of  powder,  in  such  a  manner  that  the  discharge-terminals 
were  two  or  three  centimetres  apart.  One  or  many  electrical 
discharges  were  then  passed  from  leyden-jars  between  tha 
termimiJs.  One  then  finds  that  not  only  the  bodies  in  question 
become  phosphorescent  after  the  passage  of  the  discharge,  but 
also,  as  one  sees  later,  they  are  made  pnosphorescent  by  these 
electrical  discharges  when  subjected  to  heat,  even  if  before 
having  been  submitted  to  the  action  of  the  discharges,  they 
had  been  calcined  so  long  as  to  be  entirely  deprived  of  the 
power  of  phosphorescence  oy  elevation  of  temperature.  The 
electric  light  acts,  therefore,  like  sunlight,  but  with  greater 
energy  by  reason  of  its  greater  intensity  on  account  of  the 
position  of  the  bodies ;  and  it  is  capable  of  making  bodies 
acquire  phosphorescence  which  did  not  previously  possess  it. 
There  is  no  necessity  for  submitting  flaorspar  or  tne  diamond 
to  heat  immediately  after  having  oeen  exposed  to  the  dis- 
charges. The  elevation  of  temperature  can  take  place  even 
after  the  lapse  of  some  months.'' 

Becquerel  evidently  attributed  the  effects  observed  to  the 
light  of  the  discharge;  for  he  says,  further  (p.  55,  ibid.)^ 
"  The  electric  spark  acts  only  by  its  light,  but  its  action  is 
more  energetic  than  that  of  sunlight  by  reason  of  its  great 
intensity  and  the  proximity  of  the  source." 

In  an  article  on  luminescence  by  E.  Wiedemann  and 
G.  C.  Schmidt  f  the  conclusion  is  reached  that  the  violet  light 
alone  of  electrical  discharges  does  not  cause  phosphorescence ; 
but  the  phosphorescence  is  due  to  peculiar  discharge-rays 
analogous  to  cathode  rays.  M.  W.  Hoffman  %  has  confirmed 
Wiedemann's  work.  The  latter  states,  "  no  entladungsstrahlen 
could  be  detected  in  the  brush-discharge." 

With  the  preparation  of  fluorite  we  nave  mentioned  above 
no  effect  was  produced  by  the  light  of  the  electrical  discharge. 
It  was  submitted  according  to  the  method  of  Becquerel  to 
the  light  of  the  spark ;  and  it  was  also  exposed  to  the  light 
of  burning  magnesium  and  to  that  of  the  voltaic  arc,  and  no 
phosphorescent  effects  could  be  produced,  nor  by  subsequent 

♦  Paris,  1867,  vol.  i.,  p.  66. 
t  Wied.  Ann,  Ivi.  18ife,  b.  237. 
X  Wied.  Ann,  No.  2, 1897,  p.  273. 
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heating.  It  phosphoresced,  however,  on  heating  after  having 
been  electri  Bed  by  the  brush-discharge.  The  phosphorescence 
was  evidently  an  expression  of  the  electrical  energy  which 
was  communicated  to  the  substance,  and  this  energy  was 
suddenly  converted  into  light  by  the  action  of  the  heat  in 
dispelling  the  electricity.  The  substance  was  next  subjected 
to  the  action  of  the  ^-rays,  in  a  brass  box  closed  by  an 
aluminium  window.  The  box  was  also  connected  to  the  ground. 
When  the  substance  was  taken  from  the  metallic  box  it 
showed  no  phosphorescence,  but  on  being  heated  it  exhibited 
a  bright  phosphorescence  which  quickly  aisappeared. 

The  action  of  the  .r-rays  on  this  mineral  was  exactly 
similar  to  that  of  electrification ;  and  we  cannot  but  regard 
our  experiments  as  an  evidence  of  the  electrical  nature  of 
the  action  of  the  ^-rays.  By  them  an  electrical  charge  is 
communicated  to  fluorescent  and  phosphorescent  substances. 
The  resulting  electrical  energy  in  being  dissipated  reduces 
the  secretion  of  light.  By  heating  crystiils  which  have  been 
electrified  we  produce  a  sudden  dissipation  of  the  electrical 
energy  which  has  been  communicated  to  the  particles  of  the 
phosphorescent  substance,  either  by  direct  electrification  or 
by  the  electrification  produced  by  the  ^-rays. 

Most  phosphorescent  substances,  after  having  been  sub- 
mitted to  sunlight  or  daylight,  glow  more  strongly  when 
heated.  The  phosphorescence,  however,  dies  out  more  quickly 
after  the  process  of  heating,  which  seems  to  cause  the  energy 
communicated  to  the  substance  by  light  to  become  dissipated 
more  quickly.  The  same  thing  is  true  of  the  state  of  phos- 
phorescence communicated  by  the  a:-ray3.  Can  we  therefore 
conclude  that  the  phosphorescence  excited  by  sunlight  or 
daylight  is  due  to  an  electrical  condition  which  is  dissipated 
by  heat  ?  This  supposition  seems  to  us  not  inconsistent  with 
the  electromagnetic  theory  of  light,  and  phosphorescence  may 
be  an  evidence  of  the  electrical  stresses  which  produce  the 
phenomena  of  ultra-violet  light. 

«Tef)er8on  Physical  Laboratory, 
Har?ard  University,  Cambridge,  U.S. 

X.  On  tlie  Isothermals  of  Ether.     By  J.  Rose-Inneb,  M.A,y 
B.Sc* 

IN  a  paper   *'0n   the   Isothermals   of   Isopentane,"   read 
before  the  Physical  Society  last  May  t,  I  gave  an  account 
of  some   results   obtained   by   investigating   Prof.  Young's 

•  Communicated  by  the  Physical  Society  :  read  Nov.  12, 1807. 
+  Phil.  Mag.  [q  xliv.  p.  76. 
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experimental  work  on  Isopentane.  The  main  conclusions 
arrived  at  were  as  follows : — 

(i.)    The    study  of  a   diagram   constructed   by   plotting 

— J  against  v~*,  where  a  is  the  internal  pressure  and  v  is  the 

volume  of  a  gram,  suggests  that  there  is  a  discontinuity  in 

the  slope  of  —5.     Even  if  there  is  not  discontinuity  in  the 

exact  sense  of  the  word,  there  is  an  extremely  rapid  change 
of  behaviour,  amounting  practically  to  the  same  thing. 

(ii.)  The  temperature  for  which  the  pressure  is  accurately 
given  by  the  laws  of  a  perfect  gas  at  a  given  volume,  remains 
practically  constant  for  all  large  volumes,  until  we  approach 
the  neighbourhood  of  the  critical  volume.  At  the  critical 
volume  this  temperature  has  diminished  somewhat  from  its 
value  for  large  volumes,  but  the  diminution  is  only  slight. 

These  conclusions  were  embodied  in  a  formula  giving  the 
pressure  in  terms  of  the  temperature  and  volume,  and  a  com- 
parison between  calculation  and  experiment  was  effected  by 
means  of  a  diagram.  It  is  not  suggested  that  this  formuk 
is  incapable  of  further  improvement,  but  the  close  correspon- 
dence between  calculation  and  experiment  seems  to  show  that 
the  main  conclusions  on  which  the  formula  was  founded  are 
correct. 

A  natural  extension  of  the  above  investigation  is  to  try 
how  far  these  general  conclusions  are  true  of  some  other 
substance.  For  this  purpose  I  resolved  to  employ  the  experi- 
mental results  obtained  by  Profs,  llamsay  and  Young  with 
ether,  as  it  appears  ihat  the  linear  law  connecting  temperature 
and  pressure  at  constant  volume  holds  accurately  in  this  case. 
[Phil.  Trans,  vol.  178  A,  pp.  57-93 ;  and  Phil.  Mag.  vol.xxiii. 
pp.  435-458.] 

Profs.  Ramsay  and  Young  have  given  the  values  of  a  for 
a  large  number  of  volumes  (Phil.  Mag.  vol.  xxiii.  p.  441), 

so  that  it  was  easy  to  calculate  the  values  of  —^ ,  and  to  plot 

them  against  v"*.  The  resulting  diagram  is  given  on  p.  104, 
and  it  suggests  very  strongly  that  there  is  a  discontinuity  of 
slope  at  about  vol.  3*3.  In  this  respect,  accordingly,  the 
ether  results  show  a  striking  likeness  to  those  of  isopentane, 
the  discontinuity  in  the  case  of  the  last  substance  occurring 
at  about  the  same  volume. 

It  was  shown  in  my  former  paper  that  when  Hamsay  and  ' 
Young's  linear  law  hold^?,  there  is  one  and  only  one  tempera- 
ture for  each  yolume  nt  which  the  pressure  is  given  by  ihe 
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laws  of  a  perfect  gas  ;  if  we  call  this  temperature  t  we  easily 
have 

av 

T  = 


hv-W 
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The  values  of  h  and  a  are  given  by  Profs.  Ramsay  and 
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Yoang  (foe.  dU  p.  441) ;  the  values  of  t  were  thence  obtained, 
and  the  results  are  given  in  the  following  table : — 


Volume. 

r. 

Volume. 

r. 

Volume. 

r. 

300 

1036 
860-6 
827-3 
841-1 
7976 
766-9 
783-8 
774-3 
7763 
780-2 
7901 
789-2 
789-4 

17    

16  

792-2 
796-2 
795-5 
796-7 
798-0 
800-7 
801-6 
802-9 
806-5 
8050 
8056 
805-5 
807-2 

1  4     

815-3 
813-7 
796-7 
769-7 
7355 
681-9 
6626 
643-2 
621-5 
597-2 
571-2 

260 

3-7 

200 

16  

33 

160 

14  

3-0 

100 

13  

2-75   

2-5 

75 

12  

50 

11  

2-4 

40 

10  

9  

2-3 

SO 

2-2 

26..:  

20 

8  

2-1 

7  

20 

19 

6  

18 

6  

In  calculating  this  table,  the  value  of  R  was  taken  =       .  ^^. 

An  examination  of  the  table  shows  that  r  remains  nearly 
constant  for  all  large  volumes  down  to  about  vol.  8;  its 
numerical  value  throughout  this  range  is  roughly  800.  The 
only  exception  occurs  in  the  case  of  vol.  300,  but  the  value 
of  r  is  here  so  erratic  that  it  is  clearly  subject  to  a  large 
experimental  error. 

We  have  still  to  try  how  far  the  formula  found  for  isopentane 
can  be  made  by  alterations  of  the  constants  to  suit  the  experi- 
mental results  with  ether.  For  isopentane  it  was  found  that 
fairly  good  concordance  with  experiment  could  be  secured  by 
the  use  of  the  formula 

_RTr  e         -1 l_ 

where  R,  e^  hj  g^  and  I  are  constants  characteristic  of  the  gas*. 
I  have  calculated  suitable  numerical  values  for  these  constants 
in  the  case  of  ether  from  Ramsay  and  Young's  original 
experimental  data;  the  values  are  given  in  the  following 
table,  and  those  of  isopentane  are  added  for  the  sake  of 
comparison:—  Ether.  Isopentane. 

R 840-34  863-56 

e  7-485  7-473 

*  8-188  3-636 

q  4-4539  6'2318 

/  5,095,070  5,420,800 

•  This  formula  was  incorrectly  stated  in  my  former  paper  "  On  the 
Isothermals  of  Isopentane;''  the  correct  form  is  that  given  above. 
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The  formula  was  tested  by  drawing  a  system  of  continaous 
isothermals  giving  pv  plotted  against  »-i,  and  then  the 
experimental  values  were  put  in  as  dots  ;  there  is  on  the 
whole  a  fair  agreement  between  calculation  and  experiment, 
as  may  be  seen  on  inspection  of  the  diagram.  It  is  generally 
difficult  in  these  investigations  to  know  how  much  may  be 
reasonably  allowed  for  experimental  errors.  Fortunately  in 
this  instance  we  have  a  clue  to  guide  us^  as  Messrs.  Ramsay 
and  Young  in  testing  their  linear  law  published  tables  com- 
paring pressures  found  with  pressures  calculated  {loc.  cit. 
pp.  438-440  and  pp.  442-445),  and  from  these  it  is  seen  that 
they  were  willing  to  allow  over  1  per  cent,  as  a  possible 
experimental  error.  In  this  connexion  they  remark :  "  It  is 
to  be  noticed  that  the  greatest  divergence  is  at  the  temperatures 
250°  and  280°,  but  the  deviations  are  in  opposite  directions 
and  must  therefore  be  ascribed  to  experimental  error  "  {loc. 
cit,  p.  444). 

1  likewise  found  in  testing  my  formula  that  the  greatest 
divergence  is  at  temperatures  280°'35  C.  and  250°  C,  and 
that  the  deviations  are  in  opposite  directions,  and  therefore 
consider  it  justifiable  to  attribute  them  mainly  to  the  same 
cause.  For  the  remaining  temperatures  discrepancies  occur 
fairly  often  of  over  1  per  cent.,  but  none  so  great  as  2  per  cent., 
so  that  they  still  seem  to  lie  within  the  limits  of  experimental 
error. 

Finally  we  may  infer  that  both  the  general  conclusions 
obtained  in  the  former  paper  with  regard  to  isopentane  hold 
good  also  in  the  case  of  ether. 

XI.  77*^  Wave-Resistance  of  a  Ship.    By  J.  H.  Michell.* 

THE  object  of  this  paper  is  to  give  a  general  solution  of  the 
problem  of  the  waves  produced  by  a  ship  of  given  form 
moving  with  uniform  velocity  in  an  inviscid  liquid,  and  to 
determine  the  consequent  wave-resistance  to  the  motion  of  the 
ship.  The  only  assumption  made  as  to  the  form  of  the  ship  is 
that  the  inclination  of  the  tangent  plane  at  any  point  of  its 
surface  to  the  vertical  median  plane  ie  small.  This  condition 
is  not  satisfied  near  the  bottom  of  the  middle  body  of  a 
modern  ship,  but  it  seems  probable  that  this  will  not  much 
affect  either  the  waves  produced  or  the  resistance,  for  the 
waves  arise  rather  from  the  parts  at  the  bow  and  stern  at 
which  the  tangent  to  the  surface  is  inclined  to  the  direction 
of  the  ship's  motion,  than  from  the  approximately  cylindrical 
4»  Communicated  by  the  Author. 
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middle  body.  The  neglect  of  friction  is  probably  of  little 
consequence.  The  eddying  water  close  to  the  side  will  no 
doubt  slightly  alter  the  virtual  shape  of  the  ship,  but  the 
change  in  the  inclination  of  the  virtual  tangent  plane,  on 
which  the  wave-making  depends,  will,  almost  certainly,  be 
very  small.  Further,  me  effect  of  viscosity  in  destroying 
the  waves  produced  by  the  bow  will  modify  to  some  extent 
the  interaction  of  bow  and  stern  waves;  but,  seeing  that  it 
is  the  waves  of  length  comparable  with  that  of  the  ship  which 
chiefly  give  rise  to  the  resistance,  the  effect  must  be  small. 
The  conclusion  is,  therefore,  that  the  course  followed  by 
W.  Froude,  of  considering  frictional  resistance  and  wave- 
resistance  separately  and  adding  the  two,  will  probably  give 
a  close  approximation  to  the  truth. 

A  summary  of  the  experimental  work  on  this  question,  as 
well  as  a  sketch  of  the  theoretical  work  of  Russell,  Bankine, 
and  the  two  Froudes,  is  given  in  White's  interesting  '  Manual 
of  Naval  Architecture'  (1894),  chap.  xi.  Recent  mathe- 
matics on  the  subject  has  been  devoted  chiefly  to  explaining, 
in  a  general  way,  the  interesting  wave-patterns  observed,  but 
exception  must  be  made  of  the  papers  of  Sir  W.  Thomson 
(Lord  Kelvin),  Phil.  Mag.  {1886-7),  in  which  the  critical 
[^ed  of  a  canal  boat,  examined  experimentally  long  before 
by  Russell,  was  mathematically  discussed.  Reference  may 
be  made  to  Lamb's  ^  Hydrodynamics  '  (1895) ,  chap,  ix.,  and  to 
Sir  W.  Thomson^s  '  Popular  Lectures  on  Navigation '  (1891), 
p.  450,  for  the  discussion  of  wave-patterns. 

None  of  these  writers  has,  however,  considered  the  waves 
produced  by  an  actual  ship,  and  the  present  paper  is  intended 
to  supply  the  necessary  investigation.  The  formula  obtained 
for  the  wave-disturbance  is  rather  complex,  but  that  for  the 
resistance  is  much  simpler,  as  the  most  complicated  term 
in  the  former  represents  a  local  disturbance  not  leading  to 
any  resistance  in  an  inviscid  liquid.  There  will  therefore  be  no 
difficulty  to  those  who  have  the  necessary  apparatus  in  making 
comparisons  with  experiment.  As  to  general  results,  for 
deep  water  the  theory  leads  to  a  resistance  which  increases 
with  the  velocity,  in  an  oscillating  manner,  to  a  maximum 
and  then  decreases  to  zero  as  the  velocity  is  indefinitely  in- 
creased. That  the  resistance  is  an  oscillating  function  of  the 
velocity  has  been  experimentally  found  by  Mr.  W.  Froude 
and  his  son  *,  to  whom  also  we  owe  the  general  explanation 
in  terms  of  the  interference  of  bow  and  stem  waves.    But  the 

*  "  On  the  Leading  Phenomena  of  the  Wave-making  Resistance  of 
Ships,"  Trans.  Inst.  Naval  Architects,  1881. 
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ultimate  vanishing  of  the  resistance  has  not,  so  far  as  I  know, 
been  anticipated.  From  general  considerations  it  is  clear 
that,  so  far  as  the  wave-form  is  concerned,  the  effect  of 
increasing  the  velocity  is  the  same  as  that  of  decreasing  the 
acceleration  of  gravity,  and,  if  gravity  vanishes^  there  is  no 
propagation  of  waves ;  but  this  is  not  quite  the  theorem  to 
be  obtained. 

Fijr.  1. 


1^ 


Take  the  vertical  median  plane  of  the  ship  as  y=0,  and 
the  surface  of  the  undisturbed  water  as  2: =0,  the  axis  0*v 
being  in  the  direction  of  motion  of  the  ship  and  0^  vertically 
downwards.  We  may  suppose  the  ship  at  rest  and  the  water 
moving  backwards  with  uniform  velocity  v  apart  from  the 
wave-disturbance.  The  motion  is  assumed  steady  and  the 
velocity  potential  written  —  t;a?-|-0.  Since  the  inclination  of 
the  ship's  surface  to  the  plane  y  =  0  is  everywhere  small,  <f> 
will  be  small,  and  we  shall  neglect  the  squares  of  the 
velocities  due  to  0  in  comparison  with  their  first  powers.  At 
the  surface  of  the  water  let  (f  be  the  depression  at  (x,  1/) 
below  the  mean  level.     Then 


# rf? 


dz^        dx 
is  the  kinematic  surface  condition,  and 

pip  -I-  i?' —5'?=  const, 
the  equation  of  pressure,  which,  since 


(1) 


H-'*fhO'<t^ 


=v'-i«%    (,.p.) 


gives 


't*^-' 


Digitized  by 


Google 


Wave-Resistance  of  a  Ship.  109 

and,  therefore,  with  (1) 

Tz^Jd^' ^^^ 

On  account  of  the  symmetry  of  the  ship  with  respect  to  the 
median  plane  y  =  0,  we  have  d0/d[y=O  when  y=0,  except 
over  the  ship,  where,  if  tf  is  the  semi-breadth  at  {x,  z), 

d<t>  dfj 

dy'~  dx 

=  -  vfi^yz)     (say),     .     .     (3) 

and  this  condition  is  taken  to  hold  at  the  plane  ^=0,  instead 
of  at  the  surface  of  the  ship,  the  justification  being  the  same 
as  that  for  equation  (1).  Finally,  d<j)/dz=0  at  the  bottom, 
z=:h,  of  the  water. 

We  now  consider  the  solution  for  0,  in  the  part  of  the 
water  where  y  is  positive,  with  the  given  boundary  conditions 
at  2=0,  zss/iy  y=0. 

The  typical  term  in  the  solution  is 

a  cos  n  («—  A)  cos  {mx  +  a)  cos  (/>y  +  jS), 

where  m*  +  n*+p*=0.  Here  m  must  be  taken  real  as  the 
Avater  extends  from  ^=—00  tod7=-f-(x>;  n  and  p  maybe 
either  real  or  imaginary,  but  if  p  is  imaginary  [=?p']  the 
last  factor  must  take  the  form  e~^'. 

This  term  satisiies  d<f>/dz^O  at  2:= A,  and  it  also  satisfies 
equation  (2),  if 

n  tannA=— v^m'/^ (4) 

This  equation  has  an  infinite  number  of  real  roots  and  one 
pure  imaginary  root  given  by 

n'  tanh  n'A = v^ni^/^y     [n = tn'] . 

We  shall  see  that  the  imaginary  root  is  alone  responsible 
for  the  wave-making  resistance.  As  for  p  it  is  always 
imaginary  for  the  real  roots  of  n,  and  is  so  for  the  imaginary 
root  if  m>w^ 

The  condition  (3)  will  now  require  the  expansion  of  the 
given  function /(^,  z)  in  the  form 

X^amn  cos  n(z^h)  cos  (iM^+a), 

where  the  summation  with  respect  to  m  will  take  the  form  of 
an  integral. 

Suppose  at  first  the  function  periodic  in  x  so  that 

/{x+l,z)=/{x^l,z), 
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and  pat 

/(^,^)=2X{a,«co9^  +  B„sm^}cosn(z~/0, 

wbero  r  is  a  positive  integer. 
By  Fourier's  method 

J  /(a?,^)sin  -pitr=:i2.B^cosn(4r-/0, 

where  Ao„  is  to  be  halved  as  usual. 

Since  the  functions  cos  71(2;— A)  are  all  conjugate,  as  is  easily 
proved,  from  these  we  get 

jo   J     {^^'^^  ^^^~T~^^^^(^'^'^)^^^-^^rn    j     COS»w(-J-/l)rf^, 

=  I  Arn  4^(2nA  +  sin  2nh) 
and 

J 0  J    '^^^^  ^^  ^^  ^  C08n(2: - A)d^d2 ^^^"^^  ^^^^  +  ^^°  2n/»)  ; 

where  A^  is  to  be  halved;  and  the  coefficients  of  the  terms 
given  by  the  imaginary  roots,  here,  as  always  below,  are  got 
by  putting  n=zin' ;  so  that 

111  y/p  1 

fix,  z)  COS  -J  coa]xn[z-h)dxdz=l  k^,  |^,(2n7t+suih2»7/) 


rx 


and  so  for  Br»'. 
Hence  the  theorem 

'^^^-^^"^-^-/(2nA  +  sin2nA)l,  |  / (f ,  f) cos -^  (f-^) 

xcosw(f— A)rf5rff 
5      4n^cosh;/(2r-A)     T'     f*     ,.  ^,        9rr  ,^       , 

xcoshw(?-A)(/{;rff. 
Now  let  I  become  infinite,  and  putting 

IT  1 1  ssdm^ 
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we  get 

X  cos  m(f — a?)rf5  di  dm 
4  r^C^    r*  71^  cosh  n^(g-/i)  cosh  ri(K-h) 

'^  Jo  J—  Jo  ^^'A  +  sinh  2/i'A 

X  cos  m(  {  '-»)d^  d(  dm. 

In  particular,  luppose  the  depth  of  water  infinite^  we  have 
then 

nil  =  rTT  +  e, 
lidn  =  TT, 
tan  nh  =  tan  6, 
cos  n{z—h)  =  (  — )»•  cos  (n«— e), 
2n  +  (sin2nA)/A=2n, 
n  tan  e  =  —  km^     [*  =  *'7i/]) 

cos  2€  =    a  .   |o    4. 

Also  tanh  n'A  =  1, 

n  =  km^j 


cosh 


n^(^~A)coshn^(g-A)  _  ,       ,(,^.^ 
2n'A  +  sinh  2n7i  *^ 


The  result  receives  some  confirmation  from  what  has  been 
observed  with  torpedo-boats  at  high  speeds.  It  has  been 
found  that  the  total  resistance  varies  as  a  power  of  the  velocity 
which  at  first  is  nearly  the  second^  but  wnich,  increasing  to  a 
maximum,  ultimately  becomes  less  than  the  second^.  A 
very  simple  investigation,  given  below,  shows  that  in  shallow 
water,  if  we  neglect  all  but  the  long  waves,  the  wave-resist- 
ance varies  ultimately  as  the  first  power  of  the  velocity. 

I  may  mention  that  somewhat  similar  work  to  that  of  the 
present  paper  gives  a  theory  of  the  damping  of  the  oscilla- 
tions of  ships  due  to  wave-making.  This  I  hope  to  give  in  a 
subsequent  paper. 

*  White,  p.  470. 
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Substituting,  we  get 

X  COS  m{^^x)d^  dl^  dm  dn 
■^  ^  IJo  J-/^^'  5)m'^-*'»"^^+^  cos  /i«(f-^)df  rf^rfm, 

which  is  the  theorem  on  which  the  rest  of  the  present  paper 
It  Vl  ^^  curiously  easy  to  give  an  a  posteriori  proof  of 

the  theorem.     Using  the  value  of  e  given  above  we  find 

cos(wc-e)cos(nf-e)  =  cosw^cos  nf- cosw(r-|-{) -y^^, 
Integrate  the  last  two  terms  with  respect  to  n,  viz. 

and  the  quadruple  integral  becomes 
>  /•*  /^*  /••*  /•• 
i^j    j    j     j     /(f,  $)  cos  n^r  cos  wf  cos  m(f—a?)fl^0(/5dmrfn 

f    rf    /(f;?X^-*"*"^'+^cosm(f-a?)rffrf5rfm. 

%/0  Jo  J-flo 

The  former  integral  is  /(^,  ;?),and  the  latter  disappears 
with  the  triple  integral  in  the  given  formula. 

Considering  now,  for  simplicity,  the  water  infinitely  deep, 
it  appears  at  once  that  the  required  solution  for  ^  is 

2r  p»p«>r«p«>  cos(n2— €)  cos  (nf— €)  ,^       .     j-t-t^ 

~  ^J  Jo  J-/^^'^  >/mV^«-l  '"^  '"(•''-f)  +  '»^^'"V/<,«-ly} 

xd^d^dm 

im; 
C5) 


"  ^Jo    JoJ-/^^'^^^7I^^^''"(^-*)*""^'"'""''^''f''f'''"' 
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for  this  gives 

^=  -  vf{x,z)  =  -v'^£  wheny=0. 

In  this  expression  attention  must  be  called  to  the  factor 
sin  {w(a?-f)  +  m  VmV/y«-ly} 
in  the  second  integral.  This  form  is  not  required  to  satisfy 
the  boundary  conditions  formulated  above ;  and  it  is  evident 
that  the  solution  is  to  a  certain  extent  indeterminate  with 
those  conditions^  for  we  may  superpose  any  system  of  free 
waves  symmetrical  with  respect  to  y=0  on  a  particular 
solution  satisfying  them.  The  form  of  the  factor  in  question 
is  chosen  in  order  to  make  the  elementary  diverging  waves 
trail  aft;  in  other  words,  to  satisfy  the  condition  that  the  ship 
advances  into  still  water. 

Leaving  the  reduction  of  the  integrals  on  one  side,  for  the 
present,  we  proceed  to  calculate  the  wave-resistance  (R)» 

Let  ip  be  the  increase  of  pressure  due  to  the  wave-dis- 
turbance.    Then  , 

the  double  integral  extending  over  the  median  plane  of  the 
ship.     Now  measuring  from  the  undisturbed  surface 

and  therefore  ^P^P^j^f  (^'PO 

80  that  R=-2pv^^^^dxdz. 

Substituting  the  value  of  d<l>/dx,  we  see  that  the  first  and 
third  integrals  in  the  expression  for  0  add  nothing  to  the 
resistance  because 

on  account  of  the  odd  factor  sin  wi(a?— f), 
and  hence 

OO         00       OD       00     00 


g/jfl     0     — «    0      -00 

m^dm 


(p+j«) 


,/,%  v'mV//-l 

Phil,  ifoff.  S.  5.  Vol.  45.  No.  272.  Jan.  1898.  I 
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where  Xssmv^/g^ 

and 

/•ao  /»<» 

Jo  .  ~« 

If  the  ship  is  similarly  formed  at  bow  and  stern  IsO^  the 
origin  being  at  midship. 

We  can  now  prove  that  the  resistance  vanislies  when  the 
velocity  is  infinite. 

Observe  that 

Jo  Jo 


1  »v 

9 


=  ^,^FW,      •    .    .    •    (7) 


where  ¥{x)  is  less  than  the  greatest  value  of  /(.r,  z) 
for  a  given  value  of  x ;  and,  therefore,  i£  we  substitute  a 
large  number  t  instead  of  oo  as  the  upper  limit  of  X,  the 
part  of  R  neglected  is  of  order  not  greater  than 

»«j^"^         or        v't-\ 
and  this  vanishes  when  i;=<x>  if  we  take 

'=0  • 

In  the  part  of  R  retained  X^/v*  is  small  thronghout,  so  that 
we  may  expand  the  circular  functions  and  write 

I=r    r    /{x,z)e->^*i>'l''dxdz 

J =X  ^  (     I     /(«,  2>e-*V'»'  dx  dz 


and 
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Now 


r7(^,^)d*-J_"^gda:=o, 


the  ship   being  of  fiaite  length  and  17=0  at  both  ends. 
Hence,  asing  the  formula  (7) 

I 


J=4  +  B'X($)V.... 


and 

The  successive  terms  are  of  orders 

ilog««,  «-"/»,    ,. 

and  all  vanish  wheni?*«Qo.  The  resistanoe  therefore  ulti- 
mately vanishes.  Of  course  this  result  is  only  proved  for  a 
ship  which  is  very  short  in  comparison  with  the  depth  of  the 
water. 

We  now  proceed  to  the  reduction  of  the  integral  which 
gives  the  resistance  due  to  two  elements  of  the  surface. 

Consider  two  elementary  areas  (t,  o-'  at  [x,  z) ,  (a?',  s/)  on  the 
side  of  the  ship,  and  let  5,  d^  be  the  inclinations  of  the  hori- 
zontal lines  in  these  areas  to  the  axis  of  x.  The  resistanoe 
due  to  these  two  elements  is 

or,  say, 

Now,  writing  for  the  moment  s:  =  a?  +  iy,  and  taking  the 
integral 

around  the  circuit  enclosing  the  region  x  and  y  positive,  we 
get 

>/l-x^  h    \^^«-l  Jo    V'l+af*  ' 


'*  Ji  v^\2-l 
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and,  therefore  *,  realizing, 


Ji    Vx«-i        Jo   ^1+X'        Jo  Vi-x« 

=  f    ,-.  rinho  rf^_  n  Bin  («  sin  d)  dd 

Jo  Ju 

•    =«JoW-Yo(.), (8) 

where  /c=  log  2— 7=  '11593  .  .  • . 
From  which 

-^r^i=-^^»'w-^«"(')^ 

since 

J,^(,)=-Ji(,), 

and  so  for  Yo(«), 
Now  taking 

H  =  I     e^^'  cos  gX    ,-5 , 

and  putting 


1    r* 

^-^^'=  — ;=  I     tf-'*'/^*-  cos  X/x  d/*, 
\vrJo 

°=^;^Jo  J/-'^'"i-««M^+M)+cosX(.-^)}^^^^ 

4-«Jo(«— m)  —  Yo(5  -/a)  }d/x,     .     (9) 

from  equation  (8). 

From  which  H  can  be  readily  calculated  by  mechanical 
Quadrature  in  the  case  in  which  4r  is  not  large,  and  this  is 
the  case  for  ordinary  ships.     Elaborate  tables  of  J©  and  Ji 

*  See  Gray  and  Mathews,  *  Bessel  Functions/  p.  66,  and  Ex,  18, 
p.  230.    The  formula  (8)  was  given  by  Weber. 
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are  now  available,  and  tables*  of  Yq  and  Yi  have  been  calcu- 
lated by  Mr.  B.  A.  Smith,  who  has  kindly  prepared  tables  of 
jeJo— io  aJ^d  jeJi— Yi,  appended  to  the  present  paper. 
We  now  have 

where 

F(« + /*) = «Jo(« + /*)  -  Yo(« + /*) 

-;:^Wi(*+m)-y.(*+/*)}, 

and  the  expression  for  the  mutual  resistance  is 


-,=  aa'0 


0'   re-f^'^'^iFis-^fi)  +F(*-/i)}d^, 


where 

s=g(jX'^af)lv^. 

For  elements  at  opposite  ends  of  the  ship  s  will  in  general 
be  large  compared  with  unity  and  with  V^^?  <uid  in  this 
case  we  can  put 

and  so  for  («— a^),  and  then  approximately 
and  the  resistance  is 

Now  if  /  is  the  length  of  the  free  wave  which  travels  with 
the  velocity  of  the  ship 

*  '  Messenger  of  Mathematics/  1896. 
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and  the  formula  can  be  written 

This  gives  a  maximum  resistance^  approximately,  when 

0? — ic'  =  (n  +  7/8)i         [n  an  integer] 

and  a  maximum  assistance  when 

^-d/=(n  +  3/8)/. 

These  formulae  correspond  to  the  interference  of  the  bow 
and  stern  waves,  which  has  been  so  skilfully  discussed  by 
Mr.  R.  E.  Froude.  When  the  two  elements  are  on  the  same 
vertical  cross-section  of  the  ship,  another  form  of  reduction 
may  be  given.  Putting  a;— ^=0,  the  integral  to  be  con- 
sidered is 

Put  \»  =  i(l+/*). 


/»ao 


2^2  y/l+fi' 
and  A.»-l  =  i(/t-l); 


whence 


or,  if  /i  at  cosh  ^, 

=  ie-'/»K„(r/2), 

where  Eg  is  the  Bessel  function,  so  indicated  by  Gray  and 
Mathews  (pp.  67,  90). 
Hence 


r 


since 


-rX« 

A»dX 

rfG 

Vx*-i 

~       dr 

=  ie-/'{Ko(r/2)- 

-Ko'(r/2)} 

=  i.-'/»{Ko(r/2)- 

-Ki(r/2)}. 

Ko'=K„ 
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and  the  oorresponding  term  in  the  resistance  is 

The  fanctions  K  do  not  appear  to  have  been  calculated, 
but  their  general  course  is  known.  It  will  be  sufficient  at 
present  to  refer  to  Gray  and  Mathews,  chap.  vii. 

As  an  illustration  of  the  process  of  calculating  the  resist^ 
ance  of  a  given  ship  at  any  speed,  we  may  consider  one  of 
simple  analytical  form  which  is  fairly  ship-shape  and  easily 
realisable.  Experimental  confirmation  of  the  result  was  not 
practicable,  and  the  matter  must  be  left  in  the  hands  of  those 
who  have  the  necessarv  apparatus  at  command. 

Let  the  surface  of  the  ship  be 


between 


y=  +  c(l  + cos  <ra?)(l +  008^2?), 
z=xO    and     w/6 ; 


so  thjit,  for  y  positive, 

/(a?,  r)=s  -^  =  -^ac sin  ax{i  -f-oos bz) . 

Here  1=0, 

rw/a 
^^'f^dz  I       sin  ax  sin  Xxlkdx 


and  ^»/* 

Js=  — ac  1      (1  +  cos  bz)  e 


-ac^^  (2V  +  6«A«-(?-^V" 62*«)  —^^    ^"^^ 


rsin  irr\/ka, 


where  k=v^/g;  and  therefore 


which  is  best  calculated  by  mechanical  quadrature. 
Suppose,  for  example,  in  foot-second  units 

t?  =  20  (velocity  of  ship), 

29r/a  =  200  (length  of  ship), 

irjb  =  20  (depth  below  water-line), 

8c  =  32  (greatest  breadth), 
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then  the  integral  is  fonnd  to  be  *  6  20,  and  the  resistance  is 
R  =  940  lbs.  wt.  about. 

This  seems  to  be  about  what  one  would  expect  from  the 
experimental  results  available;  but  I  know  of  no  formula  with 
which  to  compare  it,  and  experiment  alone  can  decide  whether 
the  theory  has  numerical  value*  Of  course  the  method  of 
successive  approximations  can  be  applied  if  necessary. 

To  examine  the  case  of  the  ship  in  shallow  water  in  which 
all  but  the  long  waves  are  neglected,  we  may  proceed  as 
follows : — We  make  the  motion  steady  as  before  and  use  the 
same  set  of  axes.     The  pressure-equation  gives  at  the  surface 

g^-^v-p  =0,  as  before  ; 

while  the  equation  of  continuity  for  long  waves  gives 

^{<*-o(-»-g)}-4{t''-o|}=<'. 

where  A  is  the  depth  of  the  water,  and  this  is 

Differentiating  with  respect  to  ^  and  substituting  for  <f> 
from  the  pressure-equation,  we  obtain 

where  c  is  the  velocity  of  free  long  waves. 

The  ship  being  wall-sided,  and  extending  to  the  bottom  of 
the  water,  the  kinematic  equation  over  the  ship  is 

dy  dx* 

which  on  differentiation  with  respect  to  x  and  use  of  the 
pressure-equation  gives 

and,  of  course, 

dy 
over  the  rest  of  the  plane  y  =s0. 
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Now  if  r  >c,  i.  e.  if  the  velocity  of  the  ship  is  greater  than 
that  of  the  free  wave,  the  equation 

is  solved  in  the  form 

?=F(^+y^"ZE?y),     ....     (10) 
'where  the  boundary  condition  gives 

r=F(x)  =  — ^J? (11) 

The  form  of  solution  (10)  is  employed  in  order  to  make  the 
diverging  waves  trail  aft. 

The  disturbance  therefore  consists  of  two  bands  at  an 
angle  tan~' (c/ v^t?*— c*)  with  the  line  of  the  ship's  motion, 
the  front  of  each  band  being  a  hump  above  the  mean  level 
and  its  back  part  a  hollow,  which  is  similar  to  the  hump  if 
the  ship  is  similarly  shaped  fore  and  aft. 

The  resistance  (R)  is  given  by 


=  Mvfe.J(S) "- 


so  that  it  is  infinite  when  the  velocity  of  the  ship  is  equal  to 
that  of  the  free  wave,  and  ultimately  varies  as  the  velocity. 

If  v<c^  the  differential  equation  for  f  takes  the  potential 
form 


putting 

The  solution  is  now 


^  =  :^^=ty. 
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where  r'»  =  (a/— «)«+y'', 

and  there  is  no  wave-resistance. 

If  we  add  the  solutions  for  an  equally-spa*:)ed  infinite 
number  of  ships  moving  abreast,  we  get  the  case  of  a  ship  in 
the  centre  of  a  canal. 

In  the  Table  appended  there  may  be  an  error  of  1  in  the 
last  place  or  possibly  of  2  in  the  values  for  ^>3  or  4. 

Melbourne  University, 
August  9, 1897. 

Tables  of  /tJo— Y©  and  /tJi— Yi. 
By  Mr.  B.  A.  Smith,  M.O.E. 


jr. 

«JoW-Y,(x). 

itJ,(*)-Y,(x). 

X.        1 

tJoW-Yo('). 

cJ/x)-Y,(x). 

•00 

00 

00 

-41 

•9243 

2-7384 

•01 

47209 

100-0-261 

-42 

•8972 

2^22 

•02 

40274 

50-045S 

-43 

•8706 

2-6286 

•03 

3^215 

33-39i>l 

•44 

•8446 

2-5773 

•04 

33331 

25-0767 

•45 

•8190 

25282 

•05 

31091 

20-0903 

•46 

•7940 

2-4813 

•06 

29258 

16-7695 

•47 

•7694 

2^43C>2 

•07 

2-7706 

14-4002 

•48 

•74.')8 

23929 

•08 

20359 

126265 

•49 

•7216 

2-3514 

•09 

2-5168 

11-2470 

•50 

•6983 

2-31 U 

•10 

24099 

101457 

•51 

•6753 

22729 

•11 

23133 

9-2459 

•52 

•6528 

2-2357 

•12 

2-2-246 

8-4971 

•53 

•6306 

2-1999 

•13 

21428 

7-8645 

•64 

•6088 

21653 

•14 

20670 

7-3230 

•55 

•5873 

21319 

•15 

1^9961 

6-8545 

•56 

•5661 

2-0995 

•16 

1-9297 

6-4450 

•57 

•5453 

20681 

•17 

18671 

6-0843 

•58 

•5248 

2-0377 

•18 

18079 

5-7642 

-59 

•6046 

20083 

•19 

1-7617 

5-4780 

•60 

•4846 

1-9798 

•20 

1-6982 

5-2209 

•61 

•4650 

19521 

•21 

1-6472 

49888 

-62 

•4456 

19-261 

•22 

1-5983 

4-7779 

1     -63 

•4264 

r8988 

•23 

1-5516 

4-5855 

•64 

•4076 

18732 

•24 

1-5066 

4-4094 

•65 

•3S90 

1-8483 

•25 

1-4633 

4-2476 

•66 

-3707 

1-8241 

•26 

1-4216 

40983 

•67 

•3525 

1-8005 

•27 

1-3813 

39603 

•68 

•a-546 

1-7775 

•28 

13424 

383-23 

•69 

•8169 

1-7550        1 

•29 

1-3046 

37131 

-70 

•2995 

1-7329 

•80 

1-2680 

3-6020 

•71 

•2823 

1-7114 

•31 

1-2326 

3-4982 

•72 

•2653 

1-6904 

•32 

1-1981 

34007 

•73 

•2485 

1-6699 

•33 

11645 

3-3094 

-74 

•2319 

1-6496 

•34 

1-1319 

3-2-233 

-75 

•2155 

1-6-299 

•35 

1-1000 

3-1423 

•76 

•1993 

1-6105 

•36 

1-W>90 

30656 

-77 

•1833 

1-5914 

•37 

10387 

2-9932 

•78 

•1675 

1-5728 

•38 

1^0092 

2-9245 

•79 

•1518 

1-5544 

•39 

•9803 

2-8593 

•80 

•1363 

1-5365 

•40 

•9519 

2-7973 

•81 

•1211 

1-5188 

Digitized  by 


Google 


Wave-Remtanee  of  a  Ship, 
Table  {continued). 


123 


•82 
•83 
•84 
•85 
•86 
•87 


•90 
•91 
•92 
•93 
•94 
•95 
•96 
•97 
•98 
99 
l^O 
M 
1-2 
13 
14 
15 
1-6 
17 
1-8 
1^9 
2^0 
21 
22 
23 
2-4 
2-5 
2^6 
2-7 
28 
2-9 
3-0 
31 
32 
33 
34 
3-6 
36 
3-7 
3-8 
3-9 
4^0 
41 
4-2 
43 
44 
45 
46 
4.7 


*Jo(*)-Yo('). 


•1060 
•0910 
•0763 
•0617 
•<H73 
•0330 
•0180 
•0050 
-•0088 
-•0224 
-•0859 
-•0493 
-•0625 
-0756 
-•0885 
-1012 
-•1138 
—1263 
-1386 
-•2548 
-•3583 
-•4501 
-•5308 
-•6008 
-•6604 
-•7101 
-•7500 
-•7805 
—8017 
-•8142 
-•8180 
-•8138 
-•8017 
-■7824 
-•7560 
-•7234 
-•6848 
-•6407 
-•5920 
-•5390 
-•4823 
—4227 
-•8606 
-•2970 
-•2320 
— U\66 
-•1014 
—0368 
+•0266 
+•0881 
•1472 
•2035 
•2666 
•8058 
•8510 
•3917 


»Ji(')-Y,(ar). 


1-5015 
14843 
1-4674 
14509 
1-4346 
14185 
1-4026 
13870 
1-3716 
1-3563 
1-3413 
13-264 
1-3117 
12972 
12829 
r2688 
1-2548 
1-2408 
1-2^271 
10966 
•9757 
•8616 
•7526 
•6477 
•5460 
•4473 
•3513 
•2583 
•1682 
•0812 
-•00-23 
-•0821 
-1580 
-•2293 
-•2959 
-•3576 
-•4139 
-•4649 
-•5100 
-•5492 
-•5823 
-•6092 


-•6444 
-6526 
-•6546 
-•6605 
-•6406 
-•6251 
-•6042 
-6781 
-•5472 
-•5120 
-•4728 
-•4300 
-•3842 


rJo(ar)-YoW. 


4-8 

49 

50 

5^1 

5-2 

5-3 

54 

5-5 

5-6 

5-7 

68 

5-9 

6-0 

61 

6-2 

63 

64 

65 

6  6 

67 

6-8 

69 

70 

71 

72 

73 
7.4 

7-5 
76 
7^7 
7^8 
79 
8^0 
8^1 
8^2 
8-3 
8^4 
8^5 
8-6 
fr7 
8-8 
8^9 
9-0 
91 
92 
93 
9-4 
9-6 
96 
9-7 
9-8 
99 
10-0 
101 
10-2 
103 


•4-277 

•4688 

•4846 

•6052 

•5203 

•5300 

•3343 

•5332 

•5269 

.•5155 

•4991 

•4782 

•4527 

•4233 

•3900 

•3535 

•3140 

•2721 

•2281 

•1826 

•1358 

•0884 

•0408 

-0065 

-•0531 

-•0986 

-1424 

-•1842 

-•2237 

-•2604 

-•2940 


icJ,(x)-Y,(a:;. 


-•3510 
-•3739 
-•3928 
-•4076 
-•4182 
-•4244 
-•4264 
-•4242 
-•4177 
-•4071 
-•3926 
-•3744 
-35-27 
-•3277 
—2996 


-•2359 
-•2012 
-1642 
-1261 
-0874 
-0481 
-•0087 
+  •0302 


-•3354 
-•2847 
-•2323 
-•1786 
-•1244 
-•0699 
-•0159 
+•0373 
•0892 
•1393 
•1873 
•2326 
•2749 
•3139 
•3492 
-3805 
-4077 
•4306 
•4488 
•4625 
•4716 
•4758 
•4765 
•4704 
•4609 
•4471 
•4290 
•4071 
•3814 
•3624 
•3203 
•2854 
•2484 
•2093 
•1684 

•0840 
•0408 
-•0020 
--0438 
-•0851 
-•l-i:61 
-1637 
-•2001 
-•2343 
-•2667 
-•2940 
-•3194 
-3412 
-•3594 
-•3738 
-•3846 
-•3912 
-•3941 
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ON  THE  CONDUCTIVITY  OF  CARBON  FOR  HEAT  AND  BLECTRICITY. 
BY  L.  CELLIER. 

nnHE  results  of  this  investigation  are  contained  in  the  following 
-^  table,  in  which  T  is  the  temperature ;  K»  the  conductivity  for 
beat;  K^  the  conductivity  for  electricity;  and  c^  the  specific  heat 
of  unit  volume  : — 


Graphite  

Gas  Graphite    

Arc  Light  Charcoal  of  1 

Paris ( 

Arc  Light  Charcoal  of! 

Siemens  and  Halske  / 


T. 


684 
9-04 

7-83 
9-04 


0-3055 
02782 

0-2667 
0-2488 


K^ 


0-701 
O400 

0-494 
0-367 


K.. 


18049 X 10-9  53-72 xlO« 
2158  Xl0« 


185-36x10-9 
267-88x10-9 

146-32  X 10-9 


1-844  xlO« 
2-509  XW 


=a  +  fep 


(1) 


Professor  Weber  found  for  metals  that 

where 

a«6-28xl0*, 

6=8-19x10*. 

The  table  of  the  values  of  the  quotient  Kv/K«  shows  distinctly 
that  such  a  relation  does  not  hold  in  the  case  of  ctrbon  ;  further,  that 
carbon  cannot  be  at  all  compared  with  metals,  for  while  in  the 
latter  the  ratio  K„/K,  varies  between  0-07  x  10*  and  0*12  x  10«,  in 
the  former  it  varies  between  l-SxlO*  and  63-72x10'.  The 
thermal  conductivity  is  15  to  20  times  as  much  as  would  be 
deduced  from  the  above  ratio  by  means  of  the  specific  heat  and 
the  electrical  conductivity.  This  relation  between  the  two  con- 
ductivities appears  to  be  connected  with  the  metallic  nature  of  the 
substances. — Wiedemann's  Annalen^  No.  7, 1897. 


THE  GENESIS  OF  DALTON's  ATOMIC  THEORY. 
BY  H.  DEBUS,  PH.D.,  F.R.S. 

Sir  H.  Eoscoe  and  Mr.  A.  Harden  have  published  in  the 
Phil.  Maj^.  (March  1897)  a  paper  on  the  (:}enesis  of  Dalton's 
Atomic  Theory,  wherein  several  statements  are  made  against  the 
views  held  by  me.  These  statements  of  Messrs.  Boscoe  and 
Harden  are,  in  my  opinion,  erroneous.  I  have  fully  answered 
them  in  a  paper  published  in  the  Zeitsckrift  fiir  physikalische 
Chsmie  von  W.  Ostwald  and  J.  H.  van't  Hoff,  vol.  xxiv.  p.  325, 
to  which  I  beg  to  refer  readers  of  the  Philosophical  Magazine 
who  take  an  interest  in  the  subject. 
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XIII.  Electrical  Properties  of  Neioly  Prepared  Gases, 
By  John  S.  Townbbnd,  ATJ..,  Cavendish  Laboratory ^ 
Cambridge  *. 

1.  rpHE  experiments  \7hich  are  described  in  this  paper 
X  form  a  continuation  to  those  which  have  already 
been  published  in  the  '  Proceedings  of  the  Cambridge  Philo- 
sophical Society/  vol.  ix.  pt.  v.  It  was  there  shown  that  the 
gases  given  off  by  the  electrolysis  of  sulphuric  acid  or  caustic 
potash  carry  with  them  an  electric  charge^  a  lar^e  percentage 
of  which  remains  in  the  gas  after  it  has  oeen  bubbled  through 
a  liquid,  and  passed  through  glass  wool  to  remove  the  spray. 
Another  property  of  these  gases  is  their  power  of  condensing 
moisture  to  form  a  cloud.  No  such  cloud  could  be  observed 
in  newly  prepared  gases  unless  they  were  charged,  and, 
further,  the  weight  of  the  cloud  was  found  to  be  proportional  ' 
to  the  charge  on  the  gas.  These  results  go  to  show  that  the 
condensation  of  the  moisture  is  connected  yriih  the  charge  ; 
and  the  experiments  described  in  Section  16  of  the  above 
paper  and  in  Section  19  of  this  paper  prove  that  when  the 
cloud  is  formed  in  a  charged  gas  the  electrification  resides  on 
the  drops  forming  the  cloud.  So  that  we  have  definite  proof 
of  the  fact  that  the  drops  are  formed  round  the  carriers  of 
the  electric  charge. 

2.  These  results  were  used  to  find  the  charge  on  each 
carrier,  and  it  was  found   to   coincide  with  what  we   can 

♦  Communicated  by  Prof.  J.  J.  Thomson,  F.R.S. 
PhiL  Mag.  8.  5.  Vol.  45.  No.  273.  Feb.  1898.  L 
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calculate  as  bein^  the  atomic  charge^  on  the  supposition  that 
at  ordinary  temperature  and  pressure  there  are  10^  mole- 
cules in  each  cubic  centimeti^  of  a  gas.  The  experiments 
giving  the  weight  of  the  cloud  corresponding  to  the  charge 
being  of  importance  were  repeated  by  the  following  method, 
whicn  gave  the  same  proportionalities,  in  the  different  gases, 
between  the  charge  per  c.c.  and  weiglit  of  cloud  per  c.c.  as 
were  previously  ootained. 

3.  The  apparatus  which  was  used  is  shown  in  fig.  1.     The 
positively-charged  oxygen  and  hydrogen  given  off  from  a 

Fig.l. 


A B  O 


wS 


="W-'l 


dilute  sulphuric-acid  cell  were  first  bubbled  through  a  solution 
of  potassium  iodide  in  the  small  flask  A,  and  then  through 
distilled  water  in  B.  Both  A  and  B  were  immersed  in  a 
trough  of  water  C,  so  that  they  should  remain  at  a  fixed 
temperature  while  an  experiment  was  being  conducted.  The 
charged  gas  thus  formed  a  cloud  and  carried  it  along  the 
delivery-tube  D,  which  led  into  the  paraffin  block  P  inside  a 
large  metallic  screen  S.  The  block  P  was  arranged  as  shown 
in  the  figure,  in  order  that  the  moisture  should  not  break 
down  the  insulation  by  settling  on  the  paraffin.  By  this 
means  the  moist  gas  entered  the  larger  tube  T  connected  to 
three  sulphuric- acid  bulbs,  F,  set  up  between  the  two  paraffin 
tunnels  r  and  Q.  After  the  gas  nad  bubbled  through  the 
acid  it  was  not  only  cleared  of  the  moisture  which  under 
ordinary  conditions  it  would  have  carried  from  B,  but  the 
cloud  was  also  completely  removed.     The  increase  of  weight 
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in  the  bulbs  thus  arises  from  two  causes ;  and  when  the 
weight  of  the  moisture  -necessary  to  saturate  the  volume 
of  me  ma  which  passes  through  F  is  subtracted  from  the 
total,  tne  weight  of  the  cloud  is  obtained.  The  gas  on 
leaving  F  entered  one  of  the  insulated  inductors — the  smaller 
one  G  being  used  for  oxygen,  and  the  larger  one  I  for 
hydrogen.  The  inductor  and  the  bulbs  were  both  covered 
with  tinfoil  and  connected  to  mercurv  cups  in  the  paraffin 
block  R,  so  that  either  of  them  could  be  readily  connected 
to  the  insulated  quadrants  of  the  electrometer. 

The  experiments  were  conducted  in  the  following  manner : — 
The  salpnuric-acid  bulbs  were  carefully  weighed,  and  then 
connected  bv  indiarubber  tubing  to  the  glass  tubes,  ^hich 
were  imbedded  in  the  paraffin  blocks,  as  shown  in  the  figure. 
The  current  through  the  cell  was  switched  on  for  a  few 
minutes  before  joining  the  bulbs  into  the  series,  so  as  to  drive 
the  air  out  of  A  and  S.  As  soon  as  the  gas  began  to  bubble 
through  the  acid  in  F,  a  stop-watch  was  started.  By  con- 
necting the  conductors  F  and  G  alternatelv  to  the  quadrants 
of  the  electrometer,  the  rate  at  which  each  was  acquiring  a 
charge  was  found.  The  sum  of  the  charges  acquired  by 
F  and  G  denotes  the  total  charge  passing  out  of  B,  and  that 
acquired  by  F  divided  by  the  total  is  the  discharffing-power 
of  the  bulbs.  After  the  stream  of  gas  from  the  cell  had  been 
running  through  the  apparatus  for  a  sufficient  time,  the  bulbs 
were  removed  and  dry  air  was  drawn  through  them  before 
weighing  them  a  second  time.  In  each  experiment  a  current 
of  14  amperes  was  used,  which  was  kept  constant  by  having 
an  ammeter  and  an  adjustable  resistance  in  the  circuit. 

In  order  to  reduce  the  readings  on  the  electrometer-scale  to 
absolute  units,  it  was  found  that  when  F  was  connected  to  the 

Quadrants,  and  the  other  conductors  to  earth,  each  scale- 
ivision  represented  '0040  electrostatic  unit  of  quantity,  and 
when  G  was  connected  to  the  quadrants  the  scale-divisions 
each  represented  '0036  electrostatic  unit.  The  inductor  I, 
which  was  used  with  hydrogen,  had  a  larger  capacity  than 
either  of  the  other  two  inductors,  and  when  it  was  connected 
to  the  quadrants  it  reauired  •0042  electrostatic  unit  to  make 
the  spot  of  light  on  tne  electrometer-scale  move  through  a 
division. 

The  following  tables  (p.  128;  rive  the  results  of  the  experi- 
ments which  were  made  with  the  different  gases.  0  is  the 
temperature,  in  degrees  centigrade,  of  the  w^ater  in  B  ; 
W  the  increase  in  tiie  weight  of  the  sulphuric-acid  bulbs  ; 
and  fii  and  tif  the  numbers  of  divisions  that  the  spot  of  light 
on  the  electrometer-scale  moves  per  minute  when  F  and  G 
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[or  I]  are  connected  to  the  insulated  quadrants  ;  w  is  the 
calculated  weight  of  the  moisture  necessary  to  saturate  the 
volume  of  gas  t;  at  temperature  0  which  passes  through  F  in 

the  course  of  the  experiment,  the  weight  of  the  cloud 

per  C.C.,  and  p  the  charge  per  c.c.  on  the  gas.     The  volume  v 

is  easily  calculated,  as  tne  gas  is  evolved  hy  a  known  current. 

TahU  I.  gives  the  results  obtained  with  positive  oxygen. 

In  each  experiment  a   current  of  14  amperes  was 

used,  and  the  stream  of  the  evolved  gas  passed  through 

F  for  20  minutes. 

Table  II.   gives    similar    results   for    positively- charged 

hydrogen. 

Table  III.  refers  to  negatively-charged  oxygen  from  a 

caustic  potash  cell,  the  stream  of  gas  being  passed 

through  F  for  15  minutes  in  each  experiment. 

The  experiments  were   performed  with   widely   different 

densities  of  electrification  p,  in  order  to  find  how  the  weight 

of  the  cloud  varied  with  the  electrification.     The  ratio  of  the 

weight  of  the  cloud  to  the  electrification,  ^  is  given  in 

the  last  column  for  each  experiment.  The  variations  in  p  were 
obtained  by  varying  the  temperature  of  the  cell  from  which 
the  gas  was  given  off.  Both  in  the  case  of  a  sulphuric-acid 
electrolyte  and  a  caustic-potash  electrolyte  the  charge  on  the 
gas  which  is  evolved  by  a  given  current  increases  as  the 
temperature  of  the  electrolyte  is  raised. 

4.  The  numbers  given  in  the  tables  show  that  in  each  case 
the  weight  of  the  cloud  is  proportional  to  the  charge,  and  that 
this  proportionality  does  not  vary  with  the  temperature  of  the 
water  from  which  the  cloud  is  formed,  at  least  within  the  limits 
of  0°  and  14®  C.  The  ratio  is  not  so  exact  in  the  case  of  the 
negative  oxygen  as  it  is  for  the  other  gases.  The  only 
chemical  difference  that  was  detected  was  that  the  former  was 
alkaline  and  the  latter  slightly  acid  in  its  reaction.  Since 
the  vapour  rising  from  hot  caustic  potash  does  not  change  red 
litmus  to  blue,  tne  alkalinity  of  the  gas  must  be  due  to  small 
particles  of  caustic  potash  which  are  carried  with  the  gas  from 
the  electrolyte  and  give  it  an  alkaline  reaction  even  after 
bubbling  through  sulphuric  acid;  this  could  easily  be 
detected  at  all  temperatures  of  the  cell  by  letting  the  oxygen 
or  hydrogen  pass  along  a  tube  with  red  litmus. 

The  oxygen  given  off  by  the  electrolysis  of  caustic  potash 
has  no  appreciable  charge  till  the  temperature  of  the  cell  is  up 
to  about  20*^  C,  and  the  cloud  begins  to  appear  at  the  same 
time  as  the  charge  on  the  gas ;  so  that  the  presence  of  the 
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alkaline  spray  can  have  only  a  very  small  efFect,  as  no  cloud 
is  observed  in  the  oxygen  coming  from  the  cell  at  a  tem- 
perature 10°  C,  although  the  presence  in  the  spray  of  caustic 
potash  can  be  easily  detected. 

5.  The  following  simple  experiments  show  how  intimately 
connected  the  charge  on  the  gas  is  with  the  formation  of  the 
cloud  : — 

The  apparatus  used  is  shown  in  fig.  2.  The  oxygen  given  ofi^, 
by  a  current  of  10  amperes,  from  a  caustic-potash  cell  of 

Fig.  2. 


specific  gravitv  1-3  wns  bubbled  through  a  solution  of 
potassium  iodide  in  the  flask  A,  to  remove  anv  traces  of  ozone. 
JBefore  entering  the  inductor  1,  the  gas  bubbled  through  water 
in  B.  '  The  inductor  I  was  insulated  and  connected  to  the 
quadrants  of  the  electrometer  so  that  the  charge  on  the  g^a 
tnat  entered  it  could  be  read  off  on  the  electrometer- scale. 
The  gas  was  not  passed  through  anv  glass  wool  before  entering 
I,  so  that  as  much  spray  as  possible  should  be  carried  from 
the  cell. 

The  cell  was  at  a  low  temperature  (11°)  to  start  with,  and  a 
current  of  10  amperes  was  switched  on,  which  gradually 
warmed  the  electrolyte.  During  the  first  nine  minutes  that 
the  current  was  on  and  the  gas  entering  the  inductor,  no  elec- 
trification whatsoever  was  detected,  and  no  cloud  could  be 
observed  over  the  water  in  B.  During  these  nine  minutes  the 
temperature  of  the  cell  rose  from  11°  to  18°. 

During  the  next  five  minutes  a  deflexion,  nine  divisions 
negative,  was  obtained,  and  the  temperature  of  the  cell  had 
risen  to  21°'5. 
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At  a  temperature  between  22°  and  23°  a  thin  cloud  began 
to  appear  over  the  water  in  B,  and  the  spot  of  light  was  then 
moving  at  the  rate  of  four  divisions  per  minute,  so  that  before 
the  cloud  becomes  distinctly  visible  a  small  electrification  of 
about  2  X  10"*  electrostatic  units  per  c.c.  is  necessary.  When 
the  current  is  continued  and  the  cell  becomes  hotter,  the 
electrification  on  the  gas  increases  and  the  cloud  becomes 
denser. 

6.  In  order  to  show  that  the  cloud  disappears  when  the 
charge  on  the  gas  is  removed,  the  temperature  of  the  cell  was 
raised  to  48**,  and,  with  the  same  apparatus  as  was  used  for 
the  last  experiment,  the  three  following  results  were  ob- 
tained : — 

(a)  When  the  gas  passes  from  the  cell  to  the  inductor 
without  filtering  through  glass  wool,  a  dense  cloud 
was  observed  over  the  water  in  B,  and  a  deflexion  of 
twenty-nine  divisions  negative  per  minute  was  obtained 
as  the  gas  entered  I. 

(4)  The  tube  connecting  A  and  B  was  removed,  and  a  tube 
containing  glass  wool  was  substituted.  With  the  same 
current  through  the  cell  a  slight  cloud  was  seen  over 
the  water  in  B,  and  the  deflexion  was  reduced  to  six 
divisions  per  minute.  The  electrification  of  the  gas 
was  thus  reduced  to  one-fifth  of  its  original  value  by 
passing  through  fifteen  centimetres  of  glass  wool.  The 
amount  of  spray  carried  through  this  length  of  wool 
must  have  been  extremely  small^  but  the  cloud  was 
distinctly  visible. 

(c)  The  tube  containing  the  glass  wool  was  heated  with  a 
Bunsen  burner,  and  its  discharging-power  was  con- 
siderably increased,  as  the  spot  of  light  then  gave 
only  two  divisions  per  minute,  and  no  cloud  was 
observed  over  the  water  in  B. 

It  is  thus  evident  that  the  formation  of  the  cloud  and  the 
presence  of  the  charge  are  phenomena  which  accompany  one 
another. 

7.  The  clouds  which  are  formed  are  slightly  different  in 
appearance,  and  for  equal  electrifications  those  formed  in 
oxygen  are  whiter  than  those  formed  in  hydrogen.  A  dif- 
ference is  also  to  be  noticed  between  the  positive  and  negative 
oxygen  clouds,  that  formed  in  the  latter  being  the  whiter. 
This  would  point  to  the  fact  that  the  drops  formed  in  the 
negative  oxygen  are  larger  than  those  in  the  positive,  and  that 
those  formed  in  either  positive  or  negative  oxygen  are  larger 
than  those  in  the  hydrogen.  A  fairly  approximate  value  for 
the  radius  of  the  drop  may  be  obtained  by  observing  the  rate 
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at  which  the  cloud  falls  in  a  vessel.  The  velocity  of  the  drop 
through  the  gas  was  obtained  by  taking  two  photographs  of 
tlie  cloud,  allowing  some  minutes  to  elapse  between  the  two 
exposures.     Fig.  3  represents  two  such  photographs  taken 

Fig.  3. 


of  a  cloud  formed  by  bubbling  the  charged  oxygen  from  a 
sulphuric-acid  electrolyte  through  water.  Three  minutes 
were  allowed  to  elapse  between  the  two  exposures,  and  the 
scale  shows  that  in  that  time  the  cloud  had  fallen  between 
nine  and  ten  millimetres.  Similar  experiments  were  made 
with  the  other  gases,  but  in  the  case  of  the  hydrogen  the 
outline  of  the  cloud  never  became  so  distinct  as  it  did  in  the 
oxygen. 

The  sizes  of  the  drops  were  obtained  from  the  formula 
6n/AaV  =  |7raV  (Lamb,  *  Motion  of  Fluids,'  p.  229). 

This  gives  for  the  radius  of  the  drop  in  the  positive  oxygen 
6*8  X  10~*,  the  rate  of  fall  being  ten  millimetres  in  three 
minutes,  and  the  radius  of  the  drop  in  negative  oxygen 
79  X  10~*,  the  rate  of  fall  being  eighteen  millimetres  in  four 
minutes. 

We  thus  know  the  weight  of  each  drop,  and  dividing  this 
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into  the  weight  of  the  corresponding  cloudy  we  obtain  the 
number  of  drops  per  cubic  centimetre. 

When  the  numoer  of  drops  is  divided  into  the  charge  per 
cubic  centimetre  the  charge  on  each  is  obtained. 

The  charge  on  the  positive  carrier  was  thus  found  to  be 
2-4  X  10"*^,  and  that  on  the  negative  carrier  to  be  2*9  x  10"^^ 
When  we  take  into  account  all  the  experimental  errors^  these 
two  charges  may  be  considered  equal  and  approximately 
3xl0~^^  The  charge  on  the  hydrogen  was  found  to  be 
between  one-third  and  two-thirds  of  this  value,  but  could  not 
be  arrived  at  very  accurately  owing  to  the  difficulty  of  finding 
the  size  of  the  drop.  For  present  purposes  this  charge  will 
be  taken  as  J  x  10"^®. 

Velocity  of  the  Carrier  when  acted  on  by  an  Electric  Force. 

8.  It  has  been  shown  that  the  radius  of  the  drop  forming 
the  cloud  is  in  the  case  of  negatively  charged  oxygen 
8  X  10"^,  so  that  its  weight  is  2  x  10"^*  grammes,  and  when 
acted  on  by  gravity  it  moves  at  the  rate  of  eighteen  milli- 
metres in  four  minutes.  The  force  acting  on  the  drop  is 
practically  2  x  10""*^,  so   that   it   would    require  an  electric 

2  X  10~* 
force  of  « — iTwo  absolute  units  to  produce  an  equal  velo- 
city, or  2000  volts  per  centimetre.  As  we  are  only  dealing 
with  small  electromotive  forces  it  is  evident  that  we  may 
disregard  the  effect  of  mutual  repulsion  of  the  carriers  when 
the  gas  is  carrying  a  cloud.  When  the  gas  is  bubbled 
through  sulphuric  acid  the  radius  of  the  carrier  is  so  much 
reduced  that  the  effect  of  the  mutual  repulsion  of  the  par- 
ticles carrying  the  charge  is  easily  detected. 

9.  The  following  is  a  general  method  of  investigatinff  the 
motion  of  a  gas  in  a  vessel  of  any  shape,  the  initial  distri- 
bution being  uniform.  Let  p  be  the  density  of  electrification 
in  any  part  of  the  gas^  u,  v,  and  w  the  velocities  of  the  carriers 
along  the  axes  of  x,  y,  and  z. 

The   equation  of  continuity  is  ■"^+j-+t-+j7=07 

the  notation  being  the  same  as  that  used  in  Lamb,  ^  Motion  of 

Fluids.'     Let   <j>   be   the   electric  potential;    ""  t— ,  "~  j^> 

and  —  -^  are  the  forces  which  act  on  the  charged  carriers, 

and  their  velocities  u,  r,  and  w  are  given  by  the  equations 
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where  e  is  the  charge  on  the  carrier  and  A;  is  a  constant  to 
be  determined  experimentally.  Substituting  these  values  for 
u,  Vj  and  w  ia  the  equation  of  continuity  we  obtain 

-^-«V*<A=0>     butv*<A=-47rp, 
therefore 

Integrating  we  obtain 

'"TT^'  ■••■•■(«) 

■*■  k 

where  p^  is  the  initial  density,  which  is  uniform  throughout 
the  space  considered. 

Equation  (2)  shows  that  the  motion  takes  place  in  such  a 
way  that  the  density  p  is  a  function  of  the  time  only,  and 
does  not  vary  from  point  to  point  in  the  gas ;  on  this  account 
no  variation  in  the  pressure  of  the  charged  gas  takes  place, 

and  the  terms  ^,  -j^,  -^ ,  which  have  in  general  to  be  taken 

account  of  when  dealing  with  the  motion  of  gases,  can  be 
omitted  in  equations  (1)  since  p  does  not  vary  from  point  to 
point. 

When  the  gas  is  in  a  closed  vessel  the  mutual  repulsion  of 
the  carriers  of^the  electricity  drives  them  to  the  sides,  where 
they  either  remain  so  close  to  the  walls  that  they  cannot  be 
blown  out,  or  else  get  discharged  against  the  sides.  The 
charged  gas  remaining  in  the  vessel  has  a  uniform  density  given 
by  equation  (2) ,  and  if  the  vessel  which  contains  it  is  an  in- 
sulated conductor  connected  to  a  pair  of  quadrants  of  an 
electrometer  the  deflexion  on  the  electrometer-scale  will  be 
proportional  to  p  when  the  charged  gas  is  blown  out  of  the 
vessel. 

10.  In  order  to  investigate  experimentally  the  rate  at  which 
the  ffas  loses  its  charge  to  the  sides  of  an  inductor,  or  in  other 
worc&  to  find  how  the  density  p  will  vary  with  the  time,  a 
metal  cylinder  C  (fig.  4),  30*2  centimetres  long  and  1*6  centi- 
metres in  diameter,  was  used.  The  two  ends  of  the  cylinder 
fitted  into  parafiin  blocks,  Pi  and  P2,  into  which  were  also 
fixed  the  glass  tubes  T^  and  T,.  The  tube  Ti,  through  which 
the  cylinder  was  filled,  had  several  layers  of  fine  copper 
gauze  across  the  broad  end,  which  tended  to  distribute  the 


Digitized  by 


Google 


Properties  of  Newly  Prepared  Gases. 


185 


ji^as  evenly  across  the  section.    The  whole  apparatus  was  con- 
tained inside  a  screen,  the  ends  A  and  B  of  the  tnbes  leading 

to  the  cylinder  projecting 
Fig.  4.  

A 


Pa; 


outside  the  screen ;  by 
this  means  the  charged 
gas  could  be  blown  out 
of  the  cylinder  without 
stirring  any  apparatus  or 
tubes  inside  tne  screen; 
so  that  the  deflexion  on 
the  electrometer  scale, 
when  G  is  connected  to 
the  insulated  quadrants, 
was  solely  due  to  the  re- 
moval of  the  charge  inside 
C.  Any  effect  of  gravity, 
on  the  motion  of  the 
carriers  towards  the  sides 
of  the  tube,  was  pre- 
vented by  placing  it  m  a 
verticalposition. 

11.  The  gases  that  were 
examined  were  the  oxy- 
gen and  hydrogen  given 
off  by  electrolysis  of  di- 
lute sulphuric  acid.  The 
cell  was  raised  to  a  tem- 
perature about  20^  above 
the  room,  at  which  it  could 
easily  be  kept  by  running 
the  current,  fiy  means 
of  an  ammeter  and  varia- 
ble resistance  in  the  cir- 
cuit the  current  could  be 
kept  constant.  A  method 
is  thus  provided  of  filling 
the  cylinder  several  times 
with  a  gas  having  a  con- 
stant electrification  per 
C.C.  When  fiUing  the 
cylinder  with  the  hydro- 
gen it  is  best  to  lead  the 
gas  in  at  the  top,  and 


when  using  oxygen  at  the 
bottom,  in  order  that  the  air  ma^r  ^  driven  out  in  as  short  a 
time  as  possible,  as  it  is  not  desirable  to  run  the  current  for 
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more  than  five  minutes  at  a  time,  when  a  number  of  experi- 
ments have  to  be  performed  requiring  the  same  electrification 
in  each  case. 

The  gases  were  first  bubbled  through  potassium  iodide  and 
then  through  strong  sulphuric  acid,  so  that  they  should  enter 
the  tube  D  perfectly  dry.  The  cylinder  and  tubing  con- 
nected with  it  were  thoroughly  dried  by  heating  them  with 
a  Bunsen-bumer  and  then  blowing  dry  air  through  them. 
This  precaution  is  absolutely  necessary  as  it  only  requires 
a  very  slight  amount  of  moisture  to  form  a  cloud,  and  this 
would  impede  the  motion  of  the  carriers. 

12.  A  series  of  experiments  of  the  following  type  were 
then  performed.  The  cylinder  was  connected  to  a  pair  of 
quadrants  of  the  electrometer,  which  were  kept  to  eartn  while 
tne  cylinder  was  being  filled  and  insulated  before  blowing 
out  the  gas,  so  as  to  get  the  readings  on  the  same  part  of  the 
scale.  The  tube  A  was  closed,  and  D  connected  to  the 
delivery-tube  of  the  sulphuric-acid  wash-bottle,  and  a  current 
of  fourteen  amperes  sent  throagh  the  cell.  It  only  required 
the  current  to  run  for  about  five  minutes  to  completely  fill  C 
with  the  charged  gas.  The  circuit  was  then  broken  and  the 
tube  B  closed.  At  the  same  time  a  stop-watch  was  started. 
After  the  lapse  of  t  minutes  the  ends  A  and  B  are  opened, 
and  dry  unelectrified  air  blown  through  C  to  expel  the 
charged  gas.  This  caused  the  spot  of  light  on  the  electro- 
meter-scale to  move  n  divisions,  which  is  proportional  to  p 
the  density  of  the  electrification  after  the  gas  has  remained 
in  the  cylmder  for  a  time  t. 

The  numbers  thus  obtained  for  n  and  t  are  given  in 
Tables  IV.  and  V.,  the  first  being  for  charged  hydrogen  and 
the  second  for  charged  oxygen. 


Tablb  IV. 


Table  V. 


n. 

t. 

n. 

(, 

32 

0 

49 

0 

2.'>-5 

1 

375 

2 

20-5 

2 

29-5 

4 

17-5 

3 

24-5 

6 

15-5 

4 

22 

8 

14 

5 
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It  will  be  seen  that  these  numbers  are  nearly  exactly  the 


same  as  those  given  by  the  formula  n= 


^0 


if  we  put 


Wo  =  32  and  ^='0043  in  the  case  of  hydrogen,  and  no =49 
and  ^='00255  in  the  case  of  oxygen.  The  numbers  calcu- 
lated from  this  formula  are  given  in  the  two  following 
tables : — 


Table  VI. 


Table  Vlt. 


n. 

t. 

n. 

U 

32 

0 

49 

0 

25-4 

1 

375 

2 

211 

2 

30-3 

4 

18 

3 

26-5 

6 

167 
14 

4 
6 

22 

8 

this  shows  that  p=  t-t^  •     Hence  we  have  from  equation  (2) 

(p.  134)^=*^. 

13.  The  velocity  of  the  charged  carrier  when  acted  on  by 
an  electric  force  can  be  found  from  the  above  numbers. 
The  electrometer  having  been  standardized  it  was  found  that 
'0037  electrostatic  unit  of  quantity  would  give  a  deflexion 
of  one  division  on  the  scale,  so  that  we  get 

32  X -0037    _ 
^^""7rx-8»x30-2"^ 

in  the  hydrogen  experiments,  and 

49  X -0037        ^    ,.,3 
^o=^x-8«x30-2=^-^^ 

in  the  oxygen  experiments.  Let  Ah  and  e^  denote  the  values 
of  k  and  e  for  hydrogen,  and  ko  and  eo  similar  values  for 
oxygen,  and  we  get 


10- 


Amp^ 


•0043,  where  po= 2.  10-3, 
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and  ^npe  ^.qq255,  where  />o=3  .  IQ-^. 

Hence  *?=5-6,    and     *^=rl5 (3) 

From  the  equation  i  V=F«,  which  is  similar  to  the  equa- 
tions (1)  (§  y),  V  being  the  velocity  due  to  an  electromotive 
force  r,  we  obtain  for  the  motion  of  the  charged  carrier  in 

hydrogen  V=  r^j  and  for  the  motion  of  the  charged  carrier 

in  oxygen  Y=i—.     Hence  under  an  electromotive  force  of 

one  volt  per  centimetre,  the  hydrogen  carrier  travels  at  the 

^^  ^f   57m — k:^   centimetres  per  second,  and  the  oxygen 
0\)\)  X  D'o  1  1 

carrier  at  the  rate  of  ttttt,  x  =-=  centimetres  per  second.   These 
oUU      15 

results  do  not  require  a  knowledge  of  e. 

The  conclusions  arrived  at  from  the  above  investigations 
are  based  on  the  assumption  that  in  each  case  we  are  dealing 
with  a  gas  containing  carriers  all  charged  with  the  same 
sign,  either  positive  or  negative.  Experiments  on  conduc- 
tivitv  have  been  carried  out  in  order  to  test  this  point,  and  it 
has  been  found  that  we  are  in  reality  dealing  with  mixtures. 
Thus  in  the  case  of  oxygen,  or  hydrogen,  from  a  sulphuric- 
acid  cell  having  a  positive  charge  equal  to  3  «,  it  is  possible 
to  obtain  from  flie  gas  a  positive  charge  of  4  ^  and  a  negative 
charge  of  e.  If  we  suppose  the  positive  and  negative  to  act 
independently  the  charge  on  the  oxygen  carrier  would  be 
5 .  10~^®  instead  of  3 .  10~*®,  also  the  velocities  under  a  volt 
per  centimetre  would  be  smaller  in  the  ratio  of  3  :  4  than 
those  given  above. 

We  can  arrive  at  an  approximate  value  for  the  size  of  the 
carrier  if  we  assume  that  the  viscosity  of  a  gas  affects  the 
motion  of  a  small  sphere  and  a  large  one  according  to  the 
same  law  Gir/LcaYssP  (Lamb,  loc.  dt.)  ;  substituting 

for  hydrogen  and 

1        ^  1 

PsB  -—  X  ~  10-^®=  — 10"** 
300      2  2  ' 

we  get  for  the  radius,  a,  of  the  hydrogen  carrier  4*5  .  10~^. 
Similar  substitutions  give  the  radius  of  the  oxygen  carrier 
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12 .  10~^.  Hence  the  carriers  are  large  compared  with  mole- 
cular dimensions. 

The  velocities  obtained  for  the  carriers  in  the  conductivity 
due  to  Bontgen  rays  are  far  greater  than  the  above.  Thus 
for  oxygen  and  hydrogen  Mr.  Rutherford  obtains  velocities 
of  5*2  and  1*4  centimetres  per  second  under  a  volt  per 
centimetre  (Phil.  Mag.  Nov.  1897). 

If  we  assume  that  the  charges  on  the  carriers  are  of  the 
same  order  as  those  obtained  in  Section  7,  we  see  that  the 
dimensions  of  the  carriers  are  smaller  than  those  with  which 
we  are  here  dealing. 

The  Discharging  Power  of  Tubes. 

14.  It  has  been  shown  that  if  a  gas  with  a  uniform  charge 
po  per  c.  c.  be  left  in  a  tube  for  a  time  t^  the  density 
of  the  electrification  falls  to  a  uniform  value  p^  given  by 

the  equation  p=  =—^5 — ^  where  a  is  a  constant.     Now,  if  we 
^  '^       l  +  apo* 

suppose  that  the  velocity  of  a  gas  as  it  passes  along  a  tube 

be  perfectlv  uniform,  and  that  no  discharging  takes  place 

due  to  accidental  circumstances^  the  values  of  t^  p^  and  pQ 

would  be   connected  by  the  same  equation,  where  now   t 

denotes  the  time  that  any  portion  of  the  gas  takes  to  traverse 

the  tube,  po  and  p  being  the  densities  of  electrification  on 

entering  and  escaping  from  the  tube.     When  the  gas  is  given 

off  by  a  current  through  an  electrolyte,  the  volume  q  vvhich 

enters  the  tube  per  second  is  known  when  the  current  is 

V 

known;  so  that  «=  —  where  V  is  the  volume  of  the  tube, 

and  the  above  equation  becomes  ^ — -'^ss  -^^.     The  values  of 

Pq  and  p  are  easily  found  and  satisfy  this  equation  roughly, 
so  that  a  can  be  determined  ;  its  value,  however,  is  greater 

than  -^  found  already.  This  is  due  to  accidental  discharg- 
ing, as  it  can  be  shown  that,  even  when  the  carrier  is  so 
large  that  the  small  E.M.F.  driving  it  to  the  side  of  the 
tube  could  have  no  appreciable  effect,  still  a  measurable 
discharge  takes  place  (see  Section  21). 

15.  If  the  gas  be  run  into  an  insulated  inductor  after 

traversing  the  tube,  ^ — -  is  the  ratio  of  the  charge  gained 

per  minute  by  the  tube  to  the  charge  gained  per  minute  by 
the  inductor.  These  charges  can  be  easily  found  by  connecting 
the  tube  and  inductor  alternately  to  the  insulated  quadrants 
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of  an  electrometer.  The  tube  0  insulated  in  the  manner 
described  in  Section  10  was  used  in  these  experiments,  the 
gas  examined  being  the  hydrogen  given  off  by  a  current  of 
fourteen  amperes  from  a  dilute  sulphuric-acid  electrolyte. 
The  following  deflexions  n,  and  n,  were  obtained,  rii  being 
the  deflexion  per  minute  when  the  tube  is  connected  to  the 
insulated  quadrants,  and  n,  the  deflexion  per  minute  when 
the  inductor  is  connected  to  the  insulated  quadrants: — 


1 
1 

«,. 

16 
9-6 

47 
36 

The  relative  value  of  nj  and  /ij  in  absolute  units  of  quantity 
was  12  :  13-5,  so  that  ^^^^  =:r^- 

We  thus  obtain  the  following  numbers  showing  the  con- 
nexion between  ^ — -  and  po  : — 


Po-P 

p 

Po- 

Po-P    1 

PPo  *    j 

•30 
•23 

2x10-* 
1-46x10-' 

150 
157 

SO  that  ^ — -   is  (within   5  per   cent.)   proportional  to  the 

densities  of  the  electrification. 

16.  Similar  values  were  obtained  for  po—p  and  p  for  the 
oxygen  given  off  from  the  same  electrolyte  by  a  current  of 
fourteen  amperes.  A  different  method  was  used  in  this  case, 
which  did  not  require  an  inductor.  When  the  tube  0 
(experiment,  Section  10)  was  being  filled  with  a  charged 
gas,  which  enters  with  an  electrification  po  <uid  escapes  with 
an  electrification  p,  the  quantity  po""P  can  be  obtamed  by 
observing  the  rate  (ni  per  minute)  at  which  the  spot  of  light 
moves  on  the  electrometer-scale,  when  the  tube  is  full  of 
the  charged  gas  and  the  stream  kept  running  through  it. 
The  mean  density  of  electrification  in  the  tube  is  practically 
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Po  +  P 


,  and  was  obtained  by  blowing  out  the  charged  gas 
and  observing  the  deflexion  n^,  whioh  is  proportional  to 
^^Y^  X  V,  where  V  is  the  volnme  of  the  tube. 

The  following  values  of  nx  and  n,  were  obtained  : — 


«l- 

«,. 

14-5 
195 

62 
49 

The  rate  q  at  which  the  gas  is  supplied  to  the  tube  is  *85 
cabic  centimetres  per  second;  so  that  {po—p)x51  is  the 
charge  given  to  the  tube  per  minute  as  the  gas  passes  through 

it  and  is  proportional  to  ni,  and   ^    ^  x  V  is  proportional  to 

wj,  where  V,  the  volume  of  the  tuba,  is  60*4  cubic  centi- 
metres. 

Thus  we  get  the  following  values  for  ~ — ^  and  p^ : — 


Po- 

Po-P. 

PPo 

•82 
•25 

4-3x10'? 
33xlO-» 

74 
76 

17.  The  ratio  ^ — -  was  also  found  to  increase  when  the 
P 
current  through  the  electrolyte  diminished,  thus  showing 
that  the  ratio  depended  upon  the  rate  at  which  the  ma  is 
supplied  to  the  tune.  Another  tube  of  equal  length  and  1*12 
centimetres  in  diameter  was  examined  by  simihr  mei^hods, 
and  it  was  found  to  have  a  far  less  disohargingf power  than 
the  larger  tube^  so  that,  when  the  supply  q  ana  density  pQ 
are  given,  the  smaller  the  bore  of  the  tubing  that  is  used  to 
convey  the  gas  from  one  vessel  to  another,  the  less  will  be 
the  loss  of  the  charge.     The  above  results  showing  the 

dependence  of  — — -  on  pQ  are  important,  as  we  Qee  from  the 

Phil.  Mag.  S.  5.  Vol.  45.  No.  273.  Feb.  1898.  M 
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formala  ^ — ^=  -i—  ^  ^^  that  the  increase  in  the  charge  due 
p  k        q  ^ 

to  heating  the  cell  arises  from  an  increase  in  the  number  of 

carriers  with  the  same  charge,  and  not  from  an  increase  of 

the   charge  on   the   carriers   already  present;    for,   if  the 

increase  m  density  were  due  to  an  increase  in  «,  we  should 

have  found  — — -  to  be  proportional  to  the  square  of  pQ. 

18.  It  would  be  almost  impossible  to  arrange  to  pass  the 
gas  along  a  tube  in  such  a  way  that  the  discharging-power 
would  be  as  small  as  the  theoretical  value,  calculated  from 
the  numbers  given  for  *  (Section  13).  Small  differences  in 
temperature  between  the  gas  and  the  sides  of  the  tube,  and 
other  effects  which  would  give  rise  to  currents  in  the  gas, 
considerably  increase  the  discharging-power,  but  here  a  com- 
paratively small  effect  on  the  loss  of  charge  when  the  gas  is 
allowed  to  stand  in  the  tube.  The  velocity  of  the  carrier 
towards  the  sides  of  the  tube,  due  to  an  electromotive  force, 
will  on  this  account  be  too  large  when  calculated  from  the 

formula^-^=^x^. 
p  k  g 

Thus^  when  we  substitute  the  values  given  in  Sections  15 

16  for  ^ — '  and  poj  we  obtain  for  k  the  values :  Ah =3^,  and 
P 

Causes  which  Influence  the  Discharging  Power, 

19.  In  the  above  experiments  the  gases  were  always 
treated  in  the  same  way  before  entering  the  tube  C,  being 
bubbled  first  through  a  solution  of  potassium  iodide,  and  then 
through  strong  sulphuric  acid.  Wnen  the  gases  are  bubbled 
through  water  instead  of  sulphuric  acid,  the^y  will  enter  C 
carrying  with  them  a  cloud,  the  effect  of  gravity  upon  which 
makes  itself  very  apparent  by  comparing  tne  charges  acquired 
per  minute  by  the  tube  when  in  the  vertical  and  horizontal 
positions.  Thus  in  the  case  of  a  stream  of  highly  charged 
hydrogen,  which  bubbled  through  water  before  entering  0, 
it  was  found  that  the  charge  acquired  was  fourteen  scale- 
divisions  per  minute  as  the  gas  passed  through  G  in  the 
vertical  position  ;  and  forty-seven  divisions  per  minute  with 
0  in  the  horizontal  position.  The  electric  capacity  of  the 
conductor,  consisting  of  C  and  the  quadrants,  was  not  altered 
by  more  than  three  per  cent,  by  turning  the  tube  round,  so 
that  the  large  increase  in  the  discharging-power  must  have 
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been  caused  nearly  entirely  by  the  force  of  gravity  acting  on 
the  drops  forming  the  clond.  The  experiment  shows  that  the 
charge  resides  on  the  drops  forming  the  cloud. 

A  similar  result  was  obtained  in  the  case  of  charged  oxygen 
carrying  a  cloud ;  the  corresponding  numbers  of  divisions  of 
the  scale  being  4  and  20^  showed  that  five  times  the  charge 
is  removed  by  the  tube  when  it  is  turned  from  t'le  vertical  to 
the  horizontal  position. 

Bough  values  for  the  size  of  the  drop  might  be  deduced 
from  these  numbers  ;  but  the  variations  in  density  per  c.  c. 
(due  to  the  clond)  are  so  great,  that  it  would  be  impossible  to 
arrive  at  satisfactory  values,  especially  in  the  case  of  hydrogen, 
where  the  weight  of  the  cloud  can  be  as  great  as  -f  th  of  the 
weight  of  the  gas  in  the  same  volume. 

20.  Even  when  the  gas  has  been  bubbled  through  sul- 
phuric acid  before  entering  C,  a  slight  eiFect  of  this  kind  is 
still  to  be  found.  Thus,  when  the  tube  is  turned  from  a 
vertical  to  a  horizontal  position,  the  charge  acquired  by 
it  per  minute  increases  from  16  to  19  divisions  of  the  elec- 
trometer-scale per  minute.  If  the  coefllicient  of  viscosity 
can,  even  roughly,  be  applied  as  in  Section  13  to  determine 
the  size  of  the  carrier,  the  eflfect  of  gravity  could  not  exert 
on  a  carrier  a  force  that  would  cause  it  to  move  through  the 
gas  surrounding  it  with  a  velocity  of  the  same  order  as  jj^y 
centimetre  per  second.  In  fact,  if  we  take  the  density  of 
the  carrier  to  be  unity,  its  radius  should  be  as  big  as  3  .  10~* 
in  order  that  the  force  of  gravity  should  make  it  move  with 
a  velocity  y^  centimetre  per  second,  in  hydrogen ;  whereas 
we  have  found  that  its  radius  is  of  the  order  5 .  10"^  (Sec- 
tion 13). 

But  if,  instead  of  considering  a  single  carrier,  we  take 
the  case  of  a  finite  quantity  of  gas  (occupying  unit  vqlun^e 
say)  as  di£Fering  from  the  surrounding  gas  by  '05  per  cei^t. 
in  density,  which  could  arise  from  various  causes,  a  vertical 
motion  far  greater  than  the  above*  would  ensue,  which  would 
afi*ect  the  discharging-power  of  a  horizontal  tube. 

The  gases  can  be  sent  through  a  tube  containing  phos- 
phorus pentoxide,  after  bubbling  through  sulphuric  acid,  so 
as  to  remove  all  traces  of  moisture,  and  if  the  powder  is 
placed  loosely  in  a  horizontal  tube  about  8  centimetres  long, 
with  glass  wool  at  the  ends  ta  prevent  dust  being  carried 
along,  not  more  than  half  the  charge  on  the  gas  will  be  lost. 
The  hydrogen  when  dried  in  this  manner  loses  more  of  its 
charge,  in  passing  along  the  vertical  tube  C,  than  if  it  had 
been  dried  by  sulphuric  acid  alone  ;  but  the  loss  of  charge 
was  not  found  to  be  increased  by  turning  the  tube  from  the 
vertical  to  the  horizontal  position. 

M2  >^v  N 
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21<  The  discharging-power  of  a  tube  in  a  vertical  position 
is,  as  we  should  expect,  greatly  diminished  by  having  the  gas 
moist,  as  the  electric  force  is  then  too  small  to  have  any 
appreciable  effect  in  causing  the  drops  to  move  towards  the 
sides.  Thus,  in  an  experiment  similar  to  that  explained  in 
Section  15,  the  hydrogen,  instead  of  being  bubbled  through 
sulphuric  acid  before  entering  C,  was  bubbled  through  water, 
and  it  was  found  that  when  U  acquired  a  charge  of  fourteen 
per  minute,  the  inductor  acquired  seventy-five  per  minute ; 
whereas  if  a  similarly  charged  dry  gas  had  been  used,  C  would 
have  acquired  a  charge  at  the  rate  of  twenty-eight  per 
minute^  and  the  inductor  at  the  rate  of  sixty-two. 

The  same  property  holds  in  the  case  of  charged  oxygen. 
Thus  when  tne  gas  carries  a  cloud,  only  four  divisions  per 
minute  were  acquired  by  C,  whereas  a  similarly  charged  dry 
gas  would  have  given  seven  divisions  per  minute.  The  loss 
of  charge  of  the  clouded  gas  in  passing  through  a  vertical 
tube  is  due  to  the  unevenness  in  the  motion  and  the  accidental 
contact  of  the  cloud  with  the  sides. 

Diffusion, 

22.  Experiments  were  performed  on  the  diffusion  of  charged 

Si^es  in  order  to  find  out  whether  any  of  the  charge  can  pass 
rough  porous  earthenware.  The  apparatus  whicn  was  used 
in  these  experiments  is  shown  in  fig.  5.  It  consists  of 
two  cylinders,  the  outer  Q  was  of  tin,  and  the  inner  P  was 
a  porous  porcelain  vessel  fixed  by  means  of  corks  (C)  to  the 
tin  cylinder.  The  porous  vessel  had  one  aperture  which  was 
fitted  with  an  indiarubber  stopper  carrying  two  tubes  pro- 
jecting through  the  sides  of  Q  at  Di  and  D,.  The  tube 
T  was  broken,  and  fitted  with  a  paraffin  tunnel  for  purposes 
of  insulation,  and  the  tube  U  dipped  into  a  sulphuric-acid 
bottle,  and  so  acted  as  a  manometer.  The  outer  cylinder  had 
two  apertures  at  E  and  F;  the  tube  B  from  E  led  into  a 
large  insulated  inductor;  and  the  tube  from  F  was  connected 
through  a  paraffin  tunnel  to  the  delivery-tube  of  a  sulphuric- 
acid  bottle. 

Before  performing  an  experiment  it  is  necessary  to 
thoroughly  dry  the  whole  apnaratus  ;  this  was  done  by  blow- 
ing dry  air  through  T  and  1 .  The  charged  hydrogen  from 
a  sulphuric-acid  electrolyte  was  dried  and  allowed  to  enter 
the  cylinder  P  through  T. 

The  bellows  are  connected  to  the  tube  S,  and  a  gentle 
current  of  air  is  blown  into  the  cylinder  through  F.  The 
cylinder  Q  is  connected  to  earth,  and  the  inductor  into  which 
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R  leads  is  connected  to  the  insulated  quadrants  of  the  elec* 
trometer.  By  this  means  the  hydrogen  which  difixises  throuffh 
P  is  carried  with  the  air-carrent  along  the  tabe  B  into  tne 

Fig.  6. 


indactor.  The  sulphario  acid  in  U  daring  the  coarse  of  the 
experiment  rose  in  the  tube^  showing  that  the  hydrogen 
diffased  as  quickly  as  the  tube  T  supplied  it. 

Only  a  very  small  fraction  of  the  original  charge  was  found 
to  be  on  the  gas  after  diffusion,  as  the  deflexion  per  minute, 
as  the  diffused  jzas  enters  I,  was  found  to  be  less  than  2  per 
cent,  of  the  deflexion  obtained  by  allowing  the  gas  to  enter 
I  directly. 

23.  Maying  seen  that  the  hydrogen  in  diffusing  carries 
with  it  no  appreciable  charge,  it  is  interesting  to  know 
whether  the  electricity  is   carried  to  the   sides  and   gets 
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caaghi  in  the  pores  of  the  porcelain,  or  whether  the  carriers 
remain  distribated  throughout  their  original  volume  sur- 
rounded by  the  air  which  diffuses  in  to  take  the  place  of  the 
hydrogen. 

In  order  to  test  this  the  whole  apparatus  was  insulated 
and  experiments  were  conducted  as  follows  : — 

The  outside  cylinder  Q  was  connected  to  the  insulated 
quadrants  of  the  electrometer  and  the  hydrogen  from  the 
cell,  after  bubbling  through  strong  sulphuric  acid,  was  ad- 
mitted into  P  by  means  of  the  tube  T.  The  draught  of  air 
between  P  and  Q  was  maintained  in  order  to  make  the 
diffusion  as  rapid  as  possible  ;  no  inductor  was  used,  so  that 
the  hydrogen  after  diffusion  was  carried  into  the  atmosphere 
of  the  room  through  F.  As  the  charged  gas  entered  r^  the 
conducting  cylinder  Q  being  connected  to  the  quadrants,  the 
deflexion  on  the  electrometer-scale  registered  the  total  charge 
that  entered  P. 

When  a  sufficient  charge  had  entered  P,  the  tube  T  was 
closed  and  the  sulphuric  acid  in  the  manometer  U  rose  rapidly 
and  showed  a  maximum  difference  of  pressure  between  the 
atmosphere  inside  and  outside  P  of  about  three  centimetres 
of  acid.  As  the  blowing  into  E  was  continued  the  sulphuric 
acid  in  U  began  to  fall  gradually,  and  in  a  few  minutes 
the  difference  of  pressure  was  reduced  to  one  or  two  milli- 
metres, which  showed  that  practically  all  the  hydrogen  had 
difliised  out. 

The  question  was  then  decided  by  observing  what  charge 
could  be  blown  out  of  P  by  blowing  through  T,  and  it  was 
found  that  a  large  fraction  of  the  original  charge  could  be 
thus  removed  from  inside  P.  The  charge  which  is  thus 
blown  out  does  not  represent  quite  all  the  electricity  left  in 
the  atmosphere  in  P  after  the  hydrogen  had  diffusea  out,  as 
about  ten  per  cent,  got  discharged  in  bubbling  through  the 
sulphuric  acid  before  escaping  through  U. 

The  numbers  obtained  in  three  experiments  which  were 
performed  in  the  above  manner  are  given  in  the  following 
table  :  n^  is  the  charge  (in  divisions  of  the  scale)  put  into  P  ; 
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^1  the  timo  in  minutes  required  to  admit  the  charge  ;  hi  the 
maximum  height  in  centimetres  that  the  sulphuric  acid  rises 
in  U  after  the  tube  T  is  closed  ;  t%  the  time  that  elapses  while  the 
manometer  falls  from  /ti  to  h%  ;  and  74  the  charge  that  is 
blown  out  of  P.  The  current  through  the  electrolyte  was  in 
each  case  fourteen  amperes. 

In  the  last  experiment  the  charge  on  the  gas  was  reduced 
by  passing  it  through  a  tube  of  phosphorus  pentoxide  before 
it  entered  T. 

We  thus  see  that  the  carriers  of  the  electricity  in  the 
charged  hydrogen  can  with  ease  be  transferred  to  an  atmo- 
sphere of  any  other  gas  by  diffusion.  Also,  by  continuing 
the  stream  of  hydrogen  into  P,  the  density  of  tne  charge  in 
P  increases,  so  that  diffusion  not  only  affords  a  method  of 
removing  a  charge  from  a  gas,  but  also  gives  us  a  means  of 
increasing  the  electrification  per  unit  volume. 

Experiments  with  Hydrochloric  Acid. 

24.  When  gases  are  given  off  by  electrolysis  both  the 
quantity  and  sign  of  the  electricity  which  they  carry  are 
affected  by  various  causes.  These  changes  which  the  charge 
undergoes  are  well  illustrated  by  a  series  of  experiments  which 
were  performed  with  a  twenty-per-cent.  solution  of  hydro- 
chloric acid. 

The  electric  state  of  the  gases  was  examined  by  leading 
them  into  an  insulated  inductor,  connected  to  one  pair  of 

auadrants  of  an  electrometer.     The  other  pair  of  quadrants, 
le  case  of  the  electrometer,  and  the  screen  inside  which  the 
inductor  was  placed,  were  connected  to  earth. 

The  hydrogen  was  bubbled  through  a  strong  solution  of 
caustic  potash  and  the  chlorine  through  water,  before  entering 
the  inductor. 

25.  The  charge  carried  by  the  hydrogen  evolved  from 
a  hydrochloric-acid  electrolyte  varies  in  a  very  peculiar 
manner.  When  new  carbon  electrodes  are  used  and  the 
current  turned  on,  the  electrometer  shows  that  the  gas,  at 
first,  has  a  positive  charge,  but  although  the  current  is 
kept  constant,  this  charge  diminishes  gradually,  and  after 
some  minutes  becomes  negative  ;  it  soon  reaches  its  maximum 
negative  value,  and  the  charge  then  remains  constant,  except 
for  a  small  variation  due  to  temperature.  When  the  electro- 
lyte is  cooled,  and  the  same  current  afi^in  sent  through 
the  acid,  the  hydrogen  begins  to  come  off  with  a  negative 
charge. 

26.  The  chlorine  which  has  been  evolved  from  the  positive 
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electrode  will  be  seen  to  have  dissolved  in  the  acid  not  only 
round  the  positive  electrode^  but  also  round  the  negative, 
before  the  change  of  sign  is  observed  in  the  hydrogen.  If 
now  this  acid  be  removed  from  G  and  the  electrcSes  well 
washed,  and  a  fresh  quantity  of  acid  used^  it  will  be  found 
that  the  electrometer  will  indicate  charges  on  the  hydrogen 
exactly  similar  to  those  at  first  observed,  except  tnat  the 
positive  charges  are  not  so  large. 

After  washing  the  electrodes  a  second  time,  and  experi- 
menting again  with  a  fresh  quantity  of  acid,  the  same  effect 
will  be  observed  without  any  further  diminution  in  the  positive 
charges. 

The  number  of  divisions  of  the  scale  obtained  in  an  experi- 
ment of  this  kind  are  : — 


1st  minate, 

14  divisions 

positive. 

2nd 

» 

11 

f9 

»> 

3rd 

9} 

5 

99 

99 

After  a  few  minutes  the  hydrogen  came  off  with  a  negative 
charge,  corresponding  to  five  divisions  per  minute.  The 
current  throu^  the  electrolyte  being  ten  amperes,  and  the 
value  of  divisions  on  the  electrometer-scale  in  absolute  units 
of  quantity  being  obtained  by  multipling  them  by  *003. 

when  the  chlorine  was  similarly  examined  it  was  found 
to  have  a  small  negative  charge,  corresponding  to  four 
divisions  of  the  electrometer-scale  per  minute,  it  did  not 
vary  in  si^  like  the  charge  on  the  hydrogen. 

27.  It  IS  probable  that  the  remarkable  change  of  sign 
that  occurs  m  the  charge  carried  by  the  hvdrogen  is  due 
more  to  the  absorption  of  chlorine  gas  by  the  carbon  elec- 
trode, than  to  the  presence  of  chlorine  gas  in  the  electrolyte ; 
for  when  platinum  electrodes  were  used  the  hydrogen  was 
given  off  with  a  large  positive  charge  and  did  not  change 
when  the  chlorine  got  dissolved  in  the  electrolyte. 

It  is  improbable  that  the  effect  is  due  merely  to  the  change 
from  platinum  to  carbon,  as  there  was  no  corresponding 
change  when  similar  experiments  were  performed  with  sul- 
phuric acid ;  the  positive  charge  on  the  hydrogen  evolved 
being  large  whether  platinum  or  carbon  terminals  were  used  ; 
and  no  change  occurred  by  running  the  current  for  half-an- 
hour^  except  a  gradual  increase  in  the  charge,  which  can  be 
shown  to  be  due  to  a  rise  in  temperature.  It  wat  also  found 
that  the  charge  on  the  hydrogen  was  increased  by  using  a 
new  carbon  electrode,  instead  of  that  used  with  the  hy(h*o- 
chloric  acid. 
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28.  In  this  case  of  direct  electrolysis  where  no  secondary- 
action  takes  place,  or  other  chemical  effects  at  the  electrode 
considerations  of  polarization  would  lead  ns  to  expect  that 
gases  would  come  off'  carrying  with  them  a  charge  of  the 
same  sign  as  that  which  they  carry  in  the  electrolyte.  Thus 
in  the  case  of  polarization  due  to  a  layer  of  hydrogen  with 
a  positive  charge  surrounding  the  electrode,  it  is  conceivable 
that,  when  the  evolution  of  hydrogen  takes  place,  some  of 
the  gas  composing  this  layer  would  come  off^  without  losing 
its  charge. 

29.  In  seeking  to  explain  the  changes  of  sign  that  occur, 
as  in  the  case  of  the  hydrogen  evolved  from  hydrochloric  acid^ 
it  must  be  remembered  that,  once  the  gas  has  acquired  a 
charge,  only  a  small  quantity  of  electricity  is  lost  by  bubbling 
through  liquids,  so  that  causes  which  influence  the  sign  of 
the  charge  should  most  naturally  be  sought  for  at  the  place 
where  the  gas  is  being  evolved,  and  may  be  due  to  the  stat« 
of  the  electrode  or  to  impurities  in  the  electrolyte  in  the 
immediate  vicinity  of  the  electrode. 

30.  There  are  some  well-known  phenomena  which  point  to 
an  explanation  of  the  results  obtained  with  hydrochloric  acid, 
namely,  the  electrification  of  gases  by  glowing  metals 
(J.  J.  Thomson,  Phil.  Mag.  Dec.  1896).  The  typical  effects 
of  this  kind  are,  the  positive  electrification  of  oxygen  when 
a  metal  is  being  oxidized,  and  the  negative  electrification  of 
hydrogen  when  blown  past  a  hot  oxidized  metal ;  the  metal 
in  the  former  case  uniting  more  readily  with  the  negative 
oxygen  atoms,  and  the  oxygen  in  the  latter  uniting  more 
readily  with  the  positive  hydrogen  atoms.  The  only  necessity 
for  the  high  temperature  of  the  metal  is  to  break  up  some  of 
the  molecules  of  the  gas  into  atoms,  but  in  the  cases  we  are 
dealing  with  the  gases  at  the  electrode  are  already  in  the 
atomic  state.  We  should  therefore  expect  somewhat  similar 
effects  to  take  place  when  the  gases  which  are  evolved  can 
form  chemical  compounds  with  the  electrode,  or  with  bodies 
either  dissolved  in  it  or  in  its  immediate  vicinity. 

31.  If  the  above  principles  are  applied  to  the  case  of 
hydrochloric  acid,  we  should  expect  when  the  gases  are 
evolved  by  electrolysis,  that  the  hydrogen  would  carry  a 
positive  cnarge,  and  the  chlorine  a  negative  charge.  The 
subsequent  change  from  positive  to  negative,  in  the  case  of 
the  hydrogen,  can  be  explained  by  supposing  a  small  quantity 
of  hydrochloric  acid  to  be  formed  at  the  negative  electrode, 
due  to  the  action  of  the  nascent  hydrogen  on  the  chlorine, 
and  that  the  positive  hydrogen  atom  is  more  active  in  forming 
a  compound   with  chlorine  than   the  negative^     A  similar 
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explanation  would  apply  to  the  change  which  occurs  from 
negative  to  positive  in  the  charge  carried  by  the  chlorine 
when  platinum  is  used  instead  of  carbon  for  an  electrode, 
since  a  chloride  of  platinum  is  formed. 

32.  The  charged  hydrogen  given  off  from  a  platinum  elec- 
trode, in  the  electrolysis  of  hydrochloric  acid,  has  the  same 
property  of  forming  a  cloud  when  bubbled  through  water  as 
the  highly  charged  gases  obtained  by  other  methods.  The 
chlorine,  however,  has  only  a  small  charge,  and,  moreover, 
contains  a  quantity  of  hydrochloric-acid  vapour  which  would 
be  difficult  to  remove  without  making  the  charge  too  small 
to  form  a  visible  cloud.  The  hydrogen  was  treated  in  the 
following  manner,  in  order  to  get  rid  of  the  acid  vapour 
which  would  form  a  cloud  when  bubbled  through  water  : — The 
delivery-tube  from  the  cell  was  connected  to  the  tube  T, 
which  dipped  into  a  strong  solution  of  caustic  potash  con- 
tained in  tne  flask  Hi,  and  the  gas  then  passed  along  a  tube 
containing  glass  wool  soaked  in  caustic  potash  before  it 
bubbled  uirough  the  water  in  the  flask  Hj.  The  hydrogen 
which  was  evolved  from  the  platinum  electrode,  after  passing 
through  this  apparatus,  was  led  into  an  insulated  inductor 
connected  to  the  electrometer,  and,  with  ten  amperes  through 
the  electrolyte,  the  spot  of  light  on  the  electrometer-scale 
was  deflected  thirty-seven  divisions  per  minute,  and  with 
fourteen  amperes,  sixty-two  divisions  per  minute,  the  tem- 
perature of  the  cell  being  36°.  In  both  cases  a  dense  cloud 
was  observed  above  the  water  in  H,. 

In  order  to  test  the  efficiency  of  the  apparatus  for  removing 
the  acid  vapour,  and  at  the  same  time  to  show  that  newly 
prepared  hydrogen  does  not  form  a  visible  cloud  unless  it  has 
a  considerable  charge,  the  gas  evolved  from  the  carbon 
electrode  was  led  into  Hj.  It  was  found  that  the  electrometer 
was  giving  only  three  divisions  per  minute,  and  no  cloud 
could  be  seen  over  the  surface  of  the  water  in  H^,  although 
the  temperature  of  the  cell  and  current  through  it  were  the 
same  as  when  thirty- seven  divisions  per  minute  were  obtained 
by  using  a  platinum  electrode. 

No  weighing  experiments  were  done  with  this  clond,  but 
from  its  appearance  it  could  be  easily  seen  to  be  less  dense 
than  that  wnich  was  obtained  by  bubbling  hydrogen  prepared 
from  a  sulphuric^acid  electrolyte  through  water,  although  the 
electrification  was  in  each  case  the  same. 

In  addition  to  the  above  experiments,  the  effect  of 
Rontgen  rays  in  discharging  the  gas  has  been  examined.  It 
is  hoped  that  the  results  of  this  investigation,  and  the  experi- 
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ments  on  condactivity  alluded  to  in  Section  13,  will  be  ready 
for  publication  in  the  near  future. 

In  conclusion,  I  desire  to  express  my  thanks  to  Professor 
Thomson  for  the  valuable  assistance  nis  suggestions  have 
afforded. 

XIV.  On  the  Calculation  of  the  Conductivity  of  Aqueous 
Solutions  containing  Two  Electrolytes  with  no  Common  Ion, 
By  Prof.  J.  Gr.  MacGregor  and  Mr.  E.  H.  Archibald, 
Dalhousie  College^  Halifax^  N,S.* 

ACCORDING  to  the  dissociation  theory  of  electrolysis  the 
specific  conductivity  of  a  complex  solution,  volume  v  of 
which  contains  N^,  N^,  IH3,  <&c.,  gramme-^equivalents  of  the 
electrolytes  1,  2,  3,  Ac,  respectively,  is  given  by  the  expression 

-  (aiNi/Afloi  +«jNs{^«3  H-ajNj^as  +  Ac), 

V 

where  the  et's  are  the  coefficients  of  ionization  of  the  electro- 
lytes and  the  /tt^'s  their  specific  conductivities  per  gramme- 
equivalent  at  infinite  dilution.  If  the  quantities  involved  in 
this  expression  can  be  determined  in  the  case  of  any  solution, 
its  conductivity  can  be  calculated. 

Since  but  little  change  in  the  ionic  velocities  of  one  electro- 
lyte in  a  solution  can  be  produced  by  small  quantities  of 
others,  the  value  of  fju^  for  an  electrolyte  in  a  complex  solution 
may  be  taken  to  be  the  same  as  in  a  simple  solution,  provided 
the  complex  solution  be  sufficiently  dilute.  Hence  for  such 
solutions,  the  /a^'s  of  the  above  expression  may  be  determined 
by  observations  of  conductivity  made  on  sufficiently  extended 
series  of  simple  solutions  of  1,  2,  3,  &c. 

In  a  former  paper  by  one  of  usf  it  has  been  shown  that 
equations  sufficient  for  the  determination  of  the  as  and  the 
Ws  may  be  obtained,  provided  the  following  assumptions  be 
admissible,  viz.,  (1)  that  any  dissolved  electrolyte,  wnich  is  in 
dissociational  eouilibrium,  may  be  regnrded  as  being  in  this 
state  not  only  tnroughout  the  whole  volume  of  the  solution, 
but  also  throughout  any  finite  part  of  it,  and  (2)  that  each 
electrolyte  in  a  complex  solution,  with  its  undissociated  and 
its  dissociated  parts,  though  disseminated  throughout  the 
whole  volume,  may  be  refi^arded  as  occupying  a  definite 
portion  of  the  volume,  which  may  be  spoken  of  as  its  region. 
It  would  follow  from  these  assumptions  that  the  law  of 
equilibrium  may  be  applied  either  to  one  such  region  or  to 

*  Communicated  by  the  Authors. 

t  MacGregor,  Trans.  Roy.  Soc.  Canada  [2],  ii.  Bee.  iil.  (1896),  p.  65. 
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the  regions  of  two  or  more  electrolytes  which  have  common 
ions. 

We  restrict  ourselves  here  to  solutions  containing  two 
electrolytes  with  no  common  ion,  which  therefore  will  in 
general  contain  also  two  other  electrolytes  formed  from  the 
former  by  double  decomposition.  We  may  refer  to  the 
former  electrolytes  as  1  and  2,  and  to  the  latter  as  3  and  4. 
1  and  2  will  have  no  common  ion  ;  nor  therefore  will  3  and  4. 

The  application  of  the  law  of  equilibrium  to  electrolyte  1 
throughout  its  own  region  and  throughout  the  regions  occu- 
pied by  it  and  3,  and  by  it  and  4,  gives  the  equations : — 

«i/Vi  =  «^V2=a3/V3=«/V^4,      ....     (a) 

where  the  as  are  the  ionization  coefficients  of  the  respective 
electrolytes,  and  the  Y's  their  regional  dilutions,  t. «.,  the 
volumes  of  their  regions  divided  by  their  content  in  gramme- 
equivalents  of  electrolyte.  These  equations  are  obtained  by 
the  same  reasoning,  mutatis  mutandis^  as  that  by  whicn 
Arrhenius*  showed  that  equality  in  the  concentration  of  ions 
is  the  condition  which  must  be  fulfilled  in  order  that  two 
dilute  simple  solutions  of  electrolytes  with  a  common  ion  may 
undergo  no  change  of  ionization  on  being  mixed.  They  need 
not  therefore  be  deduced  here. 

Another  equation  may  be  obtained  by  applying  the  law  of 
equilibrium,  in  addition,  to  each  electrolyte  throughout  the 
whole  solution,  viz.,  the  equation 

t?ir2=«at?4, 

where  the  v's  are  the  volumes  of  the  regions  of  the  respective 
electrolytes.     This  equation  may  also  be  written 

NxV,N,V,=N,V,N,V, (t) 

In  addition  to  these  equations  obtained  from  the  conditions 
of  dissociational  equilibrium  we  have  also  one  expressing  the 
equality  of  the  volume  v  of  the  solution  to  the  sum  of  the 
volumes  of  the  regions  occupied  by  the  electrolytes,  viz., 

NiVi  +  N,V3+N,Va  +  N4V4=r,  .    .     .    .     (c) 

We  have  also  equations  stating  that  the  ionic  concentra- 
tions at  a  given  temperature  depend  only  upon  the  regional 
dilutions,  viz., 

«i/Vi=/i(VO,  WV,=/,(V,),  «,/V,=/,(V,),  «4/V«=/4(V4),  .  {d) 
where  the  functions  /  may  be  determined  for  dilute  solutions 
by  means  of  conductivity  observations  on  simple   solutions 
of  the  respective  electrolytes,  provided  we  may  assume  that 

*  ZUckrJ.phy:  Chem.  ii.  (1888),  p.  284. 
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the  relation  between  ionization  and  regional  dilution  in  a 
complex  solution  is  the  same  as  between  ionization  and 
dilotion  in  a  simple  solution. 

Finally,  from  the  nature  of  the  process  of  double  decom- 
position, if  nx  and  n^  are  the  numbers  of  gramme-equivalents 
of  1  and  2  added  to  water  in  preparing  the  solution,  we  have 
the  equations : 

wi=Ni  +  N3,   ri,=Nj  +  N4,   andNa=N4.      .     •     {e) 

We  have  thus  twelve  equations  for  determining  the  four 
«'s,  the  four  V's,  and  the  four  N's  involved  in  them. 

The  functions^ /^  are  too  complex  to  admit  of  an  algebraical 
solution  of  these  equations.  Were  it  possible  to  measure  con- 
ductivity with  sufficient  exactness,  however,  it  would  be 
possible  to  solve  them  by  a  partially  graphical  process.  For 
this  purpose,  reducing  equations  (6),  (c),  and  {e)  to  two,  we 
should  have 

N,=(T?-V^nl-V,n,)/(V,  +  V4-Vl-V,),      .     .  (1) 
Na»(V3V/Sr,V3-l)  +  N,(ni  +  n,)=ni/i,.  .     .     .     (2) 

We  may  apply  equations  (d)  by  drawing  curves  which  give 
the  relation  of  concentration  of  ions  to  dilution  for  simple 
solutions  of  the  electrolytes.  We  may  then  apply  equations 
(<z)  by  reading  oflF  from  these  curves  the  dilutions  (Vi,  Vj,  &c.) 
of  simple  solutions  having  what  we  may  guess  at  as  being  the 
concentration  of  ions  of  the  complex  solution.  We  may  then 
determine  N^  from  (1)  and  see  if  this  value  is,  first,  a  possible 
value,  and,  if  so,  secondly,  one  that  will  satisfy  (2).  If, 
though  a  possible  value,  it  wiU  not  satisfy  (2),  we  must  make 
another,  and  this  time  a  more  intelligent,  guess,  and  so  on^ 
until  a  value  of  the  concentration  of  ions  has  been  selected 
giving  values  of  Vj,  Vj,  &c.  which  will  satisfy  both  (1)  and 
(2),  when,  Nj  being  thus  determined,  N„  N^,  and  N4  may  be 
found,  and  all  the  data  required  for  calculation  are  known. 

We  have  tried  this  method  but  without  a  satisfactory 
result.  The  denominator  in  expression  (I)  is  a  small  quantity, 
and  even  when  the  curves  referred  to  above  are  drawn  with 
the  best  available  data  as  to  conductivity,  it  is  afiected  by  too 
large  an  error. 

It  is  possible,  however,  by  the  aid  of  the  above  equations 
to  determine  the  constitution  of  a  complex  solution  with  a 
known  concentration  of  ions  and  therefore  a  calculable  con- 
ductivity, to  prepare  the  solution,  and  measure  its  conductivity, 
and  thus  to  apply  a  somewhat  severe  test  to  the  dissociation 
theory  as  a  working  hypothesis. 

For  this  purpose  select ji.  low  ywliUKpf  the  concentration  of 
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ions  (that  the  solution  may  be  dilute)  and  read  off  from  the 
experimental  curves  referred  to  above,  the  values  of  the 
dilutions,  Vi,  Vj,  Ac.,  of  simple  solutions  of  1,  2,  &c.,  which 
will  have  this  concentration  of  ions.  If  these  solutions  be 
prepared  and  mi&ed  in  proper  proportions  as  to  volume,  no 
change  in  ionization  or  composition  will  occur.  To  find  the 
proper  proportion-',  select  arbitrarily  any  value  of  v^^  the 
volume  of  the  solution  of  4  which  is  to  be  mixed  with  the 
others.  It  will  contain  N4=t?4/V4  gmmme- equivalents  of  4. 
From  equations  {e)  we  must  have  N3=N4.  Hence  the 
volume  of  the  solution  of  3  to  be  mixed  with  the  others  will 
be  Vz^YivJV^,  Next  select  arbitrarily  any  value  of  Vj. 
Then  since  by  (b)  we  must  have  Viv^^vn^, 

These  volumes  being  mixed,  we  have  a  complex  solution  in 
which  the  a^s  and  N's  are  known,  the  conductivity  of  which  is 
therefore  calculable  by  the  dissociation  theorv. 

A  series  of  observations  and  calculations  o^  the  conductivity 
of  solutions  containing  sodium  and  potassium  chlorides  ancl 
sulphates  has  been  made  by  the  second  of  us  with  the  object 
of  testing  the  calculability  of  the  conductivity  in  such  cases. 
As  a  full  account*  of  these  experiments  is  to  be  published 
elsewhere  it  will  be  unnecessary  here  to  enter  into  detail. 
They  were  made  by  Kohlrausch's  method,  with  fairly  good 
though  not  the  best  appliances,  and  full  use  was  made  of  the 
experience  of  other  observers  as  to  precautions  against  error. 
Taking  account  of  all  sources  of  error,  the  measurements  of 
conductivity  may  probably  be  regarded  as  accurate  to  about 
0*25  per  cent. 

The  following  tables  give  the  observations  made  on  simple 
solutions  of  the  salts  mentioned  for  the  purpose  of  obtaining 
data  for  drawing  the  curves  referred  to  above.  Dilutions  are 
expressed  in  litres  per  gramme-equivalent.  The  conductivities 
are  specific  molecular  conductivities  (L  e.  per  gramme-equiva- 
lent), and  are  expressed  in  terms  of  1U~®  times  the  conductivity 
of  mercury  at  if  (J.  All  solutions  were  prepared  and  all 
observations  made  at  Ib^  C.  The  values  of  the  ionization- 
coefficient  used  in  calculating  the  concentration  of  ions  are 
quotients  of  the  specific  molecular  conductivity  observed  by 
Kohlrausch's  values  t  of  the  specific  molecular  conductivity 
at  infinite  dilution. 

*  Mr.  Archibald's  paper  has  been  communicated  to  the  lioyal  Societj 
of  Canada,  and  is  to  he  published  in  vol.  iii.  of  the  Second  Serieti  of  ita 
Transactions. 

t  Wied.  Ann,  xxvi.  (1886)  p.  198. 
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Potassium  Chloride. 

Sodium  Chloride. 

1 

Dilution. 

1 

Conduo- 
ti?ity. 

Concentnir 
tionoflons. 

Dilution. 

Conduc- 
tivity. 

1 
Concentre- i 
tionoflonB.; 

i     2O00      1 

1085 

•0445 

20-00 

898-2 

-0436 

1      16-62      j 

1070 

•0561 

15-62 

890-0 

•0553 

1      12-60      j 

1058 

•0694 

12-50 

879-8 

•0683 

10-00 

1050 

•0861 

1000 

866-2 

-0641 

'       6-916    1 

1036 

•123 

6916 

852-6 

120       ! 

6-760 

1026 

•146 

5760 

8381 

•141 

1       a-466 

997 

•236 

4-800 

827-6 

•167 

!       2-880 

986 

•281 

4-000 

8071 

-196 

1       2-400 

976 

-333 

2-880 

791-6 

•2«7 

,       2-000 

959 

-393 

2-400 

777-7 

•315 

1-713 

953 

•456 

I       2-000 

759-0 

•368 

1       1-428 

936 

•637 

'       1-571 

732-2 

•452 

1       1190 

924 

•636 

'       1-809 

720-4 

•531 

1-091 

9-21 

-692 

1-091 

701-6 

•624 

1000 

918 

•753 

1-000 

694-6 

•674 

'        Potas 

1 

siuin  Sal] 

jhate.       j 

1 

Sodium  Sulphate. 

Dilution. 

1 

Ck)ndu(>- 
tivity. 

Oonoentra- 
tion  of  Ions. 

Dilution. 

Conduc- 
tivity. 

Concentre- 1 
tionof  lon8.{ 

!     20-00 

969-0 

•0376 

20-00 

784-2 

•0370     ' 

15-62 

9339 

•0467 

15-62 

771-1 

•0466     , 

1260 

918-0 

•0574 

1250 

752-7 

-05C8     , 

1000 

898-0 

•0702 

10-00 

733  6 

•0692     ! 

8-605 

893-2 

-0611 

7047 

663-2 

-0888     ' 

7173 

8791 

■0957 

6-882 

,      651-2 

-104 

6973 

856-3 

•112 

5-313 

6481 

•115 

4977 

839-0 

•132 

3-692 

622  7 

•159 

3*466 

791-2 

•179 

2-918 

597-9 

-193 

2-880 

7711 

-209 

2-431 

582-5 

•226 

2-400 

7630 

-245 

2-022 

561-5 

'      -262 

2073 

741-3 

•279 

1689 

540-6 

!      -302 

2-000 

737-0 

•288 

1-4U8 

521-2 

!      -349 

1-440 

707-2 

•384 

,        1176 

495-6 

i      ^397 

1-200 

6891 

•449 

1016 

477-5 

-443 

1-000 

i 

'     671-8 

•526 

•847 

1 

455-6 

•507 

In  preparing  the  mixtures,  the  proper  dilutions  having 
been  determined  by  the  aid  of  the  dilution-ionic  concentration- 
curves  referred  to  above,  and  the  simple  solutions  made  up, 
equal  volumes  (25  c.c.)  of  the  solutions  of  the  sulphates  were 
mixed  with  volumes  of  the  solutions  of  the  chlorides  calculated 
as  shown  above,  the  volumes  of  the  chloride  solutions  being 
therefore  also  equal,  but  different  in  ihe  case  of  different 
mixtures. 
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The  following  table  gives  the  concentrations,  in  gramme- 
equivalents  per  litre,  of  the  constituent  solutions,  the  volumes 
of  the  chloride  solutions  mixed  with  25  c.c.  each  of  the  sulphate 
solutions,  the  common  concentration  of  ions,  the  observed  and 
calculated  values  of  the  specific  conductivity,  and  the  differ- 
ences between  observed  and  calculated  values  expressed  as 
percentages.  Conductivities  are  expressed  as  in  tne  former 
tables,  and,  as  before,  the  solutions  were  prepared  and  their 
conductivities  determined  at  18°  C.  Observations  of  density- 
made  before  and  after  mixing  showed  that  no  change  of 
volume  occurred  which  required  to  be  taken  into  account  in 
the  calculations. 


Constituent  Solutions. 

Mixtures. 

Concentration. 

Volumes  of 
Chloride 
Solutions 

(CO.). 

Concen- 
tration 
of  Ions. 

ConductiTitj. 

KOI. 

NaCl. 

iK,SO,. 

iNa,SO,. 

Ob- 
seryed. 

Calcu- 
lated. 

Difference 
per  cent. 

•5814 

•6410 

•8460 

1019 

4381 

•454 

521-7 

518-3 

-0-66 

•5000 

•6393 

•7902 

•8376 

41-87 

•3V3 

4C0-4 

458-1 

-0-50 

•4166 

•4484 

•5903 

•6711 

40^26 

•333 

380-2 

3800 

-0-06 

•3930 

•4166 

■5540 

•6289 

4000 

•315 

3569 

368-4 

+0-42 

•3666 

•3787 

•5C0O 

•5617 

89^38 

•288 

3311 

828-8 

-0-69 

•3401 

•3571 

•4739 

•5291 

38  88 

•274 

3160 

3139 

-067 

•23€0 

•2^00 

•3225 

•3478 

8656 

'm\ 

2230 

2238 

40-36 

•2008 

•2083 

•2702 

•S902 

36^13 

•167 

1909 

1913 

+0^21 

•1675 

■1736 

•2201 

•2374 

3542 

•141 

162-3 

161-6 

-0^49 

■1310 

•1349 

•1674 

•1834 

34  99 

•112 

127-8 

128^ 

+0-16 

•1219 

•1265 

•1552 

•1700 

34-86 

•104 

1192 

118-8 

-0-34 

•1032 

•1063 

•1287 

•1419 

34-36 

•089 

104-7 

104-4 

-029 

•0787 

•0800 

•0969 

•0984 

31-26 

•C68 

78-CO 

7823 

+0-29 

•0648 

•0669 

•0791 

•0800 

30-88 

•0568 

65-29 

65-03 

-040 

•0527 

•0536 

•0640 

•C644 

30^57 

•0467 

52-92 

63-03 

+0-21 

•0500 

0512 

•0607 

•0611 

30-62 

■0445 

50-75 

60-91 

+0^32 

It  will  be  seen  that  the  differences  between  observed  and 
calculated  values  range  from  0*7  to  0*2  per  cent. ;  that  the 
larger  differences  occur  in  the  case  of  the  more  concentrated 
solutions  and  for  the  most  part  have  the  same  sign,  and  that 
in  the  case  of  the  more  dilute  solutions  the  din^erences  are 
either  within  or  but  little  beyond  the  limit  of  error  of  the 
observed  values  and  are  about  equally  distributed  as  to 
sign.  For  the  stronger  solutions  it  was  to  be  expected  that 
the  difierences  would  be  beyond  the  limit  of  observational 
error ;  because  (1)  the  ratios  of  the  specific  molecular  con- 
ductivity to  the  specific  molecular  conductivity  at  infinite 
dilution;  which  were  taken  to  be  equal  to  the  ionization- 
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coefficients,  are  so,  rigoronslj^  only  at  infinite  dilution ;  and 
(2)  the  value  of  the  specific  molecular  conductivity  at 
infinite  dilution  for  an  electrolyte  in  a  mixture  may  be 
taken  to  be  the  same  as  the  value  determined  by  experi- 
ments on  a  simple  solution,  only  at  infinite  dilution.  It  was 
to  be  expected  also  that,  except  for  the  accumulation  of  acci- 
dental errors,  the  difi^rences  in  the  case  of  the  stronger  solu- 
tions would  have  the  same  sign  ;  for  the  errors  in  the  values 
of  the  a's  and  the  /i»'s  would  have  the  same  signs  for  difibrent 
solutions.  When  we  consider  the  large  number  of  sources  of 
error  involved  in  the  determination  of  the  constituent  solu- 
tions, the  preparation  of  the  mixtures,  and  the  finding  of  their 
conductivity,  the  agreement  between  the  observed  and  the 
calculated  values  in  the  case  of  the  weaker  solutions  must  be 
regarded  as  quite  satisfactory,  and  as  warranting  the  conclu- 
sion that  it  is  possible  by  the  aid  of  the  dissociation  theory  to 
calculate  the  conductivity  of  dilute  aqueous  solutions  contain- 
ing sodium  chloride  and  potassium  sulphate,  and  therefore 
also  sodium  sulphate  and  potassium  chloride,  within  the  limit 
of  observational  error. 


XV.  Tlie  Failure  of  German  Silver  and  Platinoid  Wires. 
By  RoLLo  Applbyard  *. 

ri'^HE  object  of  the  present  paper  is  to  direct  attention  to 
JL  the  serious  mechanical  defectiveness  of  certain  alloys 
used  for  electrical  wires.  The  question  is  the  more  important 
because  mechanical  weakness  implies  electrical  instability.  In 
what  follows  I  endeavour  to  bring  together  facts  enough  to 
indicate  the  general  behaviour  of  german-silver  and  platinoid, 
and  especially  to  settle  the  case  as  regards  the  conditions 
external  to  the  wires. 

It  is  necessary  to  remember  that  great  differences  exist 
between  different  samples  of  the  same  nominal  quality  of 
alloy;  so  that,  of  a  hundred  pounds'  weight  of  wire,  ninety-nine 
may  be  proof  against  all  ordinary  climates  and  conditions  to 
all  time,  while  the  remaining  pound  may  become  fragile 
under  the  same  treatment  in  a  few  weeks. 

Many  suggestions  have  been  made  to  me,  and  are  yet 
current,  as  to  the  cause  of  the  failure  of  these  wires.  A  well- 
known  expert  in  electrical  matters  attributes  it  to  sulphur  in 
the  ebonite  of  the  electrical  apparatus.  It  will,  however,  be 
shown  that  failure  occurs  apart  from  all  ebonite  and  sulphur. 
Paraffin-wax  has  been  mentioned  by  another  authority  as  the 
probable  cause  of  these  defects.     Instances  will  be  given  to 

*  Communicated  by  the  Physical  Society :  read  Nov.  26, 18&7. 
Phil.  Mag.  S.  5.  Vol.  45.  No.  273.  Feb.  1898.  N 
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prove  that  paraffin-wax  is  an  absorbent  of  moisture,  and  con- 
sequently useless  for  purposes  of  protection  against  climate ; 
but  I  have  no  evidence  that  it  is  aggressively  harmful  to  the 
wires.  Chemists  have  variously  attributed  the  failure  to  the 
presence  of  zinc,  copper,  antimony,  arsenic,  sulphur,  phos- 
phorus, and  tungsten  in  the  wires:  the  chemistry  of  the 
question  must  therefore  be  regarded  as  sub  judice,  • 

Tropical  heat  and  moisture  accelerate  failure,  but  not  in  all 
cases.  Moisture  has  been  proved  by  Brereton  Baker  to  be 
essential  to  certain  chemical  combinations ;  and  there  is 
evidence  enough  in  what  follows  that  the  same  agency  is 
effective  in  bringing  about  changes  in  the  constitution  of 
alloys.  The  deteriorating  effect  of  heat  and  moisture  is  not 
limited  to  mixed  metals ;  for  I  have  recently  examined  a  large 
tube  made  of  electrolytic  copper  which,  under  the  influence 
of  steam,  quickly  became  very  seriously  "  pitted.^'  Another 
tube,  of  the  same  electrolytic  copper,  became  similarly  "  pitted  *' 
when  used  for  conveying  sea-water.  When  these  were  replaced 
by  tubes  of  ordinary  copper,  there  was  no  further  trouble. 

During  the  past  six  years  some  very  remarkable  instances 
of  the  failure  of  alloys  have  come  to  my  notice,  particularly 
with  regard  to  wires  of  german-silver  and  platinoid  used  in 
the  construction  of  resistance-coils.  Specimens  of  these  wires, 
insulated  with  white  silk,  were  submitted  to  various  conditions 
of  climate  ;  they  were  sent  respectively  to  India,  Brazil,  Chile, 
Peru,  Ecuador,  Nicaragua,  Mexico,  and  Texas.  For  com- 
parison and  reference,  similar  wires  were  in  some  instances 
kept  in  England.  Several  thousands  of  bobbins  were  thus 
distributed  in  widely  different  latitudes,  «.  <9.,  to  Valparaiso, 
Iquique,  Chorillos,  Santa  Elena,  Panama,  San  Juan  del  Sur, 
Salina  Cruz,  Coatzacoalcos,  Vera  Cruz,  Galveston,  Per- 
nambuco,  Bahia,  Rio  Janeiro,  Monte  Video,  and  Calcutta. 

A  few  years  after  this  distribution  faulty  bobbins  were 
reported  from  San  Juan  del  Sur,  Santa  Elena,  Panama, 
Vera  Cruz,  Bahia,  and  Calcutta.  These  six  towns  all  lie  on 
or  near  sea-coasts^  and  they  are  nearly  on  the  same  terrestrial 
isotherm,  i.  e.  the  isotherm  including  the  area  of  high  ter- 
restrial mean  temperature,  25°  C. 

In  all  cases  of  failure  the  alloy  had  become  brittle  and  the 
wires  had  broken,  not  only  at  the  outer  layers,  but  also  within 
the  coils.  The  following  is  a  short  history  of  the  wires  that 
failed:— 

(1)  In  April  1891  some  german-silver  wire,  16  mils  dia- 
meter, doubly  covered  with  silk,  was  wound  on  small  boxwood 
bobbins  and  then  treated  with  paraffin-wax.  Each  bobbin 
was  afterwainls  lapped  with  a  strip  of  leather.     They  were  all 
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packed  in  tin-lined  soldered  cases  containing  straw,  and  were 
shipped  to  Vera  Craz,  on  the  Mexican  (.oast — ^a  voyage  of 
twentj-six  days.  A  month  after  leaving  England  the  cases 
were  unpacked.  It  was  then  noticed  that  the  leather  lappings 
of  the  bobbins  had  deteriorated,  the  silk  coverings  were  dis^ 
coloured,  the  german-silver  had  become  brittle,  and  breaks 
had  occurred  in  the  wire.  The  packing-straw  showed  signs 
of  dampness.  The  case  had  been  stowed  in  the  hold  with 
other  cargo  in  rather  a  hot  part  of  the  ship.  No  current  was 
ever  sent  through  this  wire  except  the  small  fraction  of  a 
milliampere  used  momentarily  while  testing  the  resistance 
before  shipment. 

(2)  In  February  1891  similar  bobbins,  of  nominally  the 
same  german-silver  wire,  were  shipped  to  Valparaiso  and 
Iquique.  These  were  not  treated  with  paraffin-wax,  they 
were  merely  lapped  with  leather.  During  the  Chilian  war 
the  apparatus  was  dismantled.  I  have  had  no  information  as 
to  the  state  of  these  bobbins  since  January  1898,  when  the 
wire  was  reported  to  be  in  good  condition.  The  mean  tem«r 
pernture  of  Valparaiso  is  lower  by  about  l(PC.  than  the  meai^ 
temperature  of  Vera  Cruz. 

(3)  In  June  1895  bobbins  of  platinoid  were  shipped  to  the 
town  of  Bahia,  on  the  Brazilian  coast.  The  wire  was  silk- 
covered  and  treated  with  paraffin-wax.  No  leather  or  ebonite 
was  used  in  connexion  with  this  apparatus.  An  outer  box  of 
mahogimy  protected  the  bobbins  from  insects.  At  the  end  of 
a  very  wet  and  stormy  season  the  wire  failed.  It  was  reported 
'^  faulty  ''  in  January  1896,  about  six  months  after  its  arrival 
in  Brazil.  When  unwound,  the  wire  showed  several  fractures; 
it  had  become  '*  short''  locally.  Bahia  lies  almost  on  the 
same  isotherm  as  Vera  Cruz,  25^  C. 

(4)  Between  the  months  of  June  and  August  1893  bobbins 
of  platinoid  were  shipped  to  Valparaiso,  Iquique,  and  Chorillos. 
The  wire  was  silk-covered  and  treated  with  paraffin-wa}(. 
Each  bobbin  had  an  outer  tube  of  ebonite.  There  have  beei^ 
no  reports  of  failure  from  any  of  these  towns.  This  goes  to 
prove  that  the  presence  of  ebonite  is  not  itself  sufficient  to 
account  for  the  fracture  of  platinoid  wires. 

(5)  In  November  1893  similar  bobbins  were  shipped  to 
Galveston  and  Coatzacoalcos :  no  faults  have,  so  far^  developed 
in  them.  Here,  again,  ebonite  has  done  no  evident  harm. 
Coatzacoalcos  is  nearer  to  the  equator  than  is  Vera  Cruz. 

(6)  In  December  1894  similar  bbbbins  were  shipped  to 
Santa  Elena,  on  the  coast  of  Ecuador,  and  to  San  Juan  del  Sur, 
in  Nicaragua.  Two  years  later  two  of  the  iSanta  Elena  bobbins 
were  reported  /^faulty,"  and  the  same  number  failed  at 
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Ban  Juan  del  Snr  during  the  same  time.     Both  towns  are 
within  about  10  degrees  of  latitude  of  the  equator. 

(7)  In  Septemfor  1895  similar  bobbins  were  shipped 
to  Panama.  The  wire  of  one  was  reported  "broken"  in 
November  1896. 

(8)  Between  October  1894  and  September  1895  about  a 
thousand  bobbins  of  platinoid  wire,  made  and  protected  as 
above  described,  treated  with  paraffin-wax  and  sheathed  with 
ebonite,  were  shipped  to  Pernambuco,  Rio  Janeiro,  and 
Balina  Cruz.  No  reports  of  failure  have,  so  far,  been  received 
from  these  towns.    They  are  all  within  the  tropics. 

(9)  In  March  1895  a  voltmeter,  wound  with  silk-covered 
german-silver  wire,  was  shipped  to  Calcutta.  The  wire  was 
not  treated  with  paraffin-wax,  and  no  ebonite  was  used  in 
connexion  with  it.  In  February  1897  every  inch  of  the  wire 
was  rotten.  As  the  coil  was  unwound,  the  wire  fell  to  pieces. 
Slight  electrical  heating  had  possibly  accelerated  the  structural 
change  of  the  alloy. 

(10)  The  specimens  of  various  fferman-silver  and  platinoid 
wires  on  bobbins  kept  in  England  are  still  quite  good.  This 
applies  to  the  wire  such  as  was  used  for  the  voltmeter,  as  well 
as  to  the  platinoid  such  as  was  used  for  the  resistance-coils. 
This  autumn  I  selected  some  of  these  home-specimens  and 
formed  them  into  small  coils.  They  were  then  exposed  just 
above  the  surface  of  a  tank  of  water  that  was  boiled  all  day 
and  allowed  to  cool  all  night.  This  process  was  continued 
for  six  weeks  with  no  apparent  deteriorating  effect  upon  any 
of  the  coils. 

(11)  A  piee^  of  bare  platinoid  wire  kept  for  some  years  in 
the  laboratory  has  become  discoloured,  and  there  are  several 
black  spots  in  it ;  but  I  can  find  no  '^  short "  places  and  no 
mechanical  weakness  anywhere. 

(12)  Some  suspended  helices  of  bare  german-silver  wire 
have  broken  in  several  places ;  these  have  had  current  through 
them  from  time  to  time.  One  of  the  fractures  occurred  at  or 
very  near  a  brassed  joint.  The  helices  were  under  slight 
torsional  stress.  There  were  no  fractures  in  the  short  hori- 
zontal german-silver  wires  connecting  these  helices. 

The  constitution  of  german-silver  is  stated  to  vary  as 
follows : — 


Copper 50-66  parts. 

Zinc 19-31     „ 

Nickel 13-18 


Platinoid  is  generally  described  as  german-silver  with  two  per 
cent,  of  tungsten.    According  to  Brannt,  the  tungsten,  in  the 
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form  of  phosphor-tungsten,  is  first  melted  with  a  certain 
quantity  of  copper.  The  nickel  is  next  added,  then  the  zinc, 
and  finally  the  remainder  of  the  copper.  In  order  to  remove 
phosphorus  and  a  portion  of  the  tungsten,  both  of  which 
separate  as  dross,  the  resulting  compound  is  several  times 
remelted.  It  is  probable  that  traces  of  arsenic  and  phophorus 
are  present  in  the  alloy. 

If  nickel  is  in  too  great  proportion  in  nickel-copper  alloys, 
oxygen  is  absorbed  during  fusion,  and  liberated  on  cooling. 
The  result  is  a  porous  metal.  Again,  if  the  temperature  of 
casting  is  too  high,  or  if  the  cooling  is  irregular,  cavities  may 
be  expected  in  the  final  alloy. 

The  surprising  diminution  in  tensile  strength  produced  by 
traces  of  impurities,  for  some  alloys,  has  been  studied  by  Prof. 
Boberts-Austen  and  other  metallurgists.  A  very  small  per^ 
centage  of  arsenic  in  nickel-copper-zinc  compounds  causes 
extreme  brittleness.  So  also  does  a  small  addition  of  lead  or 
iron.  And  as  arsenical  nickel  ore  is  the  source  of  much  of 
the  nickel  of  commerce,  the  failure  of  german-silver  and 
platinoid  may  possibly  be  due  to  traces  of  arsenic. 

At  this  point,  however,  I  propose  to  discriminate  between 
two  kinds  of  brittleness,  my  object  being  to  simplify  the  dis- 
cussion of  the  problem.  That  such  a  distinction  is  necessary 
will  perhaps  be  best  illustrated  by  an  example.  Prof.  Boberts- 
Aosten  demonstrated  that  the  addition  of  1  per  cent,  of  lead 
reduces  the  tensile  strength  of  gold  by  more  than  two-thirds. 
Similarly,  he  observed  that  arsenic  renders  gold  very  fragile, 
and  that  0*2  per  cent,  of  bismuth  instantly  converts  gold  into 
an  alloy  that  crumbles  under  the  die.  In  all  these  cases, 
brittleness  is  characteristic  of  the  alloy  from  the  moment  of 
solidification ;  it  may,  in  fact,  be  regarded  as  a  definite  function 
of  the  atomic  volumes  of  the  constituent  elements.  I  propose 
to  call  this  "  primary''  brittleness. 

But  the  brittleness  of  german-silver  and  platinoid  is  of  a 
different  order.  It  is  a  subsequent  phenomenon.  For  example : 
the  allovs  from  which  electrical  wires  are  made  are  necessarily 
strong  m  the  first  instance ;  if  they  were  mechanically  weak, 
t.  tf.,  if  they  possessed  "  primary''  brittleness,  they  would  fail 
in  the  process  of  **  drawing  "  through  the  die.  Hence,  the 
distinction  between  "  primary  "  and  "  secondary ''  brittleness. 
The  one  is  an  accident  of  birth,  the  other  is  a  disease  that 
develops  with  age  and  circmnstance. 

The  fracture  of  platinoid,  as  seen  under  the  microscope, 
is  granular  or  crystalline.  In  new  and  good  specimens  the 
colour  is  silver-grey,  and  uniform  except  for  a  few  well- 
defined  patches  of  brown.     Occasional  specimens  of  brittle 
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-wire  retain,  in  parts,  the  silver-grey  fracture.  As  a  rule, 
.however,  bad  specimens  have,  encroaching  on  the  silver-grey 
area,  patches  of  purple,  yellow,  copper-colour,  and  brown, 
with  frequent  cracks  and  fissures  tliat  communicate  more  or 
less  with  the  surface  of  the  wire.  Very  bad  specimens  have, 
at  times,  scarcely  any  of  the  silver-grey  colour  at  the  fracture. 
The  patches  of  dark-purple,  yellow,  and  copper-colour  are 
clearly  defined,  as  though  each  of  them  represented  a  distinct 
alloy,  or  a  separate  mass  of  "liquated^'  metal.  On  a  par- 
ticular bobbin,  brittleness  is  often  restricted  to  a  foot  or  two 
of  the  wire.  Similar  remarks  apply  to  the  appearance  of  the 
fractures  of  german-silver. 

The  crevices  and  fissures  in  bad  specimens  are  easy  to 
.observe  with  a  microscope.  They  are  probably  developed 
during  wire-drawing,  as  the  result  of  pores  in  the  cast 
metal.  Another  explanation  of  them  may  be  looked  for  in 
the  "  liquation  ^'  of  some  of  the  metals  constituting  the  alloy. 
By  this  action,  the  portion  of  the  alloy  that  first  solidifies 
rejects  the  yet  molten  portions,  as  ice  rejects  foreign  matter. 
As  cooling  continues,  the  various  constituents  become  isolated, 
homogeneity  is  lost,  and  I  think  we  may  fairly  assume  that, 
in  consequence,  the  strength  of  the  material  varies  from  point 
to  point  of  its  mass,  so  that  in  passing  afterwards  through  the 
die^  the  weaker  constituents  give  way,  and  the  general 
structure  is  loosened.  Crystallization  and  internal  electrical 
actions  may  also  result  in  local  weakness,  crevices,  and 
fissures. 

Keeping  in  mind  the  existence  of  these  fissures  it  is  a 
simple  matter  to  account  for  the  fact  that  wires  deteriorate 
more  quickly  under  a  small  stress  than  when  they  are  sub- 
mitted to  no  stress.  Apart  from  the  mechanical  weakening, 
it  is  evident  that  any  extending  force  opens  the  crevices  and 
makes  way  for  air  and  moisture— it  may  also  facilitate  crys- 
tallization. And  clearly,  if  the  wires  are  being  used  for 
electric  currents,  as  is  the  case  with  resistance-coils  on  arc- 
light  circuits,  great  local  heating  occurs  at  these  weakened 
sections,  and  fracture  is  inevitable.  This  vtras  probably  the 
fate  of  the  voltmeter-wire  mentioned  in  example  (9)  above. 
It  was  almost  certainly  the  fate  of  the  suspended  helices  (12). 

From  what  precedes,  there  is  plenty  of  evidence  that 
secondary  brittleness  is  fostered  by  tropical  heat  and  moisture. 
A  good  wire,  free  from  incipient  cracks,  may  last  for  years, 
or  may  be  proof  against  heat  and  moisture,  as  were  the  wires 
in  example  (10}  •  But  if  there  are  any  fissures,  there  is  no 
doubt  that  moisture  intrudes  upon  the  alloy  through  these 
capillary  channels,  with  destructive  effect. 
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There  is  a  kind  of  tradition  that  paralBn-wax  is  a  perfect 
safeguard  against  moisture;  as  a  matter  of  fact  it  is  nighly 
absorbent.  The  wax  on  the  bobbins  returned  from  the  tropics 
is  completely  choked  with  moisture.  Shellac,  or  the  old- 
fashioned  sealing-wax  varnish,  resists  much  better.  There  is 
no  evidence  to  snow  that  ebonite  is  harmful  to  german-silver 
or  platinoid,  but  it  may  be  well  to  keep  the  metal  out  of 
aitual  contact  with  ebonite. 

Can  metallurgists  tell  us  the  difference,  in  constitution 
and  structure,  between  a  german-silver  wire  that  decays  in 
four  weeks,  and  another  that  under  similar  conditions  never 
fails  ?  Or,  what  is  even  more  important,  can  they  make  us 
platinoid  that  shall  never  fail  ?  If  they  cannot,  it  becomes 
necessary  to  surrender  those  cheaper  and  better  electrical 
materials,  and  fall  back  upon  the  more  expensive  alloys, 
beginning  at  platinum-silver.  If  sufficient  time  and  means 
were  at  the  disposal  of  metallurgists  they  might  discover  the 
secret  of  permanence  in  alloys.  Germany,  with  the  advan- 
tages of  a  National  Laboratory,  has  already  attacked  the 
question,  and  "  manganin ''  is  the  result*  Its  adoption  there 
as  a  satisfactory  alloy  is  directly  due  to  work  done  upon  it  by 
the  Reichsanstalt.  JBut  it  has  yet  to  be  proved  that  manganin 
will  endure  the  conditions  imposed  by  the  tropics.  Moreover, 
the.  doubt  arises  as  to  whether  it  is  desirable  to  obtain  from 
abroad  material  that  ought  to  be  produced  by  our  own  country. 
British  cable-manufacturers  are  already  importing  thousands 
of  tons  annually  of  sheathing-wire  from  Germany;  and  it 
seen)s  probable  that,  for  the  want  of  a  National  Laboratory, 
instrument- makers  will  now  get  their  resistance-wire  from  that 
same  adventurous  foreign  source, 

XVL  Analogy  between  the  Cathodic  Rays  and  those  o/Rdntgen. 
By  Prof.  A.  Battelli,  of  the  Pisa  University'^. 

IN  the  'Elecirician'  of  the  8th  of  January,  1897,  Prof. 
Silvanus  Thompson  describes  a  verj^  simple  experiment 
which  induces  him  to  admit  that  there  exists  within  Crookes's 
tubes  a  special  kind  of  rays,  which  differ  from  the  cathode  rays 
and  from  those  of  Hontgen.  He  observes  that  on  bringing  a 
^magnet  near  the  focus-tube,  as  was  already  known,  the  fluor- 
escence on  the  side  of  the  tube  facing  the  small  reflectors 
changes  its  position ;  whereas,  on  the  other  hand,  if  a 
fluorescent  plate  be  placed  before  the  tube,  the  luminous 
stain  on  it  does  not  shift  its  position  through  the  effect  of 
the  magnet. 

*  Commumcated  by  the  Author. 
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From  this  he  concludes  that  there  must  exist  internally 
the  above-said  special  rays  (those  deviated  through  the  effect 
of  the  magnet),  which,  according  to  the  author^  are  of  a 
different  nature  not  ouly  from  those  of  Rontgen  but  also 
from  the  cathode  rays,  only  as  they  do  not  follow  the  regular 
laws  of  reflexion. 

Now  Thompson's  experiment  as  regards  the  rays  eman- 
ating from  the  focus-tube  is  perfectly  similar  to  what  I  had 
already  had  occasion  to  observe  in  1896  in  conjunction  with 
Prof.  Garbasso*  respecting  the  cathode  ravs.  We  were 
thereby  led  to  admit,  as  most  probable,  that  the  Rontgen  and 
cathodic  rays  were  of  an  identical  nature,  with  this  difference, 
however,  that  the  first  only  constitute  a  part  of  the  latter. 

It  seems  to  me  that  Thompson's  experiment  may  agree 
with  this  hypothesis  without  the  necessity  of  recurring  to  a 
third  species  of  rays  of  a  different  nature.  In  fact,  reflexion 
of  cathodic  rays  cannot  be  spoken  of,  if  we  admit  that  when 
they  strike  against  any  kind  of  fluorescent  plate  they  are 
converted  into  other  sorts  of  radiation.  Whilst  on  the  other 
hand,  if  such  reflexion  be  admitted  it  cannot  indeed  be  said 
that  in  its  complex  action  it  follows  the  laws  of  regular  re- 
flexion. We  can  instead  observe  in  the  focus-tubes  other 
iacts  which  I  shall  forthwith  describe,  and  which  are  more  in 
harmony  with  our  hypothesis  than  with  Prof.  Thompson's. 

For  the  study  of  these  facts  I  have  made  use  of  "  focus-" 
tubes  or  bulbs,  in  the  inside  of  which  we  could  place,  in 
various  positions,  photographic  films  covered  with  black  paper 
impenetrable  to  light,  folded  (as  I  had  done  in  preceding 
experiments)  round  small  metallic  cylinders. 

The  bulbs  were  of  spherical  form  (fig.  1)  ;  from  the  hori- 
zontal tubes  A  and  B  penetrated  the  anode  and  cathode, 
from  the  vertical  tube  C  a  small  glass  rod  supporting  the 
small  reflector. 

Through  the  same  tube  C  one  of  the  small  photographic 
cylinders  projected  into  the  spherical  bulb  ;  and  through  the 
other  vertical  tube  D  one  or  more  similar  cylinders  were 
introduced  into  the  bulb. 

The  reflector  and  the  small  cylinders  were  supported  by 
appropriate  framing  ioined  to  the  respective  supports  by  means 
of  small  hinges,  so  that  one  could  easily  give  to  the  reflector 
and  to  the  cylinders  any  desired  position  and  inclination. 

*  A.  Batelli,  '^  Richerche  sulle  azioni  fotografiche  nell'  interno  dei  tubi  di 
flcarica,"  N,  Cimento,  ser.  4,  vol.  iii.  p.  198  (1896) ;  A.  Battelli  ed  A.  Qar- 
bassoy  ^Raggi  catodici  e  ragjgi  X/^tom.  cit.  p.  289  (1896);  A.  Battelli 
ed  A.  GarbaMOy  '*  Azioni  dei  raggi  catodici  sopra  oonduttori  isolati," 
ibid,  vol.  iv.  p.  129  (1896). 
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Finally,  the  tabe  D  was  kept  in  permanent  communication 
with  the  air-pump. 

Fig.l. 


By  means  of  this  arrangement  the  conditions  of  the 
apparatus  could  rapidly  be  changed,  and  on  the  other  hand 
the  closure  of  the  tube  C  and  the  commnnication  of  the  tube 
D  with  the  air-pump  were  established  in  a  perfect  manner 
and  with  much  rapidity,  by  means  of  joints  surrounded  with 
mercury,  as  indicated  in  the  figure.  With  these  tubes  I 
performed  the  following  series  of  experiments : — 

1st  Experiment, — The  small  reflector  was  a  plate  of  pla- 
tinum, and  besides  the  two  small  cylinders  c  and  (/  situated 
in  front  and  at  the  back  of  the  same  small  reflector,  other 
three  were  placed  in  front  laterally  to  e  distributed  at  equal 
interrals  between  c  and  the  surface  of  the  reflector,  all  at 
nearly  the  same  distance  from  the  point  struck  by  the  small 
pencil  of  cathodic  rays.  The  experiment  was  conducted 
under  the  influence  of  both  high  and  medium  rarefaction, 
and  an  impression  was  invariably  obtained  on  all  the  films 
placed  in  front  of  the  platinum  reflector,  which  impression 
gradually  diminished  in  strength  from  the  film  c  towards 
uie  one  placed  in  the  plane  of  the  reflector  *•     In  this  last 

*  Wheneyer  I  speak  of  a  photographic  impression  on  a  film  placed  in 
front  or  at  the  back  of  the  reflector  of  a  focus-tube,  I  mean  to  indicate 
the  impression  on  that  part  of  the  film  that  was  facing  the  reflector, 
because  in  any  other  part  of  the  same  film  the  impression  was  idwajs 
Yeiy  funt  or  small. 
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impression  a  sharp  demarcation  is  generally  observed  between 
the  part  acted  upon  (corresponding  to  the  region  above  the 
reflector)  and  the  part  which  remained  unaltered  (corre- 
sponding to  the  region  beneath). 

Observing  then  the  interior  of  the  bulb,  one  could  easily 
perceive,  so  long  as  the  rarefaction  was  not  very  high,  the 
luminous  pencil  of  the  reflected  cathodic  rays  forming  with 
the   reflector  an   angle,   which,   by   the    way,  could  not  be 
reckoned  as  equal  to  that  of  the  incident  pencil ;  but  mean- 
while   the   fluorescence,  though   slight,  spread  over  all  the 
inner  side  of  the  tube  placed  above  the  plane  of  the  reflector. 
Whilst   by  degrees  the  rarefaction  was   gradually  being 
increased,  the  reflected  pencil  of  rays  became  less  and  less 
distinct ;    and  near  the  surface  of  the  reflector  there  could 
then   be   noted,  especially  by   means  of  an  opaque  surface 
provided  with  a  small  opening,  a  feeble  halo  (rays  expanding 
in  all  directions),  whilst  the  demarcation-line  between  the 
inner  and  outer  part  of  the  tube  grew  more  and  more  distinct 
2nd  Experiment. — The  cathode  of  the  bulb    used  in  this 
experiment  was  a  plane  disk,  and  the  reflector  had  a  spherical 
surface.    The  luminous  cathodic  rays  striking  on  the  spherical 
reflector  were  not  reflected  in  a  convergent  pencil,  but  in  a 
diminishing  and  rather  divergent  one,  which,  as  the  rare- 
faction increased,  reduced  itself  into  a  halo  near  the  surface, 
with  an  aspect  not  very  dissimilar  to  the  one  it  assumed  when 
the  reflector  was  formed  by  a  plane  surface. 

Besides  this  the  fluorescence  expanded  on  the  inner  sides 
of  the  tube  in  a  manner  similar  to  the  case  of  a  plane  re- 
flector \N  itli  a  line  of  demarcation  corresponding  to  the  edge 
of  the  spherical  reflector. 

These  first  two  experiments  prove  that  it  is  quite  out  of 
the  question  to  speak  of  a  completely  regular  reflexion  of  the 
cathodic  rays. 

3rd  Experiment, — On  the  direction  taken  by  the  small 
luminous  pencil  of  the  cathodic  rajs,  reflected  by  the  ordinary 
reflector  of  the  focus-bulb,  a  second  plane  reflector  was 
placed  with  an  inclination  of  about  45°  to  the  pencil. 

This  second  reflector  sent  back  the  rays  that  fell  on  it 
in  a  less  condensed  pencil  than  when  these  same  rays  reached 
it,  but  yet  its  action  was  similar  to  that  of  the  first  reflector, 
with  this  difference,  that  the  halo  round  its  surface  had  a 
certain  preponderance  over  the  short  reflected  pencil,  which 
appeared  faint  and  fading,  and  was  often  invisible. 

Uh  Experiment. — In  the  bulb  of  fig.  1  instead  of  the 
photographic  cylinder  c,  a  spherical  reflector  S'  was  placed 
with  its  axis  in  a  horizontal  position,  and  the  cylinder  d  was 
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fixed  in  flie  posterior  part  of  the  tube,  but  high  op  in  front  of 
the  spherical  reflector  S'  and  at  some  distance  from  the  axis 
•  of  this  same  reflector. 

The  cathodie  rays  reflected  by  the  plane  reflector  on  the 
spherical  one  S',  were  by  this  thrown  back  with  the  same 
luminous  appearances  as  surrounded  the  spherical  reflector 
exposed  to  the  direct  cathodie  rays  in  the  2nd  experiment ; 
bnt  the  small  pencil  which  showed  sufficiently  in  said  2nd 
experiment  was  scarcely  visible  in  front  of  S'  and  could  only 
be  followed  up  to  a  very  limited  distance  from  the  reflector. 

The  photographic  cylinder  received  then  a  much  more 
vivid  impression  on  the  part  facing  the  reflector  than  on  any 
other  portion  of  it. 

The  two  experiments,  3rd  and  4tb,  show  that  the  cathode 
rays  reflected  by  the  reflector  of  a  focus-tube  can  subsequently 
undergo  a  new  anomaloas  reflexion  similar  to  the  first  re- 
flexion of  the  same  rays. 

bth  Experiment, — In  this  experiment  two  bulbs  of  equal 
size,  with  the  reflector  and  the  small  cylinder  disposed  as  in 
fig.  1,  were  placed  in  simultaneous  communication  with  the 
air-pump. 

In  the  first  bulb,  however,  the  reflector  was  a  sheet  of 
platinum  of  the  thickness  of  ^  of  a  millimetre,  and  in  the 
second  bulb  a  sheet  of  aluminium  of  the  same  thickness. 

The  electrical  discharge  was  sent  alternately  in  the  two 
bulbs  minute  after  minute. 

On  the  two  films  which  faced  respectively  the  two  re- 
flectors, strong  impressions  were  always  received  and  of  the 
same  intensity.  To  a  feeble  impression  obtained  at  the  back  of 
the  sheet  of  aluminium,  no  impression  whai>ever  corresponded 
on  the  film  placed  at  the  back  of  the  sheet  of  platinum.  But 
to  a  sufficiently  marked  impression  on  the  first,  a  very  feeble 
impression  showed  on  the  second. 

6th  Experiment. — The  same  arrangement  was  maintained 
as  in  the  preceding  experiment ;  but  in  the  first  bulb  the 
reflector  was  now  of  aluminium  of  the  thickness  of  ^(^-  of  a 
millimetre,  and  in  the  second  the  reflector  was  also  of 
aluminium,  but  of  the  thickness  of  but  ^  of  a  millimetre. 

The  impressions  on  the  films  in  front  were,  as  usual,  of  the 
same  intensity.  And  as  for  the  posterior  films,  a  stronger 
impression  was  obtained  on  the  one  situated  behind  the  thinner 
sheet. 

7th  Experiment, — The  same  disposition  as  in  the  preceding 
experiment.  The  reflector  of  one  of  the  bulbs  was  of  black 
paper  of  the  thickness  of  j§^  of  a  millimetre,  and  that  of  the 
other  was  a  sheet  of  aluminium  of  the  same  thickness. 
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The  impression  on  the  photographic  cylinder  in  front  of 
the  sheet  of  aluminium  was  very  sUghtly  more  intense  than 
on  the  cylinder  placed  in  front  of  the  sheet  of  black  paper. 
Whereas  in  the  cylinder  placed  behind  the  first  reflector  the 
impression  appeared  sensibly  weaker  than  that  at  the  back  of 
the  second. 

8^/i  Experiment. — Still  the  same  arrangement  as  in  the 
preceding  experiments.     The  reflector  of  one  of  the  balbs 
was   of  sheet  alntninium  of  ^^  of  a  millimetre,   and   the  ^ 
other  was  also  of  sheet  aluminium  of  ^^(fQ  to  j^Q^y  of  a 
millimetre. 

The  electrical  discharge  was  sent  alternately  in  the  two 
bulbs  with  intervals  of  two  seconds  each  time. 

Of  the  films  in  front,  the  one  that  was  the  more  strongly 
acted  on  was  the  one  facing  the  thicker  sheet,  and  the  reverse 
effect  was  obtained  on  the  films  on  the  back. 

Besides  this,  the  two  impressions  in  front  and  behind  the 
very  thin  sheet  of  aluminium  were  very  nearly  of  the  same 
intensity.  And,  lastly,  at  the  back  of  the  thin  sheet  the  usual 
shadow  projected  in  the  focus-tube  by  the  reflector  was  no 
longer  discernible. 

Shortly  after  the  action  of  the  bulb,  the  sheet  of  aluminium 
was  pierced  through  by  the  cathode  rays,  but  we  still  had 
sufficient  time  to  complete  the  experiment. 

The  same  experiment  with  similar  results  was  performed 
with  two  bulbs,  the  first  of  which  had  as  reflector  a  sheet 
of  black  paper  of  the  thickness  of  ^g^-  of  a  millimetre,  and  the 
other  a  small  sheet  of  black  paper  even  thinner  than  joiF  ^^  * 
millimetre. 

9th  Experiment. — In  one  of  the  bulbs,  with  the  preceding 
arrangement,  a  reflector  of  black  wove-paper  was  placed  of  the 
thinness  of  less  than  -j^^  of  a  millimetre,  and  in  the  other  a  re- 
flector of  sheet  platinum  covered  with  the  same  thin  wove  paper. 

In  front  of  the  two  surfaces  facing  the  cathode  an  impres- 
sion was  received  slightly  more  intense  on  the  film  facing 
the  sheet  of  platinum,  whereas  in  front  of  the  opposed  surfaces 
a  much  stronger  impression  was  naturally  received  on  the 
other  film  belonging  to  the  sheet  of  the  thin  wove  paper. 

The  experiments  from  5th  to  9th  included  prove,  not  only 
that  the  photographic  action  on  the  sheet  struck  by  cathodic 
rays  is  much  more  intense  on  the  side  facing  the  cathode  than 
on  the  contrary  one  (which  was  already  known),  but  they 
demonstrate,  moreover,  that  the  agisnt  to  which  such  an  effect 
is  due  is  the  more  fully  transmitted  from  the  first  face  to  the 
second  the  thinner  the  stratum  is  which  is  to  be  penetrated, 
and  the  less  dense  the  substance. 
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This  last  fact  would  prove  in  harmony  with  the  hypothesis 
that  the  photographic  action  is  due  to  the  cathodic  rays  them- 
selves forced  back  by  the  obstacle  or  piercing  through  it. 

And  next,  what  could  not  easily  be  foreseen,  is  the  other 
conclusion  suggested  by  these  experiments,  namely,  that  the 
action  of  the  surface  facing  the  cathode  is  the  more  feeble  the 
less  the  thickness  of  the  sheet  It  would  be  difficult  to  place 
this  result  in  harmony  with  the  hypothesis  that  the  Rontgen 
rays  emanating  from  any  substance  whatever  are  generated 
by  the  cathodic  rays  which  strike  that  same  substance. 

10th  Experiment, — Two  bulbs  of  equal  size  were  placed 
simultaneously  in  communication  with  the  air-pump,  each 
bulb  containing  the  platinum  reflector,  and  also  several 
photographic  c;^inders  disposed  as  in  the  1st  experiment. 

One  of  these  reflectors  was,  however,  surrounded  by  a 
spherical  covering  of  thin  black  wove  paper  of  the  thinness 
of  1^  of  a  millimetre.  This  covering  nad  a  small  aperture 
in  front  of  the  cathode,  through  which  the  small  pencil  of 
cathodic  rays  penetrated  so  as  to  strike  direct  on  the  reflector* 

The  results  obtained  with  both  bulbs  were  identical,  with, 
perhaps,  a  very  slight  difference  in  the  intensity  of  the 
impression.  Besides  which,  in  the  bulb  with  the  spherical 
covering  of  black  thin  wove-paper  the  fluorescence  on  the 
inner  side  of  the  tube  was  not  altered  in  its  distribution  nor 
sensibly  so  in  its  intensity ;  similarly^  the  shadow  projected 
by  the  reflector  on  the  aforesaid  inner  side  of  the  tube  remained 
unaltered. 

Therefore  an  object  surrounding  the  reflector  does  not  in 
the  least  way  cause  any  deviation  in  the  action  which  may  be 
obtained  within  the  tube  through  the  effect  of  the  cathodic 
rays  reflected  by  the  reflector  itself. 

11th  ExperimeiU. — ^'IVo  bulbs  were  used  in  this  experi- 
ment prepared  in  the  same  way  as  in  the  first,  both  having  a 
reflector  of  aluminium  of  from  three  to  four  thousandth  parts  of 
a  millimetre  in  thickness.  To  one  of  these  an  electromagnet 
was  applied  behind  the  reflector  in  such  a  way  that  the  lumi- 
nous mark,  which  was  visible  in  the  direction  of  the  incidental 
cathodic  pencil,  should  strongly  shift  its  position. 

In  the  photographic  cylinders  placed  behind  the  two  reflectors, 
impressions  were  obtained  of  very  nearly  the  same  intensity, 
t  I  then  placed,  in  the  next  experiment,  two  more  photo- 
graphic cylinders  respectively  behind  the  two  small  reflectors, 
but  in  a  lateral  position.  So  soon  as  the  first  bulb  was  excited 
I  rapidly  pushed,  by  means  of  the  electromagnet,  the  centre 
of  the  luminous  mark  at  the  back  on  the  line  which  joined 
the  reflector  to  the  small  cylinder. 
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In  this  manner  I  only  obtained  a  very  slight  variation  in 
the  photographic  impression. 

This  experiment  goes  to  prove  that  the  radiation  emanating 
from  the  posterior  surface  of  a  sheet  strack  by  the  cathodic 
rays,  acts  in  the  same  manner  as  the  radiation  emitted  by  the 
front  surface  of  the  sheet.  This  shows  that  the  power,  ob- 
served by  Thompson  as  possessed  by  the  rays  emanating  from 
the  reflector  of  a  focus-tube,  could  also  be  noted  in  the  rays 
emanating  from  tbe  anticathodic  surface  of  an  ordinary 
Crookes's  tube,  if  this  surface  be  sufficiently  thin. 

12<A  Eaperiment.  — In  a  bulb  similar  to  that  of  fig.  1  the 
two  photographic  cylinders  were  composed,  each  of  tnem,  of 
three  small  cylinders  placed  in  a  line  and  respectively  covered 
with  black  paper,  with  a  sheet  of  aluminium  and  one  of  pla- 
tinum, all  of  the  thickness  of  j§^  of  a  millimetre. 

In  ihe  small  cylinder  covered  with  aluminium  an  impression 
was  obtained  weaker  than  the  one  noted  in  the  small  cylinder 
covered  with  paper  ;  and  on  the  small  cylinder  covered  with 
platinum,  a  still  weaker  one  than  on  the  one  covered  with 
aluminium^  both  in  front  and  at  the  back  of  the  reflector. 

13th  Eaperiment. — Three  small  cylinders  prepared  respec- 
tively in  the  same  manner  as  in  the  I2th  experiment  were  placed 
at  the  same  moment  on  the  direct  line  followed  by  the  cathodic 
rays  in  an  ordinary  Crookes^s  tube. 

The  same  results  were  obtained  as  in  the  preceding  experi- 
ment with  the  same  relations  between  the  respective  photo- 
graphic impressions.  p.    « 


lAth  Eaperiment, — For  this  experiment  a  bulb  was  con- 
structed snghtly  difi^ering  from  the  preceding  ones.  This 
also  was  spherical,  and  the  two  electrodes  entered  it  through 
the  two  horizontal  tubes  A  and  B  (fig.  2),  and  the  reflector 
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penetrated  in  it  likewise  through  the  vertical  tube  C.  But 
on  the  part  of  the  bulb  facing  the  said  reflector  was  soldered 
a  large  tube  M  closed  by  a  bimetallic  disk,  composed, 
namely,  half  of  an  aluminium  sheet  of  the  thickness  of  half 
a  millimetre^  and  the  other  half  also  of  a  sheet  of  aluminium 
of  the  thickness  of  one  millimetre.  On  the  diameter  along 
which  the  two  sheets  fitted  together  a  thick  sheet  pf  zinc  was 
soldered  perpendicularly  to  the  plane  of  the  disk. 

In  front  of  both  the  two  sheets  that  formed  the  disk  a  small 
photographic  cylinder  was  placed,  on  the  extremities  of  which 
two  figures  were  respectively  fixed  ;  one  made  with  the  thinner 
aluminium  sheet  (^  millimetre)  and  the  other  with  the  thicker 
sheet  (1  millimetre). 

Naturally  the  two  sides  of  the  cylindrical  surfaces,  wherein 
the  figures  showed,  were  turned  towards  the  disk. 

In  the  region  of  the  film  which  stood  opposite  the  two  thin 
sheets  (the  thin  disk  and  figure  of  the  thin  sheet)  a  strong 
impression  was  received  ;  whereas  on  the  points  placed  in  a 
line  with  the  two  thicker  sheets  a  rather  feeble  one  was 
obtained.  But  the  parts  where  the  figure  of  the  thin  sheet 
fronted  the  thicker  half-disk  were  impressed  in  an  equal 
degree  to  the  parts  placed  under  the  figure  of  the  thicker 
sheet  and  the  thinner  half-disk. 

The  same  results  were  obtained  when  the  tube  M  of  the 
bulb  was  closed  by  disks  formed  (a)  half  of  aluminium  and 
half  of  glass  of  the  same  thickness,  [h)  consisting  half  of 
magnesium  and  half  of  glass  still  of  the  same  thickness. 

1  also  tried  to  use  aluminium  and  zinc  ;  but  the  difference 
between  the  impressions  derived  from  the  rays  emanating  from 
both  the  one  and  the  other  metal  (of  equal  thickness)  was  so 
great  that  no  decisive  result  was  obtainable. 

16th  Experiment, — The  preceding  experiment  was  repeated, 
the  cathodic  rays  striking  directly  on  the  metallic  disk. 

The  result  was  the  same. 

These  four  last  experiments  show  at  any  rate  very  approxi- 
mately that  the  transparencies  of  those  substances  which  are 
photographically  efficacious  for  the  cathodic  rays  and  the 
Hontgen  rays  have  the  same  value. 

Conclusions, 

From  the  bulk  of  the  experiments  above  described  it  seems 
to  me  that  the  following  deductions  can  principally  be  drawn: — 

(a)  It  cannot  be  asserted  that  the  cathodic  rays  are  reflected, 
as  a  whole,  according  to  the  laws  of  regular  reflexion. 

(h\  The  rays  thrown  back  from  the  reflector  of  a  focus-tube 
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we  may  confidently  assume  to  possess  the  same  properties  as 
the  direct  cathodic  rays. 

(c)  The  rays  emanating  from  the  posterior  part  of  a  very 
thin  sheet,  the  anterior  part  of  which  is  struck  by  the  cathodic 
rays,  also  possess  the  same  properties  as  these. 

(d)  A  pencil  of  cathodic  rays  appears  as  made  up  of  various 
rays  of  different  natures.  When  they  strike  on  a  substance 
of  a  very  small  thickness  they  seem  to  possess  the  power  of 
passing  through  it,  but  in  the  same  way  as  if  they  passed 
througn  a  filter,  which  would  allow  a  passage  more  or  less 
easy  to  some  of  them  than  to  the  others. 


XVII.  A  Theory  of  the  Connexion  between  Cathode  and  Rdntgen 
Rays.  By  J.  J.  Thomson,  M.A.y  F.R.S.,  Cavendish  Fro- 
fessor  of  Experimental  Physics^  Cambridge*. 

AMOVING  electrified  particle  is  surrounded  by  a  mag- 
netic field,  the  lines  of  magnetic  force  being  circles 
having  the  line  of  motion  of  the  particle  for  axis.  If  the 
particle  be  suddenly  stopped,  there  will,  in  consequence  of 
electromagnetic  induction,  be  no  instantaneous  change  in  the 
magnetic  field  ;  the  induction  gives  rise  to  a  magnetic  field, 
which  for  a  moment  compensates  for  that  destroyed  by  the 
stopping  of  the  particle.  The  new  field  thus  introduced  is 
not,  however,  in  equilibrium,  but  moves  off^  through  the 
dielectric  as  an  electric  pulse.  In  this  paper  we  calculate  the 
magnetic  force  and  electric  intensity  carried  by  the  pulse  to 
any  point  in  the  dielectric. 

The  distribution  of  magnetic  force  and  electric  intensity 
around  the  moving  panicle  depends  greatly  on  the  Velocity 
of  the  particle,  if  this  velocity  is  so  small  that  the  square  of 
its  ratio  to  the  velocity  of  light  can  be  neglected,  tnen  the 
electric  intensity  is  symmetrically  distributed  round  the 
particle,  and  at  a  distance  r  from  it  is  equal  to  ^/r*,  where  e 
is  the  charge  on  the  particle  ;  the  lines  of  magnetic  force  are 
circles  with  the  line  of  motion  of  the  particle  for  axis ;  the 
magnitude  of  the  magnetic  force  at  a  point  P  is  tocsin  tf/r*, 
where  w  is  the  velocity  of  the  particle,  and  0  the  angle  a 
radius  from  the  particle  to  P  makes  with  the  direction  of 
motion. 

When,  however,  the  velocity  of  the  particle  is  so  great 
that  we  can  no  longer  neglect  the  square  of  its  ratio  to  the 
velocity  of  light,  the  distribution  of  electric  intensity  is  no 
longer  uniform,  the  electric  intensity,  along  with  the  magnetic 
force,  teqds  tp  concentrate  in  the  equatorial  plane,  that  is,  the 
*  Communicated  by  the  Author, 
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plane  through  the  centre  of  the  particle  at  right  angles  to  its 
direction  of  motion  ;  this  tendency  increases  with  the  velocity 
of  the  particle  until,  when  this  is  equal  to  the  velocity  of  light, 
both  the  magnetic  force  and  the  electric  intensity  vanish  at 
all  parts  of  the  field  except  the  equatorial  plane,  and  in  this 
plane  they  are  infinite. 

The  pulses  started  by  the  stopping  of  the  charged  particle 
are,  as  might  be  expected,  different  when  the  ratio  of  the 
velocity  of  the  particle  to  that  of  light  is  small,  and  when  it 
is  nearly  unity.  But  even  when  the  velocity  is  small,  the 
pulse  started  by  stopping  the  particle  carries  to  an  external 
point  a  disturbance  in  which  the  magnetic  force  is  enormously 
greater  than  it  was  at  the  same  point  before  the  particle  was 
stopped.  The  time  the  pulse  takes  to  pass  over  a  point  P  is,  if 
the  charged  particle  be  spherical,  equal  to  the  time  light 
takes  to  pass  over  a  distance  equal  to  the  diameter  of  this 
sphere  ;  the  thickness  of  this  pulse  is  excessively  small  com- 
pared with  the  wave-length  of  visible  light.  When  the 
velocity  of  the  particle  approaches  that  of  light  two  pulses 
are  started  when  it  is  stopped.  One  of  these  is  a  thin  plane 
sheet  whose  thickness  is  equal  to  the  diameter  of  the  charged 
particle  ;  this  wave  is  propagated  in  the  direction  in  which 
the  particle  was  moving ;  there  is  no  corresponding  wave 
propagated  backwards :  the  other  is  a  spherical  pulse  spreading 
outwards  in  all  directions,  whose  thickness  is  again  equal  to 
the  diameter  of  the  charged  particle^  and  thus,  if  this  particle 
is  of  molecular  dimensions,  or  perhaps  even  smaller,  very 
small  compared  with  the  wave-length  of  ordinary  light.  The 
theory  I  wish  to  put  forward  is  that  the  Rontgen  rays  are 
these  thin  pulses  of  electric  and  magnetic  disturbance  which 
are  started  when  the  small  negatively  charged  particles  which 
constitute  the  cathode  rays  are  stopped. 

We  shall  now  proceed  to  calculate  the  disturbance  propa- 
gated through  the  dielectric  when  a  charged  particle  is 
suddenly  stopped. 

The  components  of  the  magnetic  force  and  the  electric 
intensity  all  satisfy  Poisson's  equation 

dt^"^     \dx^^  dy^'^  dz']' 
the  solution  of  this  equation  was  shown  by  Poisson  to  be 

where  ^  is  the  value  of  the  function  at  a  point  P  at  the 
time  t ;  oii  the  mean  value  of  <f>  when  <s=0  over  the  surface 
Phil  Mag.  S.  5.  Vol.  45.  No.  273.  Feb.  1898.  0 
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of  a  sphere  whose  centre  is  at  P,  and  whose  radius  is  Yt ; 
a>9  is  the  mean  value  o{d<f>/dt  when  ^ssO  over  the  surface  of 
the  same  sphere. 

Let  ^=Obe  the  time  when  the  particle  is  suddenly  brought 
to  rest.  Take  the  centre  of  the  particle  when  it  is  brought  to 
rest  as  the  origin  of  coordinates,  and  the  line  of  motion  of 
the  centre  of  the  particle  as  the  axis  of  z.  Then  «,  fi,  7,  the 
components  of  the  magnetic  force  when  the  particle  is  stopped, 
are  for  all  points  outside  the  particle  given  by  the  equation* 

eVw  y  da  ^         da 

dt  ""         dz 


'"-''H^^^^v^^t 


fi= 


eVw                      a?  rf/8  dB 

3 s^.-. *To n;    -Tr  =  — tr-r- 


5>-  (1) 


dt  dz 


7=0. 

At  all  points  inside  the  particle^  which  we  shall  take  to  he 
a  sphere  of  radius  a, 

a=)8=7=0. 

In  these  equations  Y  is  the  velocity  of  light  through  the 
dielectric,  to  the  velocity  of  the  charged  sphere  before  it  was 
stopped,  e  the  charge  on  the  sphere.  To  get  the  values  of 
a,  /8, 7  at  any  time  after  the  particle  is  stopped,  we  have  by 
Poisson's  method  to  integrate  the  values  just  given  over  the 
surfaces  of  certain  spheres ;  in  the  general  case  mis  integration 
leads  to  complicated  elliptic  integrals.  We  shall  get  a  clearer 
idea  of  the  physical  nature  of  the  disturbance  if  we  consider 
two  special  cases,  (1)  when  we  can  neglect  the  square  and 
higher  powers  of  wjY;  (2)  when  ir/V  is  very  nearly  unity. 

in  the  first  case,  when  we  neglect  tt7*/V*,  a,  /9,  da/dt^  dfi/dt 
when  ^=0  all  satisfy  Laplace's  equation,  hence  the  mean 
value  of  any  of  these  quantities  over  the  surface  of  a  sphere 
which  does  not  enclose  the  origin,  nor  cut  through  any  part 
of  the  electrified  sphere,  is  equal  to  the  value  of  £is  quantity 
at  the  centre  of  the  sphere;  we  can  easily  see,  too,  that  when 
the  sphere  entirely  surrounds  the  electrined  sphere  the  mean 
value  of  any  of  these  quantities  over  its  surface  is  zero. 
Thus  we  have,  by  Poisson's  solution,  the  following  values  for 
the  components  of  the  magnetic  force  after  a  time  t  from  the 
stoppage  of  the  electrified  sphere, 

•  Heaviside,  Phil.  Mag.  April  1880;  J.  J.  Thomson,  'Recent  Re- 
searches,' p.  19. 
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Aa  we  are  neglecting  w^  we  may  leave  out  the  second  terms 
in  these  equations.  These  values  hold  from  <=0  to 
^=a(r-a)/V.     When  «>  (r  +  a)/V, 

We  must  now  allow  for  the  absence  of  magnetic  force 
inside  the  sphere  of  radius  a  ;  the  easiest  way  to  do  this  is  to 
suppose  that  the  expressions  (1)  hold  right  up  to  the  centre  of 
this  sphere,  and  superpose  on  the  distribution  represented  by 
(1)  a  distribution  inside  the  sphere  given  by 

«= -ji^>  P ^1     •     •     •     •     W 

where  f^=x*  +y* + z*  ; 

while  outside  the  sphere  we  have  for  this  distribution 

If  we  superpose  this  distribution  we  may  suppose  that  at  anj' 
time 

where  oi,  fii  are  the  values  given  by  equations  (2^  which 
may  be  now  supposed  to  hold  from  i=0  to  «=r/V,  while, 
when  t  >  r/V,  «!,  fii  both  vanish ;  a^,  fi^  are  the  magnetic 
forces  arising  from  the  disturbance  given  initially  by  (3). 
This  disturbance  will  begin  to  be  felt  at  a  point  P  at  a  time 
(OP-a)/V,  and  will  cease  after  a  time  (OP  +  a)/V;  0  is  the 
centre  of  the  charged  sphere.  Thus  the  thickness  of  the 
pulse  due  to  this  distribution  is  equal  to  the  diameter  of  the 
sphere. 

We  can  easily  show  that 


^w^dS, 


taken  over  the  part  of  a  sphere  whose  centre  is  at  P  and 
radius  is  Y/,  wnich  is  within  the  sphere  whose  radius  is  a,  is 
equal  to 

iwwe.Y^fif.     (OP«-a^^V«f«)-)    x 

0P«       I  2Yt,a         J  OP' 

where  x  is  the  x  coordinate  of  P. 
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Hence  a>i,  the  mean  value  of  %oex/f^y  b 

ew     (,      (OP«--a«--W)\  ^ 


Thus 
Hence 


d  ..    .      1    eto   (^_^Yt\  X 

^-  2"ofv"^t;op' 

from  e  =  (r— a)/V  to  *=(r+a)/V.  If  the  sphere  is  small, 
Yt/a  is  large  compared  with  unity,  and  Yt  is  approximately 
equal  to  OP  ;  hence 

1  e  yw 
"^^     2  a  OF' 

oj  and  )8s  are,  when  a  is  small,  very  large  compared  with  ai 
and  )8i. 

We  have  now  the  complete  solution  of  the  problem,  and 
we  see  that  after  the  sphere  is  stopped,  the  magnetic  force  at 
a  point  P  remains  unaltered  until  i=:(r— a)/V,  when  a  very 
thm  pulse  of  intense  negative  magnetic  force  arrives,  the 
intensity  of  the  field  being  ew  sin  ^2a .  OP,  where  0  is  the 
angle  between  OP  and  the  axis  of  z ;  the  magnetic  force  pre- 
viously at  P  was  in  the  opposite  direction,  and  equal  to 
etc  sin  0/OF*,  This  very  intense  pulse  only  lasts  for  a  very 
short  time ;  and  the  view  I  wish  to  put  forward  is  that  this 
pulse  constitutes  one  kind  of  Bontgen  radiation.  The  reasons 
for  this  view  will  be  given  after  we  have  considered  the  case 
of  a  sphere  moving  with  the  velocity  of  light.  We  may, 
however,  point  out  that  since  the  state  represented  by  a,)8i 
lasts  for  the  time  r/V,  while  that  for  the  state  oj,  /8,  only  for 
the  time  2a/ 7, 

This  must  evidently  be  the  case,  for  the  line  integral  of  the 
magnetic  force  round  a  circuit  is  equal  to  49r  times  the  current 
through  the  circuit ;  in  this  case  the  currents  are  dielectric 
currents,  and  equal  the  rate  of  increase  of  the  electric  dis- 
placement through  the  circuit,  so  that  the  time  integral  of 
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the  line  integral  is  equal  to  the  change  in  the  displacement ; 
but  when  we  neglect  w;*/ V,  the  distribution  of  the  displace- 
ment is  the  same  when  the  sphere  is  moving  as  when  in  the 
steady  state  at  rest :  thus  the  time  integral  must  vanish. 

Let  us  now  consider  the  case  when  the  velocity  of  the 
particles  is  nearly  equal  to  that  of  light.  In  the  limiting  case 
when  u;3s  Y  we  see,  from  the  expressions  given  for  a,  ^8,  that 
they  vanish  unless  2=0,  when  they  become  infinite  ;  in  this 
case  the  original  magnetic  field  is  confined  to  a  plane  through 
the  centre  of  the  sphere  at  right  angles  to  its  direction  of 
motion.  When  \o  is  nearly  but  not  quite  equal  to  V,  the  dis- 
turbance is  practically  confined  between  the  two  cones  whose 

semi-vertical  angles  are  5 — <&  and  s-  +**  where  d  is  a  small 

angle.  To  simplify  the  analysis  and  yet  retain  the  essential 
physical  features  of  the  case,  we  shall  suppose  that  the  initial 
disturbance,  instead  of  being  confined  between  these  two 
cones,  is  confined  between  the  planes  ^  =  -h  i  and  ;?=—{£,  where 
(2  is  a  small  quantity;  and  that  both  the  magnetic  force  and 
the  electric  intensity  are  parallel  to  the  planes,  the  lines  of 
electric  intensi^  being  radial  at  right  angles  to  the  axis  of  z^ 
and  the  lines  of  maraetic  force  circles  with  their  centres  on 
the  axis  of  z.  Let  £  be  the  electric  intensity  at  a  point  distant 
p  from  this  axis ;  then  the  total  normal  induction  over  the 
surface  of  a  cylinder  passing  through  this  point  and  with 
the  axis  of  z  for  its  axis  is  equal  to 

Ex27rpx2i, 

this  must  equal  4ir€ ;  hence 

dp 

Hence  if  a,  fi  are  the  components  of  the  magnetic  force  just 
after  the  particle  is  stopped, 

^-^      d^' 

dt  dp        dt  dz' 

Both  da/dt  and  dfi/dt  are  zero  except  when  z^  ±d,  when 
they  are  infinite. 

These  equations  give  the  initial  state  of  the  field  outside  the 
charged  particle  ;  inside  this  particle,  which  we  shall  take  to 
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be  a  sphere  of  radius  dy  we  shall  suppose  that  the  electric 
intensity  and  the  magnetic  force  both  vanish. 

Thus  the  original  distribution  of  the  field  is  confined 
between  two  parallel  planes;  and  from  this  space  we  must 
exclude  that  inside  the  sphere  as  this  is  free  from  magnetic 
force. 

Let  us  now  consider  how  this  distribution  will  spread  through 
space.  Consider  what  will  happen  at  a  point  P.  There  will 
be  no  eflFect  at  P  until  a  sphere  of  radius  V^  and  centre  P 
cuts  the  space  between  the  planes.  This  will  not  happen  until 
t={c—d)/Yy  where  c  is  tne  distance  of  P  from  tne  plane 
through  the  centre  of  the  sphere  perpendicular  to  the  direction 
in  which  the  sphere  was  moving  before  it  was  stopped.  When 
t  is  greater  than  this  value,  the  sphere  will  cut  the  space 
between  the  planes  ;  and  to  apply  Poisson's  solution  we  have 
to  find  the  mean  value  of  the  magnetic  force  over  the  surface 
of  this  sphere.  Take  the  plane  of  az  to  pass  through  P.  Let 
Q  be  a  point  on  the  surface  of  the  sphere,  dS  an  element  of 
the  area  of  this  surface,  ^  the  angle  the  plane  through  Q  and 
the  axis  of  z  makes  with  the  plane  of  az^  p  the  distance  of  Q 
from  the  axis  of  Zj  and  0  the  angle  between  p  and  the  normal 
to  the  sphere  at  Q ;  then  the  element  of  the  surface  included 
between  z  and  z-^-dz,  ^  and  ^  +  <f^  is  given  by  the  equation 


Now  initially 
so  that 


^   COS^ 

^_^Vcos_^. 
'^  d  COS0    ^ 


Now  if  a  is  written  for  Yt  the  radius  of  the  s}>here,  and  if 
the  a:  coordinate  of  P  is  6,  then  we  may  easily  prove  that 


cos  5=  -  v^a«-(e-c)»-6"sin»^ 
hence 

P/7S  =  ^^^ cos  ihd^dz 


The  limits  of  <f>  are 


+  sin-»  >/«'-(--<?)^  =  ± sin-'  ^,  say, 
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In  finding  the  mean  value  of  )8  over  the  sphere  we  mnflt 
double  this  value,  for  to  each  value  of  ^  and  r  there  correspond 
two  elements  of  the  surface  of  the  sphere  which  contnbute 
equally  to  the  integral ;  hence 

J/9dS=4«  -J  cos<l>d<f>dz 

JJ9    &N/8in*d— 8in*< 


ft>/8in*^— sin*^ 


=  2ireY^  ^dz. 


Now  the  limits  of  z  depend  upon  whether  the  sphere  does 
not  or  does  cut  right  through  the  slab  between  the  two  parallel 
planes ;  in  the  former  case  V£  is  less  than  c+d,  and  the  limits 
of  z  are  c^Yt  and  d ;  then 

^  fidS^2ire^(d-e+Yt); 

in  the  latter  case  Yt  is  greater  than  c  +  d,  and  the  limits  of  s 
are  — <{  and  -^d;  hence  in  this  case 

Hence  «!,  the  mean  value  of  the  initial  value  of  ^  over  the 
surface  of  this  sphere,  is 

1  e.Y\d-e+Yt\ 

2  ir      V« 

in  the  first  case,  and 

V 

in  the  second  ;  hence 

d  ,     ^      leY       r. 

according  as  V<<  or  >e+d. 

This  value  of  ^  {t»i)  is  the  same  whether  the  point  P  i»  in 
at 
front  or  behind  the  plane. 
We  now  proceed  to  find  the  value  of 

J  di'^S— VJJ  5^.      ^g 
Now  dfi/dz  is  zero  except  at  the  surfeoe  of  the  plane ;  henoo 
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when  the  sphere  cats  z=^d  and  not  ;?=  — d,  we  have 


J*^=yJ: 


When  the  sphere  cuts  both  z=.d  and  c=  —  d,  then 


I 


dt 


Thus  0)2,  the  mean  value  of  the  initial  value  of  d^fdt  over 
the  surface  of  the  sphere,  is  given  by  the  equation 

to^ss  ^  -T-7,    when  the  sphere  cuts  z=d  and  not  «=  —  d, 

1«V 
=  —  5  r-T  when  the  sphere  cuts  «=  —  d  and  not  ;2;=d, 

=0  when  the  sphere  cuts  both. 

Hence  by  Poisson's  formula 

/8=  ^  when  the  sphere  cuts  c=d  and  not  ;«=  — d, 

=0  when  the  sphere  cuts  ^=  —  d  and  not  2:=d, 
=0  when  the  sphere  cuts  z^d  and  also  2:=  —  d. 

Thus  the  distribution  of  magnetic  force  between  the  planes 
z^=.  +d  is  propagated  forwards  unchanged  with  the  velocity  V, 
there  is  no  corresponding  pulse  propagated  in  the  negative 
direction. 

In  addition  to  the  plane  pulse  there  will  also,  as  in  the 
previous  case,  be  a  spherical  one,  whose  thickness  is  2d ;  we 
can  calculate  the  magnetic  force  at  any  point  in  this  pulse  as 
follows: — Let  H  be  the  magnetic  force  at  a  point  in  this 
pulse  at  a  distance  h  from  the  axis  of  Zy  then  the  line  integral 
of  this  magnetic  force  round  the  circle  whose  radius  is  h  and 
whose  axis  is  the  axis  of  z  is  29r6H  ;  the  magnetic  force  lasts 
for  a  time  2d/y,  so  that  the  time  integral  of  the  line  integral 
is  4irAdH/V. 

At  any  point  in  front  of  the  particle  the  time  integral 
of  the  magnetic  force  due  to  the  plane  pulse  round  the  same 
circuit  is 

o   i.«V     2d     , 

Hence  the  time  integral  of  the  whole  magnetic  force  round 
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this  circnit  is  equal  to 

47r6H  VT  +47re. 

This  is  equal  to  47r  times  the  change  in  the  electrostatic 
polarization  through  the  same  circuit :  now  when  the  particle 
was  stopped,  this  polarization  was  zero,  and  when  the  neld  has 
reached  a  steady  state,  the  electric  intensity  is  uniformly 
distributed,  so  that  the  polarization  through  the  circle  is 

^(l-C08^, 

whore  0  is  the  acute  angle  between  OP  and  the  axis  of  z^  P 
being  a  point  on  the  circumference  of  the  circle  ;  hence 

AirhR  y +  47rc=27r^(l-cos  0)y 

-    V^COt^r 

or  II         1  ^ 

where  r  is  the  distance  OP.  The  minus  sign  denoting  that 
the  magnetic  force  in  the  spherical  pulse  is  in  the  opposite 
direction  to  that  in  the  plane  pulse. 

At  a  point  behind  the  charged  particle  there  is  no  plane 
pulse,  so  that 

49r6H'^  =  -2TO(l-cos^), 

where  ff  is  the  acute  angle  between  OP  and  the  axis  of  z  ; 
thus 

H'=-.i -: 

2      rd 

henoe  if  0  is  the  angle  between  OP  and  the  positive  direc- 
tion of  the  axis  of  x,  the  magnetic  force  at  ani/  point  in  tiie 
spherical  wave  is  given  by 

jV^cot  J 

Thus  we  see  that  the  stoppage  of  a  charged  particle  will 
give  rise  to  very  thin  pxdses  of  intense  magnetic  force  and 
electric*  intensity;  when  the  velocity  of  the  particle  is  small 
there  will  be  one  spherical  pulse;  when  the  velocity  is  nearly 
equal  to  that  of  light  there  will  in  addition  to  the  spherical 
pulse  be  a  plane  one  propagated  only  in  the  direction  in 
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Mrhich  the  particle  was  originally  moving.  It  is  these  pulses 
which  I  believe  constitute  the  Bontgen  rays.  As  they  con- 
sist of  electric  and  magnetic  disturbances,  they  might  be 
expected  to  produce  some  effects  analogous  to  those  of  light* 
If  they  were  so  thin  that  the  time  taken  by  them  to  pass  over 
a  molecule  of  a  substance  were  small  compared  with  the  time 
of  vibration  of  the  molecule,  there  would  be  no  refraction, 
and  the  thinness  of  the  pulse  would  also  account  for  the 
absence  of  diffraction. 

In  the  preceding  investigation  we  have  supposed  that  the 
stoppage  of  the  particle  is  instantaneous  ;  if  tne  impact  lasts 
for  a  finite  time  T  the  negative  pulse  will  be  broadened  out,  so 
that  its  thickness,  insteaa  of  being  2a,  will  be  2a  + VT,  where 
V  is  the  velocity  of  light.  The  intensity  of  the  magnetic 
force  in  the  pulse  will  vary  inversely  as  the  thickness  of  the 
pulse,  so  that  when  the  collision  lasts  for  the  time  T,  the 
magnetic  force  in  the  negative  pulse  will  be  2a/(2a+VT)  of 
the  value  given  above,  xhe  more  sudden  the  collision,  the 
thinner  the  pulse  and  the  greater  the  magnetic  force  and  the 
energy  in  the  pulse ;  the  pulse  vrill,  however,  possess  the  pro- 
perties of  the  Kontgen  rays  until  T  is  comparable  to  one  of 
the  times  of  vibration  of  a  substance  through  which  it  has  to 
pass.  In  the  case  of  the  cathode  rays  all  the  circumstances 
seem  favourable  to  a  very  sudden  collision,  as  the  mass  of  the 
moving  particles  is  very  small  and  their  velocity  exceedingly 
great.  In  some  experiments  which  I  described  in  the  Philo- 
sophical Magazine  for  Oct.  1897  on  cathode  rays,  the  velocity 
of  the  negative  particles  was  about  one  third  of  that  of  light, 
and  in  some  more  recent  experiments  made  on  the  Lenard  rays, 
with  the  apjparatus  described  bv  Des  Coudres,  considerably 
higher  velocities  were  found.  A  change  in  the  time  of  the 
collision  will  alter  the  thickness  of  the  pulse  and  so  change 
the  nature  of  the  ray. 

If  we  suppose  that  part  of  the  absorption  of  the  rays  is  due 
to  the  communication  of  energy  to  charged  ions  in  their  path, 
we  find  that  the  thicker  the  pulse  the  greater  the  absorption. 
For  suppose  that  E  is  the  electric  intensity  in  the  pulse,  m  the 
mass,  and  e  the  charge  on  an  ion  ;  then  if  u  is  the  velocity 
communicated  to  the  ion  when  the  pulse  passes  over  it,  t  the 
time  taken  by  the  pulse  to  pass  over  it, 

mussEtf .  ty 

or  if  d  is  the  thickness  of  the  pulse 

mu=E^.  ^  ; 
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thus  the  energy  ^mu^  communicated  to  the  ion  is  equal  to 

lEW 
2    V«   • 

Now  the  energy  in  the  pulse  is  proportional  to  E^/V*,  so 
that  the  ratio  of  the  energy  communicated  to  the  ion  to  the 
energy  in  the  pulse  is  proportional  to  d.  Thus  the  broader 
the  pulse,  the  greater  the  absorption  and  the  less  the  penetrat- 
ing power.  The  energy  in  the  pulse  is  inversely  proportional 
to  its  thickness. 

If  we  return  to  the  expression  for  the  intensity  of  the  mag- 
netic force  in  case  (1),  we  see  that  it  is  proportional  to  sin  0^ 
so  that  the  disturbance  is  greatest  at  right  angles  to  the 
cathode  rays  :  thus,  if  the  cathode  particles  are  stopped  at  their 
first  encounter^  the  Rontgen  rays  would  be  brightest  at  right 
angles  to  the  cathode  rays ;  if,  however,  as  would  seem  most 
probable,  the  cathode  particles  had  to  make  several  encounters 
oefore  they  were  reduced  to  rest,  changing  their  direction 
between  each  encounter,  the  distribution  of  the  cathode  rays 
would  be  much  more  uniform.  Experiments  on  the  distri- 
bution of  Bontgen  rays  produced  by  the  impact  of  the  cathode 
particles  direcl^  against  the  walls  of  the  discharge-tube  are, 
as  Sir  George  Stokes  has  pointed  out,  affected  by  the  much 

greater  absorption  of  the  oblique  rays  produced  by  the  greater 
lickness  of  glass  traversed  by  them.  Experiments  on  rays 
produced  by  focus-tubes  would  give  results  more  easily 
interpreted. 

The  result  to  which  we  have  been  led  from  the  considera- 
tion of  the  effects  produced  by  the  sudden  stoppage  of  an 
electrified  particle,  viz. :  that  the  Rontgen  effects  are  i)roduoed 
by  a  very  tnin  pulse  of  intense  electromagnetic  disturbance,  is 
in  agreement  with  the  view  expressed  by  Sir  Gteorge  Stokes 
in  the  Wilde  Lecture  {*  Proceedings  of  Manchester  Literary 
and  Philosophical  Society,'  1897),  that  the  Rontgen  rays  are 
not  waves  of  very  short  wave-length,  but  impulses. 

Cambridge, 
Dec.  16, 1897. 

XVIII.  A  New  Method  of  Measuring  the  Torsional  Angle  of  a 
Rotating  Shaft  or  Spiral  Spring.  By  Frbdbrick  J.  Jbrvis- 
Smith,  M,A.y  F,R.S,y  Millard  and  University  Lecturer  in 
Mechanics^  Oxford^. 

WHEN  an  elastic  shaft  is  used  to  transmit  motion,  the 
power  transmitted  can  be  found,  when  the  number  of 
rotations  in  unit  time  and  the  torsional  couple  of  the  shaft 
*  Communicated  by  the  Author. 
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are  known.  Thus,  suppose  E  to  denote  the  HP  transmitted, 
N  the  number  of  rotations  of  the  shaft  per  minute,  the  work 
done  per  minute  in  inch-lbs.  is  12  x  33000  X  E ;  and  this  equals 
the  twisting  moment  T  in  statical  inch-lbs.,  multiplied  by  the 
angular  motion  of  the  shaft  27rN  per  minute,  t.  e. 

27rNT=12x  33000  xE, 
27rNT 


E^ 


12x33000' 


To  find  E,  N  and  T  must  be  known.  When  variation  in 
rotation  is  but  shght,  N  may  be  found  by  means  of  a  counter 
such  as  that  of  !EUrding,  T  then  remains  to  be  determined. 
In  1894,  May  2nd,  the  writer  of  this  paper  exhibited  at  the 
Boyal  Society  several  models  of  ergometers,  which  showed 
how  the  torsion  of  a  rotating  shaft  might  be  measured  by 
mechanical  and  optical  methcms,  and  a  description  was  given 
in  a  pamphlet  entitled  "A  Torsion  Ergometer  or  Work- 
Measuring  Machine ;''  a  rotostat  was  also  exhibited,  in  which 
an  inverting  prism  rotated  in  front  of  the  index  of  the 
ergometer,  brought  it  to  rest,  and  made  an  easy  reading 
possible  although  the  shaft  of  the  machine  might  be 
making  any  number  of  revolutions  per  minute.  The  author 
has  been  subsequently  informed  that  a  similar  device  was 
used  by  Lord  [Rayleigh  for  blending  colours.  [Reprint  of 
some  Optical  Papers.  Lord  Bayleigh,  1883.]  At  the  time 
of  devising  the  rotostat  the  author  did  not  know  that  a 
rotated  inverting  prism  had  been  so  used  for  blending  colours 
or  similar  purpose. 

Since  1894  the  problem  of  measuring  the  torsion  of  a  very 
long  shaft  arose,  the  shaft  being  used  to  drive  a  dynamo, 
and  also  the  torsion  of  a  solenoidal  spiral  spring  used  as  a 
flexible  shaft  to  drive  screw-propellers  of  different  forms,  in 
water,  at  different  depths. 

While  the  apparatus  required  is  of  a  simple  character  the 
results  obtained  are  sufficient  and  reliable. 

The  method  is  as  follows  (see  diagram)  : — ^Two  disks  of  insu- 
lating material  A,  C  are  fixed  at  the  ends  of  the  shaft,  the  bear- 
ings of  which  are  not  shown,  narrow  slips  of  copper  fl,  K  are 
attached  to  the  disks  at  their  circumferences,  and  to  the  shaft. 
Two  brushes  D,  E  (single  flat  wires  answer  well),  press  on  the 
edge  of  the  disks,  the  brushes  are  connected  to  an  electric 
circuity  including  a  battery  B,  and  a  telephone  T.  Then 
when  H  and  K  are  in  the  same  plane,  at  each  revolution  of 
the  shaft  a  click  is  heard  in  the  telephone ;  but  if  while  the 
shaft  is  rotating  the  disk  C  has  an  angular  advance  on  the 


Digitized  by 


Google 


On  the  Source  of  the  x-Rays. 


185 


disk  A,  due  to  torsion,  no  click  will  be  heard,  since  D  and  E 
do  not  touch  the  conductors  H  and  E  at  the  same  instant. 


Now,  in  order  to  hear  the  click  again,  the  brush- holder  F 
must  be  moved  through  an  angle  equal  to  that  of  the  angle  of 
advance  of  C  on  A,  and  this  is  the  angle  of  torsion  which  is 
found.    It  is  shown  on  a  divided  scale  G. 

The  author  has  applied  the  method  to  find  the  torsional 
angle  of  an  ergometer  in  which  a  solenoidal  spiral  spring  is 
used  instead  of  a  shaft  as  shown  in  the  figure. 

The  couple  due  to  any  angle  is  found  by  fixing  A  and 
suspending  known  weights  from  a  thin  steel  tape  attached  to 
a  pulley  of  known  radius  keyed  on  to  the  shaft  close  to  the 
diskC. 

XIX.   The  Source  of  the  x-Rays. 
By  John  Trowbridgb  and  John  E.  Burbank*. 

THE  experiments  described  in  this  paper  were  conducted 
with  Crookes  tubes  containing  no  interval  between 
the  anode  and  the  cathode:  and  no  discharge,  therefore, 
in  the  usual  sense  occurred  in  the  tubes.  A  continuous 
conductor  was  led  through  the  rarefied  tube,  and  it  was  dis- 
covered that  the  aj-rays  were  given  off  from  every  element  of 
this  conductor  at  right  angles  to  its  surface  when  a  disruptive 
discharge  occurred  in  the  circuit  of  which  the  tube  formed  a 
part.  This  remarkable  result  was  obtained  by  means  of  the 
very  high  electromotive  force  furnished  by  a  Plant*  rheostatic 
machine  which  was  charged  by  ten  thousand  storage-cells. 
We  shall  describe  our  experiments  with  the  various  tubes  we 
employed,  and  in  conclusion  state  our  results. 

*  Communicated  by  the  Authon. 
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The  first  tabe  is  sbown  in  fig.  1.  It  consisted  of  a  straight- 
wire  tube  joined  to  an  ordinary  Crookes  tube  of  the  focus 
pattern.  This  latter  tube  was  joined  to  the  straight-wire 
tube  in  order  to  test  the  vacuum  in  the  latter,  and  to  be  sure 


s. 


0  f^ 


that  the  necessary  conditions  existed  for  the  production  of  the 
a>-rays.  When  the  terminals  of  the  straight- wire  tube  were 
connected  to  the  Plante  machine  and  the  latter  was  excited, 
the  entire  tube  fluoresced  brilliantly.  This  fluorescence  was 
especially  bright  in  the  connecting  tubd  between  the  straight- 
wire  tube  and  the  Crookes  tube,  and  a  beam  of  light  passed 
across  the  Crookes  tube  and  formed  a  fluorescent  spot  on  its 
bulb. 
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Photographic  plates  were  exposed  opposite  to  the  thin  bulb 
on  the  straight. wire  tube.  These  plates  were  carefully  insu- 
lated from  the  ground^  and  were  covered  in  one  case  with  a 
sheet  of  hard  rubber  ^  of  an  inch  in  thickness,  and  in  another 
case  by  a  sheet  of  ^lass  about  j-  an  inch  in  thickness.  A 
powerful  brush-discharge  was  seen  in  the  dark  room  to  pass 
from  the  thin  bulb  of  the  tube  to  the  insulator  which  covered 
the  plates  ;  and  on  developing  the  plates,  they  were  found  to 
be  covered  with  star-like  clusters  surrounded  by  nebulous 
patches.  It  was  evident  that  the  brush-discharge  had  pro- 
duced discharges  at  the  surfaceof  the  dry  plates,  even  through 
plates  of  glass  ^  an  inch  in  thickness.  Moreover,  there  was  a 
general  darkening  of  the  surface  of  the  plate  which  indicated 
the  action  of  ay-rays.  No  metallic  objects  could  be  placed 
upon  the  dry  plates,  for  a  powerful  spark  immediately  passed 
to  them  and  punctured  the  tubes.  Tne  darkening,  however, 
was  apparently  diminished  under  strips  of  glcLSs,  cuthongh  the 
effect  of  the  brush-discharge  masked  the  effect  of  the  ^-rays. 
Before  the  straight  tube  was  exhausted  powerful  brush- 
discharges  were  given  off  at  the  ends  of  the  tube.  When 
the  tube  was  exhausted,  these  brushes  were  much  diminished, 
and  were  replaced  by  a  powerful  brush  which  came  off  from 
the  straight  wire  through  the  thin  bulb  of  the  tube,  and 
speedily  punctured  the  latter  when  any  object,  even  an 
insulator^  was  brought  within  six  inches  of  the  bulb.  The 
most  interesting  result  obtained  with  this  form  of  tube  was 
the  production  of  the  so-called  j?-ray  bum,  by  means  of  the 
brush-discharge  from  its  bulb.  When  the  back  of  the  hand 
was  exposed  to  the  brush-discharge,  which  assumed  a  peculiar 
forked  nature  in  the  dark  room,  a  peculiar  prickling  sensation 
was  experienced,  and  all  the  symptoms  of  the  well-known  4?-ray 
burn  developed.  The  skin,  when  examined  under  a  micro- 
scope, exhibited  an  appearance  similar  to  that  shown  by  the 
photographic  plate.  There  were  centres  of  inflammation 
surrounded  by  regions  of  lesser  degrees  of  bum.  It  seems 
evident  that  the  so-called  ;r-ray  burn  is  due  to  an  electri. 
ficafcion — a  discharge  at  the  surface  of  the  skin — and  this 
electrification  may  or  may  not  be  accompanied  by  the  4?-ravs. 
This  first  form  of  tube  was  then  abandoned,  and  a  straight- 
wire  tube  alone  (fig.  2)  was  employed.  Similar  results  were 
obtained  with  this  tube.  It  was  significant  that  the  whole 
interior  of  this  tube  fluoresced  brilliantly  when  it  formed  part 
of  a  circuit  through  which  a  disruptive  discharge  passed. 
This  latter  form  of  tube  was  replaced  oy  the  form  represented 
in  fig.  3.  A  side  tube  ending  in  a  thin  bulb  was  added  to  the 
straight- wire  tube.  The  same  phenomenon  was  exhibited  by  this 
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tube  ;  ill  addition,  a  brilliant  fluorescence  filled  tbe  side  tube, 
which  appeared  to  flow  in  or  flow  out  of  the  narrow  tube  which 
ended  in  the  small  bulb.  We  were  reminded  by  this  phe- 
nomenon of  Poynting^s  hypothesis  of  the  flow  of  energy  into  a 
wire.  This  form  of  tube  was  replaced  by  a  straight-wire  tube 
which  is  represented  in  fiff.  4  and  fig.  5  (side  view).  A  straight 
wire  passed  completely  mrough  the  tube,  and  was  in  circuit 
with  a  line  on  wnich  there  was  a  rapid  change  of  potential. 
At  one  end  of  this  tube  opposite  a  thin  bulb  blown  on  the 
tube  was  a  piece  of  platinum  foil  inclined  like  the  ordinary 
focus-plane  m  a  focus-tube.  At  first  we  connected  this  focus- 
plane  with  the  ground,  and  having  ascertained  that  ^r-rays 
were  given  oflF  very  strongly  from  this  platinum,  we  removed 
the  ground  connexion  and  substituted  for  it  a  sheet  of  zinc. 
The  tube  still  gave  off  ^p-rays.  We  then  removed  the  sheet 
of  zinc  and  found  that  ^e-rays  were  given  off  with  undiminished 
strength.  This  tube  was  then  modified  into  the  form  repre- 
sented in  fig.  6,  fig.  7  (side  view) .  The  straight  wire  occupied 
the  middle  of  a  tube  ;  in  one  end  of  this  tube  was  placed  a 
focus-plane  of  platinum,  and  at  the  other  there  was  a  long 
narrow  tube  which  ended  in  a  thin  bulb.  In  this  bulb  was  a 
crystal  of  calcite,  which  was  confined  in  the  tube  by  the 
narrowness  of  the  bore  of  the  connecting  tube.  The  tube 
showed  that  ^r-rays  were  given  off  at  right  angles  to  the 
straight  wire,  for  the  calcite  fluoresced  a  orilliant  red,  and 
the  flnoroscope  showed  ^-rays  proceeding  from  the  inclined 
piece  of  platinum.  This  form  of  tube,  moreover,  showed  that 
the  j?-rays  are  reflected,  so  to  speak,  from  the  interior  surface 
of  the  glass,  for  there  were  multiple  shadows  of  the  wire  on 
the  sides  of  the  tube  which  were  produced  by  the  4?-ray8  of 
varying  intensity  which  were  developed  on  the  surface  of  the 
glass,  and  which  in  turn  proceeding  from  this  surface  at 
different  angles  produced  elongated  shadows.  In  the  next 
form  of  tube  the  wire  passing  through  the  tube  was  no  longer 
straight,  but  was  bent  in  the  manner  represented  in  fig.  8.  In 
this  form  of  tube  there  was  a  brilliant  caustic  formed  on  the 
side  of  the  tube  opposite  the  concave  side  of  the  wire,  and 
this  brilliant  caustic  threw  distorted  shadows  of  the  bent  wire 
on  the  opposite  side  of  the  tube.  It  was  evident  that  the 
^F-rays  were  given  off  at  right  angles  to  the  surface  of  this 
wire,  and  therefore  coincided  in  direction  with  the  lines  of 
electrostatic  force. 

We  next  experimented  with  the  form  of  tube  represented 
in  fig.  9.  This  consisted  of  a  large  thin  bulb  5  inches  in 
diameter,  enclosing  a  continuous  conductor,  the  centre  of 
which  consisted  of  an  aluminium  mirror.     When  this  tube 
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was  exhausted  to  a  very  high  degree,  the  mirror  formed  a 
bright  fluorescent  spot  on  the  bulb,  the  position  of  which 
could  be  readily  changed  by  means  of  a  magnet.  When  the 
exhaustion  was  carried  to  a  very  high  degree,  reversing  the 
current  from  a  Ruhmkorf  coil  through  the  tube  caused  no 
marked  difference  in  the  appearances  in  the  tube ;  at  a  louver 
degree,  however,  a  marked  difference  resultec^.  With  the 
employment  of  a  powerful  Ruhmkorf  coil  giving  sparks  of  at 
least  8  inches  OJ-rays  could  be  detected  in  this  tube ;  and  when 
the  tube  was  connected  to  the  Plants  machine,  the  a?-rays 
gave  strong  effects  in  the  fluoroscope. 

In  order  to  test  the  question  whether  the  so-called  cathode 
rays  and  the  x-rays  are  generated  primarily  only  at  the 
cathode,  a  very  large  resistance  of  distilled  water  was  inter- 
posed in  the  circuit  with  the  cpntinuous  wire  tube  (fig.  9) ,  in 
oi-der  to  damp  any  oscillations  which  might  arise.  The 
circuit  thns  consisted  of  the  tube,  the  water-t'jesistance,  a 
spark-gap,  and  the  secondary  coil  of  a  large  Ruhmkorf.  The 
tube  was  connected  at  first  permanently  .to  the  air-pump.  As 
the  exhaustion  advanced  a  beam  of  rays  proceeded  from  the 
mirror  on  the  continuous  conductor,  which  was  focussed  on 
the  wall  of  the  tube.  This  beam  was  more  brilliant  and  pro- 
duced a  stronger  fluorescence  on  the  tube  when  the  wire 
was  negative  than  when  it  was  positive.  At  a  higher  stage  of 
the  vacuum,  however,  very  little,  if  any,  difference  could  be 
detected  in  the  appearance  of  the  tube,  and  a?-rays  could  be 
detected  outside  the  tube  opposite  the  fluorescent  spot  caused 
by  the  mirror.  That  is,  the  ar-rays  were  given  off  both  when 
the  wire  constituted  the  cathode  of  the  circuit  and  also  when 
it  formed  the  anode. 

It  seems,  therefore,  that  the  term  cathode-rays  is  not 
a  general  one.  It  would  seem  that  electric  rays  might 
be  a  more  comprehensive  one  for  both  cathode-rays  dnd 
a?-rays. 

Furthermore,  the  phenomenon  of  electrostatic  induction 
plays  an  important  part  in  the  phenomena  of  the  so-called 
a7-rays.  When  the  tube  represented  in  fig.  9  had  reached  a 
certain  stage  of  exhaustion,  a  bit  of  tinfoil  connected  to  a  zinc 
plate  20  x25  cm.  and  1  mm.  thick  was  stuck  upon  the 
outside  of  the  tube  where  the  mirror  formed  the  fluorescent 
spot.  This  zinc  plate  was  carefully  insulated  from  the  ground. 
It  was  seen  that  a  bundle  of  rays  was  reflected  by  the  tinfoil 
to  the  opposite  wall  of  the  tube,  throwing  a  well-defined 
shadow  of  the  mirror  and  the  continuous  conductor  on  this 
wall.  The  direction  of  this  shadow  could  be  changed  at  will 
by  changing  the  position  of  the  tinfoil.  This  phenomenon 
Phil  Mag.  S,  5.  Vol.  45.  No.  273.  Feb.  1898.  P 
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waa  produced  both  when  the  wire  was  the  cathode  and  when 
it  was  the  anode.  It  can  be  explained  on  the  hypothesis  that 
a  layer  of  electrified  particles  is  held  by  a  condenser-action  on 
the  wall  of  the  tube,  and  that  the  fresh-coming  particles  are 
strongly  repelled  by  those  that  have  accumulated  at  the 
spot. 

The  behaviour  of  aluminium  toward  the  or-rays  is  so  re- 
markable that  it  merits  especial  investigation.  Can  it  be 
that  it  manifests  a  remarkable  condenser  action  toward  the 
high  electromotive  forces  which  produce  the  ar-rays,  similar 
to  the  action  which  has  been  observed  at  lower  voltages  ?  * 

We  connected  to  the  air-pump  at  the  same  tame  two 
exactly  similar  tubes,  one  of  which  had  two  pointed  terminals 
of  platinum,  the  other  two  pointed  terminals  also ;  but  one 
consisted  of  aluminium  and  the  other  of  platinum.  The 
discharge  from  a  Buhmkorf  coil  was  sent  through  these  tubes, 
which  were  in  multiple  circuit.  At  a  certain  stage  of  the 
exhaustion  it  was  seen  that  the  discharge  passed  more  easily 
when  the  aluminium  wire  was  made  a  cathode  than  when  it 
constituted  the  anode.  When  the  wire  terminals  in  both 
tubes  were  made  of  thin  disks  the  difference  was  less  marked. 
This  might  have  been  surmised  from  previous  investigations 
on  the  effect  of  form  of  electrodes  on  resulting  polarization  f. 
It  may  be  that  the  anomalous  action  of  alimiinium  in  respect 
to  the  ar-rays  is  due  to  a  species  of  dielectric  polarization  on 
the  surface  of  the  platinum,  and  that  thus  the  surface  becomes 
a  new  source  of  electrostatic  stress  similar  to  that  which  was 
observed  by  connecting  a  bit  of  tinfoil  and  a  capacity  to  the 
tube.  Since  we  are  dealing  with  very  high  differences  of 
potential,  and  with  high  charges  on  the  ions,  the  instantaneous 
exhibition  of  electrical  energy  is  very  great,  and  might 
probably  explain  the  diffusion  of  this  energy  through  the  air. 
According  to  this  hypothesis  the  light  manifestations  of  the 
a?-rays  arise  only  at  the  fluorescent  screens,  or  at  other 
suitable  surfaces. 

Conclusions. 

1.  A  Crookes  tube  enclosing  a  continuous  conductor  is  well 
suited,  with  the  employment  of  high  electromotive  force,  for 
the  study  of  electric  lines  of  induction. 

2.  The  direction  of  the  so-called  ar-rays  and  cathode-rays 
can  be  changed  by  electric  induction. 

3.  The  so-called  ar-ray  bum  can  be  produced  by  an  intense 
state  of  electrification. 

•  L.  Graetz,  Wied.  Ann,  No.  10,  1897,  p.  82a 
t  Karl  Robert  Klein,  ^id,  p.  259. 
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4.  The  so-called  cathode-rays  and  x-rays  are  given  off  from 
every  element  of  a  continuous  conductor  at  a  high  stage  of 
the  vacuum  in  a  Crookes  tube,  both  when  this  conductor 
constitutes  the^  cathode  and  when  it  forms  the  anode  of  the 
electrical  circuit.  The  term  electric  rays,  possibly  rays  of 
polarization,  would  appear  to  be  more  comprehensive  than 
the  terms  cathode-rays  and  a^-rays. 

Jefferson  Physical  Laboratory, 
Harvard  University,  Cambridge,  U.S.. 


XX.   On  the  Photography  of  Ripples. — Second  Paper. 
By  J.  H.  Vincent,  B.Sc,  AM.C.Sc* 
[Plates  XX.-XXII.] 

IN  a  former  paper  f^  an  apparatus  was  described  by  which 
the  photographs  accompanying  the  paper  were  obtained. 
In  continuing  the  photograpnic  method  of  recording  experi- 
ments on  ripples^  the  same  principles  have  been  employed. 
That  is  to  say,  the  light  which  fell  on  the  mercury  surface 
was  rendered  parallel  before  incidence,  and  only  that  light 
which  was  reflected  in  a  parallel  beam  was  allowed  to  fall  on 
the  sensitive  plate. 

But  in  order  more  faithfully  to  reproduce  the  phenomena, 
it  appeared  that  light  of  practically  normal  incidence  should 
be  employed.  This  was  brought  about  by  using  onlv  one 
large  condensing  lens,  and  by  placing  the  first  spark-gap 
(f .  e.  the  one  which  furnishes  the  light  to  take  the  photographs) 
close  to  the  brass  mounting  of  the  camera  lens.  The  camera 
was  thus  pointing  vertically  downwards,  and  was  so  placed 
that  the  vertical  projection  of  the  lens-stop  and  the  first 
spark-gap  fell  equidistant  from,  and  on  opposite  sides  of,  the 
centre  of  the  condensing  lens. 

The  camera  lens  was  provided  with  an  iris  diaphragm* 
The  stop  used  was  F  64  except  where  otherwise  stated. 

It  was  i'ound  that  the  time  of  duration  of  the  spark  was  not 
unduly  increased  by  the  use  of  magnesium  terminals.  The 
focal  lengths  of  the  front  achromatic  lens  of  the  camera 
combination  and  of  the  condensing  lens  were  determined  for 
blue  light,  and  the  large  lens  was  placed  at  a  calculated 
distance  from  the  camera,  so  that  the  light  from  the  spark-gap 
W98  brought  to  a  focus  on  the  centre  of  the  lensHstop. 

In  selecting  a  position  in  the  laboratory  to  set  up  the 
apparatus  the  desirable  conditions  are  those  of  steadiness  ancl 

•  Communicated  by  Prof.  J.  J.  Thompson,  F.K.S. 
t  PLil.  Mag^.,  June  1897 ;  Proc.  of  Phye.  Soc.,  July  1897, 
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dryness.  The  latter  was  sacrificed  to  obtain  the  former,  and 
the  apparatus  was  set  up  in  a  cellar  with  a  concrete  floor  and 
bricked  roof.     The  disadvantage   of  the  induction-machine 

Diagram  of  Apparatus. 
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giving  trouble,  owing  to  the  damp,  was  amply  compensated 
by  the  advantage  of  having  a  steady  roof.  This  allowed 
of  the  suspension  of  the  trough  from  the  roof  by  a  string  ; 
the  annoyance  due  to  the  gradual  stretching  of  a  rubber  cord 
was  thus  avoided. 

Description  of  Photographs. 

The  figures  are  about  ^  natural  size,  with  the  exception  of 
figs.  6  and  7  which  are  |  natural  size. 

A  number  of  photographs  were  taken  to  test  whether  it 
was  possible  to  avoid  suspending  the  trough.  Even  when 
the  motor  and  induction-machine  were  placed  upon  soft 
rubber  bungs,  the  vibration  was  still  so  strong  as  to  cause  the 
surfiice  of  the  mercury  to  appear  furrowed  in  directions 
parallel  to  the  sides  of  the  trough  ;  this  was  not  much  remedied 
by  placing  the  trough  on  soft  felt  pads.  When  the  motor 
was  driven  slowly,  and  the  table  on  which  the  trough  stood 
was  agitated  by  the  vibration  of  a  fork,  the  phenomena  became 
regular  as  shown  in  fig.  1 . 

Fig.  1.— Frequency  236. 

The  ripples  due  to  the  sides  of  the  trough  are  of  two  kinds. 
The  small  ones  are  those  caused  by  the  fork  and  the  large 
ones. are  caused  by  the  shaking  of  the  table  by  the  motor  and 
induction-machine. 

Fig.  2. — The  disturbance  is  here  caused  by  stamping  with 
the  foot  on  the  concrete  floor  on  which  the  table  stands. 

Fig.  3.— Frequency  60. 

The  trough  having  been  suspended,  the  mercury  surface  is 
now  free  from  waves  due  to  adventitious  causes.  The  figure 
shows  a  point  source  and  its  image  equidistant  from  the 
circular  mirror. 

The  production  of  conjugate  foci  with  ripples  is  u  matter 
of  some  diflBculty.  (No  example  of  conjugate  foci  was  given 
in  the  first  paper.)  This  is  owing  to  a  phenomenon  which 
often  accompanies  the  reflexion  of  ripples ;  a  focus  may 
appear  in  a  position  not  in  accordance  with  the  laws  of 
reflexion,  or  a  normal  focus  may  be  accompanied  by  a  number 
of  points  having  the  appearance  of  foci.  This  would  occur 
if  the  waves  on  reflexion  were  split  up  into  several  sets  of 
different  wave-length,  one  set  having  the  wave-length  of  the 
incident  waves. 

Fig.  4. — Frequency  60. 

This  illustrates  the  abnormal  foci  referred  to  above.  There 
are  two  or  perhaps  three  of  these  to  the  left  of  the  normal 
focus.     That  the  focus  which  is  the  most  obvious  is  really  the 


Digitized  by 


Google 


194  Mr.  J.  H.  Vincent  on  the 

normal  one  is  proved  by  its  obeying  the  formula 

1+1  =  1 

The  calculated  length  of  v  on  the  negative  was  3  99  cm. 
It  actually  measured  405  cm. 

Fig.  5. — Frequency  120. 

This  is  from  a  negative  taken  with  the  first  form  of  apparatus. 
The  source  is  placed  at  the  centre  of  curvature  of  the  circular 
mirror  and  we  should  expect  to  find  no  focus  conjugate  to 
the  source.  But  there  is  a  well-defined  centre  of  a  series  of 
concentric  circles  ;  this  centre  is  distant  from  the  mirror  less 
than  half  the  radius  of  curvature ;  no  real  source  can  have 
such  a  conjugate  focus  if  the  ripples  obey  the  ordinary  laws 
of  reflexion.  For .  a  normal  focus  to  be  formed  in  this 
position  it  would  be  necessary  to  allow  a  series  of  circular 
ripples  to  impinge  on  the  reflector  in  such  a  way  that  the 
centre  of  the  contracting  circles  should  be  behind  the  mirror. 
The  sides  of  the  trough  are  rectilinear,  and  the  virtual  images 
of  the  source  due  to  the  sides  of  the  vessel  are  outside  the 
trough. 

From  figs.  1  and  2  we  see  that  no  casual  trepidation  is 
likely  to  cause  curvilinear  waves.  Perhaps  these  spurious 
foci  are  positions  of  maximum  disturbance  consequent  upon 
the  interference  of  the  ripples  from  all  the  real  and  virtual 
sources. 

Fi^.  6.— Frequency  236. 

This  is  another  illustration  of  conjugate  foci.  The  reflector 
was  accurately  elliptical.  It  does  not  look  so  in  the  figure, 
owing  to  the  whole  of  the  enclosed  area  not  being  photographed, 
due  to  slight  curvature  of  the  surface  near  the  boundary. 
The  reflector  was  cut  out  of  thin  ebonite.  The  plate  was 
floated  in  the  mercury  and  was  then  buoyed  up  by  under- 
lying chips  of  wood  until  the  mercury  surface  was  as  plane 
as  could  be  arranged.  If  this  is  not  attended  to,  little 
reflexion  occurs  at  the  edge. 

The  source  can  be  distinguished  by  the  style  of  glass,  which 
shows  as  a  block  mark  on  the  print.  The  image  is  approxi- 
mately at  the  other  focus  of  the  ellipse.  This  is  an  interesting 
ease  of  conjugate  foci  and  reminds  us  that  the  principle  of 
least  time  is  really  the  principle  of  maximum  or  minimum 
time. 

Fig.  7.— Frequency  236. 

If  the  source  is  placed  at  the  centre  of  the  ellipse,  the 
surface  of  the  mercnry  becomes  so  furrowed  by  the  large 
number  of  ripples  going  in  different  directions  that  it  is, 
regarded  as  a  whole^  almost  dark  on  the  ground  glass  of  the 
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camera.  The  phenomena  were  also  so  comph'cated  that  no 
regularity  was  observable.  By  opening  the  lens-stop  we  may 
in  effect  smooth  down  the  less  violent  ripples,  and  thus 
obtain  a  photograph  which  shows  a  regular  ditfraction-pattem. 
(Stop  F  16  was  used.) 

The  bright  bands  are  lines  of  minimum  disturbance  pro- 
duced by  the  interference  between  the  direct  waves  from  the 
centre  and  the  reflected  waves  from  the  ends  of  the  ellipse. 

Two  foci  conjugate  to  the  centre  are  seen  near  each  end  of 
the  ellipse.  Let  us  assume  that  the  portions  of  the  ellipse 
which  are  most  concerned  in  deciding  the  position  of  these 
foci,  are  closely  adjacent  to  the  extremities  oi  the  major  axis, 
and  calculate  the  distance  of  the  foci  from  the  centre  on  this 
assumption.     This  distance  is 

using  the  ordinary  notation.  From  the  known  dimensions  of 
the  ellipse  and  the  scale  of  reduction  of  the  photograph  ('765) 
this  distance  becomes  1'315  centim.  On  measuring  the  ne- 
gative the  value  1*30  centim.  was  obtained. 

Fig.  8. — Frequency  236. 

A  comb  of  ten  teeth  was  used  to  agitate  the  surface.  The 
points  were  in  the  same  straight  line  and  equally  spaced.  The 
distance  between  the  centres  of  the  teeth  at  each  end  was 
3*18  centim. 

The  print  shows  that  such  a  comb  behaves  like  a  diffraction- 
grating.     The  length  of  a  bar  and  slit  on  the  negative  is 

3-18  X -765      ^- 

^ =-27  centim. 

The  wave-length  (on  the  negative)  is  '105  centim.  Thus  the 
direction  of  normals  to  the  rectilinear  waves  due  to  refraction 
is  given  by 

•105n  =  -27sintf«, 


or 


n=  2-57  sin  tf„ 


where  n  is  the  order  of  the  spectrum.  Thus  the  greatest 
value  n  can  have  is  2;  and  we  could  not  expect  to  find 
evidence  of  more  than  five  sets  of  linear  waves  on  the  photo- 
graph. At  a  distance  from  the  comb  the  central  band  can  be 
made  out.  This  corresponds  to  the  undiffracted  image  one 
sees  when  looking  through  an  ordinary  grating.  On  either 
side  of  this  band  the  first  diffracted  band  is  seen.  The  angle 
between  the  linear  waves  in  these  bands  was  measured  with  a 
protractor  and  found  to  be  49°.  Thus  tfi  =  24'5.  This  is  in 
fair  accord  with  theory,  which  gives  di^si^P. 
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Fig.  9.— Frequency  236. 

In  this  figure  we  have  the  analogue  of  a  zone-plate  in  optics. 
The  mercury  was  ngitated  by  a  card  cut  to  represent  a  median 
section  of  a  circular  zone-plate.  The  central  portion  was 
2  centim.  long.  This  was  bounded  on  each  side  by  a^  space 
v2—  Vr.  Then  followed  a  length  of  uncut  edge  VS^  \/2 
centim.  long,  and  so  on.  It  need  hardly  be  remarked  that 
the  efibct  at  the  focus  is  not  twice  that  of  the  uncut  edge,  as 
it  would  be  if  we  were  dealing  with  areal  sources,  as  in  light. 

The  focal  distance  as  measured  on  the  negative  is  about 
5*5  centim.,  and  \  measures  '115  centim.  The  half*periods 
are  successively  nA^,  ^:£Kdj  &c.;  whence 

•765=  ^/Xd, 
or  dss5*l  centim. 

Fig.  10.— Frequency  60. 

The  focal  lengfch  of  a  zone-plate  is  less  for  red  light  than 
for  blue.  The  corresponding  effect  is  shown  in  this  figure. 
(Stop  F  22.) 

Fig.  11. — Frequency  60. 

In  attempting  to  produce  refraction  of  ripples  many  methods 
naturally  suggest  themselves.  One  of  the  most  obvious  is 
that  of  sending  ripples  from  a  deep  to  a  shallow  portion  of 
liquid.  But  m  order  to  considerably  affect  the  velocity  of 
propagation,  it  is  necessary  to  have  the  depth  of  the  shallow 
portion  only  a  small  fraction  of  the  wave-length.  Now 
mercury  wiU  not  allow  itself  to  be  spread  out  on  a  surface  it 
does  not  wet  to  a  less  depth  than  about  3  millim.  This  diffi- 
culty can  bo  overcome  by  amalgamating  the  surface  of  a  piece 
of  metal  and  fixing  it  in  the  trough. 

Experiments  by  this  method  have  been  unsuccessful.  The 
ripples  move  onwards  into  the  shallow  region  up  to  a  certain 
depth  without  change  of  wave-length ;  then  they  are  apparently 
quenched,  and  the  very  shallow  parts  appear  quite  unHfifected 
by  the  disturbance  in  the  rest  of  the  liquid. 

The  figure  shows  another  method  of  refracting  ripples. 
The  kinematic  surface-tension  and  the  effective  value  of 
gravity  are  both  lowered  when  the  surface  is  covered  with 
water.  A  triangle  of  water  was  made  on  the  mercury  and 
kept  in  position  with  glass  stvles  at  the  comers.  The  glass 
styles  were  attached  to  the  sides  of  the  trough. 

Rectilinear  waves  are  sent  through  the  triangle  and  are 
bent  towards  the  base  on  entrance  and  emergence.  The 
effect  is  analogous  to  but  very  much  less  marked  than  in  the 
case  of  light  passing  through  a  glass  prism. 

Fig.  12. — Frequency  6(>. 

The   three   black    circular    patches   are    drops    of  water 
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placed  on  the  mercury  near  together,  and  such  that  ufiWP* 
centres  are  on  a  normal  to  the  waves,  which  are  rectilinear 
before  passing  under  the  drops ;  but  the  portions  of  the  waves 
which  pass  under  the  water  are  delayed,  and  on  emergence  a 
distinct  bending  is  produced. 

There  is  a  white  mark  on  each  of  the  photographs  of  the 
drops.  These  are  photographs  of  the  virtual  image  of  the 
spark  in  the  convex  water  surfaces.  This  shows  that  the 
ripples  pass  only  on  the  mercury,  and  do  not  disturb  the 
water  surface. 

The  Cavendisb  Laboratory, 
Cambridge. 

Errahim. 

In  the  first  paper  on  this  subject  (Phil.  Mag.  June,  1897) 
an  error  occurs  in  the   description  of  fig.  5  (page  416). 

For  **half"  read  ^  ^  _*     This  fraction  equals    -  to  four 

i&  V  2  Z'o'zi) 

significant  figures.      The  fraction  obtained  from   measure- 
mente  of  the  negative  is  ^tfttq- 

XXI.  Measurements  concerning  Radiation- Phenomena  in  the 
Magnetic  Field, — (I.)     By  Dr.  P.  Zbbman*. 

1.  TN  §  12  of  my  paper  on  "  Doublets  and  Triplets  "f  I 
X  mentioned  alreadv  that  I  was  occupied  in  phote- 
graphing  the  spectrum  of  a  source  of  light  placed  in  a  mag- 
netic field.  However,  it  was  not  until  October  last  that  good 
photographs  of  the  characteristic  phenomena  were  obtained  ; 
some  specimens  were  shown  at  the  October  meeting  of  the 
Amsterdam  Academy }.  In  order  to  study  further  quantita* 
lively  the  radiation-phenomena  in  the  magnetic  field  I  have 
made  the  following  measurements.  For  purposes  of  measure- 
ment there  are  several  advantages  in  photographing  the  outer 
components  of  the  magnetic  triplets,  quenching  the  light  of 
the  middle  line  by  means  of  a  nicol.  By  this  latter  device  §  we 
also  are  enabled  to  measure  accurately  the  magnetic  efieot  in 
lines  not  entirely  separated  into  triplets. 

*  Communicated  by  Dr.  Oliver  J.  Lodge,  F.B.S, 

t  Pbil.  Mag.  adiv.  pr».  66,  255  (1897). 

X  Cf,  *  Nature,*  vol.  Ivii.  p.  192.  Tbat  it  is  not  veiy  easv  to  pbotograph 
tbe  cbaiacteristic  phenomena  is  shown  by  a  paper  m  '  Nature '  (vol.  Ivi. 
p.  420).  Tbe  authors  obtained  only  negative  results.  Mr.  Prestox}, 
working  apparently  with  the  same  grating,  has  quite  recently  succeeded 
m  actu&Qy  photographing  all  the  appearances  I  have  describea  ('  Nature,' 
vol  Ivii.  p.  173.) 

§  And  also  by  tbe  method  of  Comu  (C,R.  Oct.  18, 1897)  and  Koniir 
(Wied.  Ann,  Bd.  Ixii.  p.  240, 1897). 
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I  have  measured  negatives,  obtained  by  means  of  a  Bowland 
grating,  using  electrodes  of  various  metals  and  a  very  strong 
field.  The  measurements,  however,  only  refer  to  a  relatively 
small  part  of  the  spectrum.  I  regret  that  it  is  not  greater. 
Much  time  was  lost  because  the  grating  was  not  mounted  in 
the  manner  of  Rowland,  the  various  parts  of  the  apparatus 
not  being  ready  in  time.  Grating  and  camera-box  were 
placed  upon  separate  stands  ;  it  was  now  necessary  to  find 
the  position  of  slit,  grating,  and  camera-box  for  each  part 
of  the  spectrum  by  a  laborious  process  of  error  and  trial.  The 
dimensions  of  the  camera-box  permitted  only  the  use  of  plates 
13  or  18  centim.  long.  The  results  of  this  paper  are  hence 
to  be  regarded  only  as  preliminary.  I  intend  to  go  over  the 
measurements  once  more  and  to  make  negatives  of  the  whole 
spectrum,  using  a  larger  grating  and  the  new  apparatus,  just 
now  finished. 

2.  Measurements  of  the  distance  between  the  outer  compo- 
nents of  the  triplet  will  also  put  to  test  the  possible  hypothesis, 
that  it  is  only  one  kind  of  ions,  having  charges  proportional  to 
their  effective  masses,  that  are  free  to  vibrate  in  the  atom  or 
molecule.  On  such  an  hypothesis,  in  a  definite  field  the  inter- 
vals between  the  outside  components  of  the  triplets  should  be 
(measured  in  change  of  wave-length)  proportional  to  the 
square  of  the  wave-length  or  (measured  in  difference  of  fre- 
quency) the  same  for  all  lines  of  the  spectra  of  all  substances*. 
The  measurements  communicated  prove  that  for  different 
substunoes  the  magnetic  change  is  at  least  of  the  same  order 
of  magnitude,  and  certainly  not  directly  dependent  upon  the 
atomic  weight.  The  variation  of  the  phenomenon  with  wave- 
lengthy  however,  seems  more  complicated  than  follows  from 
the  hypothesis  mentioned,  and  in  fact  in  Lorentz's  theory 
there  is  no  a  priori  reason  to  be  given  for  its  probability  f. 

3.  The  Rowland  grating  used  was  one  of  radius  6  feet 
and  14,438  lines  to  the  inch.  The  second  spectrum  was  used 
in  most  cases.  With  a  medium-sized  induction-coil  and  one 
large  leyden-jar  twenty  minutes  exposure  was  sufficient  in  the 
most  sensitive  part  of  the  spectrum.  Pure  metals  were  used 
as  electrodes.  In  each  position  of  the  apparatus  always  two 
(and  often  several)  negatives  were  taken,  one  with  and  one 
without  the  magnetic  field.  The  plates  used  were  Cadett  and 
Neal  and  Marion  instantaneous ;  they  were  developed  with 
hydroquinone.  In  some  photochemical  difficulties  Dr.  Ernst 
Cohen  was  kind  enough  to  give  me  his  assistance. 

•  Becquerel,   C.  It.  Nov.  8,  1897 ;   Lannor,  Phil.  Mag.  vol.  xliv. 
p.  603,  §  4  (1897). 
t  Loieatz,  Wied.  Arm.  Bd.  Ixiii.  p.  278  (1897) ;  Lannor,  /.  e.  p.  606. 
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The  lines  on  the  plates  were  identified  by  comparison  with 
the  solar  spectrum.  The  negatives  were  measured  on  an 
ordinary  dividing-engine,  with  a  microscope  reading  directly 
to  jo(j  of  a  millimetre,  or  by  estimating  the  tenths  of  divisions 
on  the  head  to  ^  ^^j^  of  a  millimetre.  The  accuracy  of  the 
measurement  of  the  interval  between  the  components  of 
course  largely  varies  with  the  mebil  used  as  electrode.  In  a 
spectrum  with  sharp  lines,  for  instance  that  of  zinc  or  cad- 
mium, this  interval  can  be  measured  with  an  accuracy 
exceeding  that  of  the  magnetic  measurements  in  our  case. 
In  the  case  of  other  substances,  for  instance  copper  or  tin,  the 
lines  are  so  hazy,  or  of  so  small  intensity,  that  it  is  only 
possible  to  make  an  estimation. 

As  an  example  of  the  accuracy  obtained  when  magnetic 
triplets  resulting  from  bright  sharp  lines  are  measured  by 
means  of  the  microscope  of  the  dividing-engine,  I  will  give 
some  measurements  concerning  the  line  4722  of  the  spectrum 
of  zinc.  The  numbers  in  the  following  table  are  the  readings 
(lAo  ^^  *  millimetre)  on  the  head  of  a  micrometer-screw  when 
the  first  and  the  second  component  respectively  was  under  the 
wire. 

Determination  of  Distance  between  the  Outer  Components  of 
the  Triplet.     (Zinc,  X=4722.) 
Component  I.  Component  II. 

28-8  49-8 

28-8  48-7 

28-9  49-9 

282  49-5 

28-8  48-7 

28-2  48-9 

Mean 28*6  49-3 

Difference  =20*7  x  ^J^  millim. 

The  negative  was  taken  in  the  second  spectrum.  On  the 
negative  1  millim.  corresponded  to  about  4'41  Angstrom- 
units. 

The  following  results  were  obtained  concerning  lines  in  the 
blue,  violet,  and  ultra-violet  part  of  the  spectrum. 

4.  Zinc, — ^The  following  tables  contain  under  \  the  wave- 
lengths of  the  spectral  lines.  The  meaning  of  the  diffbrent 
columns  will  be  clear  from  the  headings.  The  intensity  H  of 
the  magnetic  field  was  measured  by  means  of  a  bismuth  spiral. 
There  is  a  slight  uncertainty  in  the  value  of  H,  the  tempe- 
rature-coefficient of  the  bismuth  wire  not  being  accurately 
known. 
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Distance  between 

components  in 

Scale  of 

Order  of 

X. 

TJ^i^millim. 

negative. 

spectrum. 

H. 

4811 

18-6 

I  millim. 

2 

32 .  10» 

4722 

20-7 

=  4-41  A.U. 

4680 

25-1 

3345 

Imperceptible 

1  millim. 

3 

32.10» 

3303 

=  2-94  A.U. 

3282 

"o" 

It  appears,  as  is  also  indicated  in  the  table,  that  some  lines 
are  not  changed  under  the  influence  of  the  field^  or  at  least  so 
little  that  the  magnetic  change,  if  it  exists,  is  extremely 
small*.  It  deserves  to  be  noted  that  between  the  first  three 
lines  in  the  table  clearly  showing  the  magnetic  change,  and 
the  last  three  not  showing  it,  there  exists  also  another  inter- 
esting difference.  Indeed,  the  first  are  the  group  of  three 
lines  resulting  from  Kayser  and  Kunge's  second  subor- 
dinate series  for  the  value  3  of  the  coefficient  n  in  their 
formula  t.  The  second  group  of  three  lines  follows  from  the 
first  subordiDate  series,  n  being  4.  Further  inquiry  must 
decide  whether  all  lines  of  the  first  series  are  not  influenced, 
only  those  of  the  second  being  changed. 

5.  Cadmium, — 

Distance  between 
components  in  Scale  of    -         Order  of 

X.  ris^iiiiUim.  negative.  spectrum.  H. 

4800  22-0  1  millim.  2  32 .  10« 

4678  24-2  =4-41  A.U. 

These  are  lines  of  Kayser  and  Runge's  second  subordinate 
series  J,  n  being  3  {cf.  zinc).  The  line  5086,  also  of  this  series, 
unhappily  could  not  be  measured,  being  situated  too  near  the 
border  of  the  nerative. 

6.  Copper. — The  lines  of  the  copper  spectrum  are,  at  least 
between  4800  and  4300*,  so  hazy  that  they  could  not  be 
measured.  A  rough  estimation  of  some  lines  gave  about 
30  hundredths  of  a  millimetre  for  the  distance  between  the 
components. 


H. 
32.10» 


•  Cy.  Lorentz, /.  c.  p.  284. 

t  Kayser  u.  Runge,  Wied.  Aw^.  Bd.  xliii.  p.  394  (1891). 

X  Kayser  u.  Runge,  /.  c.  p.  399. 


7.  Tm.— 

components  in 

SoAle  of 

Order  of 

X.            -lU  millim. 

negative. 

spectrum. 

4585             ±35 

1  millim. 

2 

4525     Imperceptible 
4447             ±  ? 

=  4-46  A.U. 

4184             +  ? 
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The  lines  of  the  tin  spectrum  are  very  feeble.  With  the 
magnetic  field  off,  the  lines  indicated  in  the  table  all  clearly 
appeared  on  the  negative  after  an  exposure  of  15  minutes. 
Exposing,  however,  with  the  field  on,  only  the  first  two  lines 
were  on  the  plate,  notwithstanding  that  the  time  of  exposure 
was  prolonged  to  23  minutes,  the  other  circumstances  being  the 
same  as  before.  Apparently  the  first  and  the  last  two  lines 
undergo  a  magnetic  change ;  the  last  lines  (being  the  feeblest) 
did  not  impress  their  components  on  the  plate.  The  com- 
ponents of  4585  were  so  feeble  that  they  disappeared  if  looked 
at  through  the  microscope.  For  this  reason  I  have  made  a 
scratch  at  each  of  the  components  by  means  of  a  needle^  and 
have  measured  the  distance  of  these  scratches. 

Amsterdam,  Decomber  31, 1897. 


XXII.  Notices  respecting  Neto  Books. 

The  *Opus  Majus*  of  Roger  Baeon^  edited,  with  Introduction  and 
Analytical  Table,  by  John  Hbnbt  Bbldges  (vol.  i.  pp.  188+404, 
vol.  ii.  pp.  568).     Oxford :  Clarendon  Press. 

^^T>OGEE  BACON,  Tun  des  plus  puissants  genies  du  Moyen 
-'-^  &ge,  occupe  le  premier  rang  parmi  les  promoteurs  de  la 
renaissance  generale  des  lettres  et  des  sciences.  U  contribua 
particuli^rement  aux  progr^  des  Mathematiques  en  montrant, 
dans  plusieurs  de  ses  ouvrages  (Op.  Maj.:  quatri^me,  cinqui^me  et 
sixieme  parties),  le  rang  qu'elles  tiennent  dans  Tensemble  des  con- 
naissances  humaines,  et  les  secours  qu'elles  peuvent  procurer  dans 
toutes  les  recherches  scientifiques,  dont  elles  sent  le  fondement. 
Son  Optique  contient,  comme  tout  le  monde  le  sait,  de  savants 
apergus  et  des  decouvertes  reelles  en  theorie,  et  I'invention  de  plu- 
sieurs instruments  devenus  de  la  plus  haute  utilite.  Ses  connais- 
sances  en  Astronomie  lui  firent  reconnaitre  les  erreurs  du  calen- 
drier,  dont  il  con^ut  la  reformation.  Le  calendrier  qu'ii  calcula,  et 
qui  est  reste  manuscrit,  se  distingue  par  sa  correction  et  par 
I'usage  des  chiffres  arabes,  qui  sont  les  memes  que  ceux  de  Sacro 
Bosco/'  So  writes  Chasles  in  his  AperQu  (p.  517),  and  the  same 
verdict  is  pronounoed  by  Hallam  and  other  writers  whom  we  have 
cansulted. 

"  The  13th  century,  an  age  peculiarly  rich  in  great  men,  pro- 
duced few,  if  any,  who  can  take  higher  rank  than  Boger  Bacon. 
He  is  in  every  way  worthy  to  be  placed  beside  such  thinkers  as 
Albertus  Magnus,  Bonaventura,  and  Thomas  Aquinas  '*'  (Encyc. 
Britannied).  The  same  writer  quotes  Diihring  to  the  effect  that 
Bacon  was  not  appreciated  by  his  age  because  he  was  so  completely 
in  advance  of  it ;  he  is  a  16th  or  17tb  century  philosopher,  whose 
lot  has  been  by  some  accident  cast  in  the  13th  century ;  he  is  no 
schoolman,  but  a  modern  thinker,  whose  conceptions  of  science 
are  more  just  and  clear  than  are  even  those  of  his  more  celebrated 
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namesake.      With  this  agrees  Hallam's  remark,  '*  the  mind  of 
Boger   Bacon  was   strangely  compounded   of   almost   prophetic 
gleams  of  the  future  course  of  science,  and  the  best  principles  of 
the  inductive  philosophy,  with  a  more  than  usual  credulity  in  the 
superstitions  of  his  own  time  "  (*  Literary  History,'  pt.  i.  cap.  ii.). 
The  present  editor  adduces  the  extreme  rarity  of  Jebbs's  edition 
(1733) — which  was  reprinted  seventeen  years   subsequently  in 
Venice — as  a  sufficient  reason  for  this  new  edition.    The  Introduc- 
tion contains  a  life  of  Bacon  (pp.  xxi-xxxvi),  a  discussion  of  Bacon's 
position  in  the  metaphysical  controversies  of  the  13th  century 
(pp.  xxxvi-xliii),  an  account  of  his  "Scriptum  principale**  (pp.  xliii- 
xlviii),  of  his  Philology  (pp.  xlviii-lii"),  and  of  his  Mathematics 
(pp.   Iv-lix).     ^^  It  would  seem  that   Bacon  had  made  himself 
acquainted  with  the  highest  mathematics  of  his  time ;   though  no 
evidence  is  forthcoming  to  show  that  he  contributed  personally  to 
the  advance  of  the  science,  otherwise  than  by  strongly  insisting  on  its 
culture,  and  by  pointing  out  new  fields  for  its  practical  application, 
in  the  better  government  of  the  Church,  and  in  the  development  of 
industry.    His  interest,  like  that  of  Qalileo,  lay  in  applied  rather 
than  in  abstract  mathematics."    Bacon  says  ''  Scientiarum  porta  et 
clavis  est  Mathematica."    The  introduction  further  gives  an  account 
of  Bacon's  Astrology  (pp.  lix-lxv),  of  his  views  of  the  Propagation 
of  Force   (pp.   Ixv-Ixia),  of  his  Optics  (pp.   Ixix-lxxiv),   of   his 
Alchemy,  of  his  views  on  experimental  science  and  on  Moral  Phi- 
losophy (pp.  Ixxix-lxxxviii),  concluding  with   an  account  of  the 
general  characteristics  of  the  Opus  Majue  (pp.  Ixxxviii-xcii).     "  It 
appears  on  the  surface  that  Bacon  belongs  to  the  order  of  thinkers, 
typified  by  Pythagoras  rather  than  by  Aristotle,  who  engage  in 
speculation,  not  for  its  own  sake  alone,  but  for  social  or  ethical 
results,  that  are  to  follow ....  In  wealth  of  words,  in  brilliancy  of 
imagination,  Francis  Bacon   was  immeasurably  superior.      But 
Boget  Bacon  had  the  sounder  estimate  and  the  firmer  grasp  of  that 
coDibination  of  deductive  with  inductive  method  which  mark  the 
scientific  discoverer.     Finally,  Francis  Bacon  was  of  his  time  ;  with 
Boger  Bacon  it  was  far  otherwise." — Before  the  text,  an  account  of 
which  is  given  in  the  preface  (pp.  vii-xix),  comes  an  excellent 
analysis  of  the  Opus  Majus  (pp.  xciii-<jlxxxvii.)    This  is  of  great 
utility  for  a  study  of  the  work.     The  editor's  sufficient  reason 
is  stated  above,  he  adduces  as  a  more  cogent  reason  the  fact  that 
Jebbs's  edition  is  incomplete.    Here  we  regret  to  find  that  re- 
viewers who  have  had  access  to  the  MSS.,  some  additional  to  those- 
consulted  by  our  author,  join  issue  with  him,  and  so  far  from 
pronouncit)g  it  to  be  the  definitive  edition  which  has  been  looked 
for,  pronounce  it  to  be  "full  of  gross  errors."    We  close  with 
statiug  another  good  point,  viz.,  that  there  is  an  Index  at  the  end. 

Applied   Mechanics.       By    John    Pebet,    M.E.y  D.Sc.,   F.R,S., 

Professor  of  Mechanics  and  Mathematics  in  the  Hoyal   College 

of  Science^  London,     London :  Cassell  &  Co.,  1897. 

It  may  safely  be  said  that  no  teacher  of  engineering  is  more 

anxious  that  the  subject  should  be  properly  taught,  and  has  given 
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more  attention  to  discovering  better  methods  of  instruction,  than 
Professor  Perry.  The  present  treatise  is  therefore  the  result  of 
great  experience  and  much  experiment  in  educational  method,  and 
as  such  it  is  addressed  to  the  teacher  as  well  as  to  the  student  of 
the  subject.  According  to  the  author — and  erery  teacher  of  any 
experimental  science  will,  doubtless,  agree  >ftith  him — no  course  of 
instruction  in  applied  mechanics  can  be  considered  complete  or 
even  satisfactory,  which  does  not  include  a  considerable  amount  of 
laboratory  practice.  Laboratory  work  will,  however,  have  a  far 
greater  educational  value  if  it  be  performed  with  apparatus 
possessing  such  imperfections  as  are  present  in  actual  machinery. 
The  student  should  not  only  learn  the  simple  laws  of  mechanics, 
but  he  ought  to  investigate  for  himself  how,  why,  and  to  what 
extent  these  simple  laws  are  departed  from  in  practical  con- 
trivances. Tor  example,  the  familiar  Atwood's  machine  should 
be  devoid  of  friction-wheels,  and  its  pulley  should  be  a  heavy 
one;  the  student  will  then  be  able  to  study  and  allow  for  the 
effects  of  friction,  and  he  will  learn  much  concerning  the  dynamics 
of  rotation.  To  teachers  of  physics  this  may  appear  at  first  sight 
quite  heterodox,  but  it  must  be  borne  in  mind  that  physical  and 
engineering  laboratories  perform  different  functions ;  in  the 
former  natural  laws  are  learned  and  verified,  and  the  physical 
properties  of  substances  are  measured,  while  in  the  latter  the 
student  is  taught  the  application  of  these  laws  and  substances 
to  the  requirements  of  everyday  life.  The  engineer  may  therefore 
assume  the  truth  of  his  formulso ;  it  is  the  duty  of  the  physicist 
and  the  mathematician  to  establish  and  prove  them. 

The  author  experienced  difficulties  in  teaching  applied  mechanics 
on  account  of  his  students'  ignorance  of  the  rudiments  of 
differential  and  integral  calculus,  and  eventually  was  obliged  to 
include  these  among  the  subjects  of  his  course  of  lectures.  We 
know  of  one  college  where  the  same  difficulty  is  felt  in  connexion 
with  the  physics  course,  and  doubtless  there  are  other  cases, 
liaving  regard  to  the  increasing  importance  of  science  subjects 
and  of  applied  mathematics,  it  appears  very  desirable  that  the 
teachers  of  mathematics  in  schools  should  be  asked  and  encouraged 
to  alter  the  order  in  which  their  subject  is  taught,  so  as  to  give 
an  earlier  and  more  prominent  place  to  the  elements  of  the 
calculus.  The  Science  and  Art  Department  might  possibly  assist 
matters  by  introducing  the  calculus  into  the  syllabus  of  their 
examinations  at  some  stage  earlier  than  the  sixth ;  the  difficulty 
will,  however,  not  be  completely  removed  until  those  who  direct  • 
school  education  recognize  to  a  much  greater  extent  the  necessity  for 
increasing  the  amount  of  time  devoted  by  the  scholars  to  mathe- 
matical studies. 

The  subjects  treated  in  the  Yolnme  cover  a  wide  range,  and 
it  is  full  of  suggestion  both  to  teacher  and  student,  while  the 
characteristic  manner  in  which  the  author  gives  ad  vice  and  caution 
seems  to  bring  the  reader  into  personal  contact  with  him,  and 
completely  distinguishes  his  treatise  from  any  of  the  ordinary 
text-bookfl.  J.  L.  II. 
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15  Lezioni  Sperimentali  su,  la  Luce  consider ata  come  Fenomeno 
Elettromagnetico,  By  A.  GarbasRO,  Lecturer  in  the  University  of 
Pisa.     Milan :   Publishers  of  U Elettricitd,  1897. 

Jn  1895  the  author  delivered  a  course  of  lectures  in  the  University 
of  Turin,  on  light  considered  as  an  electromagnetic  phenomenon. 
The  book  before  us  contains  an  account  of  the  experimental 
portion  of  these  lectures ;  it  deals  with  the  researches  of  Hertz 
and  his  successors,  and  describes  the  principal  experiments  in  the 
form  in  which  they  were  repeated  by  the  author  in  his  lectures. 
The  volume  contains  over  100  illustrations,  the  majority  of  which 
are  of  very  poor  quality  and  several  almost  unintelligible.  The 
experiments  are  fairly  well  described,  but  the  work  suffers  greatly 
by  the  omission  of  the  non-experimental  parts  of  the  subject. 

J.  L.  H. 


XXIII.  Intelligence  and  Miscellaneous  Articles. 

ON  REAL  AND  APPARENT  FREEZING-POINTS  AND  THE  FREEZING- 
POINT  METHODS.      BY  MEYER  WILDERMANN,  PH.D.* 
Errata. 
For  solid  solvend  always  read  solidified  solvent. 

„   C^O-OOa"^"'         „         C=0-003  X  2-3026"^"*. 

„   K>6  „         K>6x 2-3026. 

„   C"=14  or  15  „         C"=14  (or  15) x  2-3026. 

Page  465,  line  37,  for  f-  =K(<o-0  read  $  =K(fo-<X«o- W- 
dz  az 

„    474,/or  C(2,-r,)=  log(^,-g-  log(<,-<,) 

read  C(2.-«,)=  log  (<,-<,)-  log(<,-g. 

«       n   /o'-C(2,-r,)=log(^,-g-log(<,-t,) 

read  C(z,-z,)=  log(<,-<,)-log(<,-«,). 

„    479,  lines  26-32,  for  3°  mm->,  5°  min-' 

read  3° X 2-3026 min-',  5" X 23026 min-'. 

„    480,  for  (y  read  C". 

„    481,  line  34,  for  K,  5  or  6  read  K,  5  (or  6)  X  2-3026. 

„    483,i«T.bl.IT.,>.gt^,^t^'> 

read    ^''^"'"^  ,     ^^^^^^l 

„    485,  line  11,/or  C=0°-003,  C(^^ ^O=0°-006, 

read  0=0*003,  C(t^-<')=0''-0006. 
„       „    lines  13  and  14,  for  1*25  per  cent.,  0°'004  per  cent., 

read  1*25  x  2-3  per  cent.,  0*004  x  2-3  per  cent. 
„       „     line  18,  /or  12  to  36  read  6  to  18. 
„       „       „    21,/or36toll0i7wn8to55. 
19       M       »    2S,for  150  read  75. 
„       „       „      1,  for  during  5  minutes  of  the  experiment  read 

during  h\e  minutes  of  tbe  experiment  after  the 

freezing-point  is  reached. 

*  It  was  too  late  to  make  the  corrections  in  the  proof  itself,  so  1  s^nd 
ihem  now. 
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XXIV.  Notes  on  Thermometry.    By  C.  Chrbb,  Sc  jD.,  F.R.S.* 

§1.  Introductory. 

2.  Natural  scale  of  ideal  thermometer. 
8-7.  Properties  of  real  glaas,  fixed  and  moyable  zero  scales. 
8-10.  Depression  of  zero. 

11-13.  Experimental  relation  of  different  scales,  moderate  temperatores. 
14-10.  „  „  „  at  temp,  over  100°  C. 

17-19.  „  „  „  at  low  temperatures. 

Occurrence  of  Constant  Coefficients. 

Aj,  Aj,  &c.,  in  law  of  thermal  expansion  of  mercury. 

a„  aj,  Ac,  „  „  „  glass  (fixed  zero). 

6,,  ^2,  &c.,  „  w         .  »  ft    (movable  zero). 

b.\  b^',  &c.,         „        after-effect  in  glass. 

f/p  d2f  &c.,         „        depression  of  thermometers'  zero  with  temperature. 

c,  =  A,  —  «i,  &c. 

e=:  mean  coefficient  of  expansion  of  mercury  in  glass  between  0°  and  100°  C# 

Litroductory. 

§  1.  f\P  late  years  much  has  been  done,  especially  in 
\J  France  and  Germany,  to  increase  the  accuracy  of 
the  measurement  of  temperatures  by  means  of  mercury 
thermometers.  An  excellent  account,  with  illustrations,  of 
some  of  the  more  important  practical  results  is  given  in 
Chap.  II.  of  Waldo^s  '  Modern  Meteorology ' ;  but  the  scope 
of  this  work  hardly  allows  of  the  subject  being  treated  in 
detail  except  where  meteorological  questions  are  directly 
concerned.      With  this   partial  exception,   I  know  of    no 

*  Communicated  by  the  Kew  Observatory  Committee. 
PMl.  Mag.  S.  5.  Vol.  45.  No.  274.  Mar.  1898.  Q 
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English  text-book  where  particulars  of  recent  work  may  be 
found.  The  following  discussion  is  intended  partly  to  supply 
this  want.  Few  of  the  subjects  it  deals  with  are  novel, 
except  in  details ;  and  several  are  discussed  at  much  greater 
length  in  Dr.  Guillaume's  admirable  work  '  Thermometrie 
de  Precision,'  in  the  publications  of  the  Bureau  International, 
and  in  those  of  the  Phys.  tech,  Reichsanstalt  at  Charlotten- 
burg.  I  am  indebted  to  these  sources  for  many  of  the 
details  mentioned  here.  I  have,  however,  adopted  an 
independent  standpoint,  and  have  further  considered  the 
bearing  of  recent  work  on  the  methods  in  general  use  in  this 
country. 

The  ideal  mercury-thermometer  is  one  which  accommodates 
itself  at  once  and  completely  to  the  temperature  it  is  for  the 
time  being  exposed  to,  and  which  when  exposed  to  a  given 
temperature  supplies  an  invariable  reading. 

The  departures  from  this  ideal  will  be  discussed  presently, 
after  we  have  considered  the  nature  of  the  temperature-scale 
of  an. imaginary  glass-mercury  thermometer  free  from  all  the 
deficiencies. 

§  2.  For  the  laws  of  thermal  expansion  of  mercury  and 
glass  we  may  assume  provisionally 

V=Vo(l  +  Ai^  +  A2<«+  ..),....     (1) 
v=ro(l+ai«  +  aj<«+  .  .) (2) 

Here  t  denotes  temperature  on  a  standard  scale,  which  we 
may  suppose  that  of  the  hydrogen-thermometer  of  the  Bureau 
International ;  Vq  is  the  volume  at  0°  0.,  and  V  at  t°  C.  of  a 
given  mass  of  mercury,  Aj,  Aj,  Ac,  constants  defining  its 
expansion  ;  Vq  is  the  volume  at  0°  0.,  and  v  at  <°  C.  of  a 
.given  mass  of  glass,  ai,  o^,  &c.  expansion-constants  for  the 
particular  kind  of  glass. 

The  natural  scale  of  the  thermometer  corresponds  to  the 
case  when  its  stem  between  the  divisions  0  and  100 — which 
.answer  to  the  freezing-  and  boiling-points  of  pure  water 
under  a  standard  pressure — is  subdivided  into  100  equal 
volumes.  Degree  divisions  below  0°  C.  or  above  100  C. 
should  equal  m  volume  those  of  the  fundamental  interval 
0°  to  100°.  Suppose  that  t  and  /  +  ^  are  corresponding  tem- 
peratures on  the  hydrogen  and  glass-mercury  scales.  At 
0^  C.  the  volume  of  the  mercury  is  equal  to  the  internal 
volume  Vo  of  the  thermometer  bulb,  including  the  stem  up 
to  the  zero  mark.  At  temperature  t°  C.  the  volume  of  the 
mercury  is   equal  to  that  of  the   bulb  and  of  t-^-x  stem- 
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divisions.      If   then    Vq  be  the  volume  at  0**  0.   of    one 
stem-division  we  have,  referring  to  (1)  and  (2), 

Vo(l  +  Ai«+A/+  ...)={Vo  +  roO+a?)}(l  +  ai«  +  a,<«+  ...).     (3) 

When  <=100°,  x  vanishes,  thus 

ro/Vo=(^i  +  100^8  +  100«€8  +  ...)-^(l  +  100a,  +  100*a2+...),.  (4) 

where  ^i=Ai  — di,  e^^^-A^—a^^  &c. 

If  both  glass  and  mercury  had  a  linear  law  of  expansion, 
/.  e,  if  all  the  constants  except  Ai  and  a^  were  zero,  (4)  would 
become 

Vo/Vo=^,-r-(l  +  100ai), (5) 

giving  as  first  approximation 

Substituting  from  (4)  in  (3)  and  reducing,  we  get 
L  +  (lit  +  tljl  + .  •  • 

-<?,{l-100a2«...}-^3{100  +  e  +  ...}  +  ...]-^(«i  + 100^8+100%+...).  (6) 

The  preceding  formulae  are  not  of  course  legitimate  for  all 
values  of  t.  The  freezing-  and  boiling-points  of  mercury 
assign  limits  to  the  application  of  (3),  and  in  the  immediate 
neighbourhood  of  these  points — especially  of  the  boiling- 
point — its  accuracy  is  somewhat  uncertain.  At  ordinary 
temperatures  the  series  on  the  right  of  (1)  converges  rapidly, 
Alt  being  much  the  most  important  term.  The  glass  of  our 
present  problem  is  ideal.  There  is  perhaps  no  actual  glass  of 
whose  expansion  we  know  enough  to  judge  whether  it  is 
expedient  to  retain  any  term  higher  than  a^i*  in  (2) .  In  all 
ordinary  kinds  of  glass  a^/Ai  is  of  the  order  1/7,  and  so  ei 
may.be  assumed  necessarily  positive.  The  sign  of  e^  is  more 
uncertain,  and  as  regards  e^  and  e^  nothing  is  known  excent 
that  the  terms  depending  on  them  appear  to  be  of  little 
importance. 

Supposing  our  ideal  glass  to  resemble  ordinary  glass  in 
the  general  laws  of  its  expansion,  (l  +  ai<  +  a2i*  +  .,  .)"'^  is 
nearly  unity  and  replaceable  by  a  factor  (1— ai<...),  pro- 
ceeding in  ascending  powers  of  t.  Thus  (6)  may  be  regarded 
as  of  the  general  type  * 

^=<(100-0(Bo  +  Bi^  +  B8<«+...),  .     .     •     (7) 

*  Cf,  Guillaame^s  ThermomHrie , . .,  p.  195. 
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where  the  B  coefficients  vary  with  the  nature  of  the  glass. 
Doubtless  (7)  is  convergent  for  the  restricted  values  of  t 
occurring  in  our  problem ;  but  it  would  not  be  safe  to  assume 
that  Bo  is  always  the  most  important  term.  For  instance,  if 
we  neglect  all  constants  with  suffixes  greater  than  2,  we 
reduce  (6)  to 

and  conceivably  ^i(ai  +  100aj)  —  e^  might  be  very  small. 

It  is  important  to  notice  th«it  even  if  mercury  and  glass 
had  both  a  linear  law  of  expansion,  on  the  hydrogen  scale,  a 
would  not  vanish,  but  would  be  given  as  a  first  approximation 
by 

fl?=ai«  (100-0 (9) 

This  is  a  relation  of  the  same  form  as  that  proposed  by 
Callendar  for  the  difference  between  the  plutinnm-resistance 
and  air-thermometer  scales. 

The  divergences  between  actual  glass-mercury  and  hy- 
drogen scales  depend  partly  on  the  departures  of  glass  from 
our  ideal ;  their  discussion  is  thus  postponed  until  the 
properties  of  glass  have  been  dealt  with. 

Properties  of  Real  Glass. 

§  3.  The  principal  departure  of  real  glass  from  our  ideal  is 
that  its  volume  at  a  given  temperature  is  not  invariable.  It 
is  well  known  that  if  a  mercury-thermometer  employed  at 
ordinary  temperatures  be  tested  at  intervals  in  ice  it  usually 
reads  higher  as  time  progresses,  t.  e.  its  zero  rises.  Its 
behaviour  is  explicable  on  the  hypothesis  of  a  secular  con- 
traction of  the  bulb,  becoming  gradually  slower  as  time 
elapses.  By  properly  annealing  the  tubes,  and  storing  them 
for  several  years  before  dividing  them,  this  defect  may  be 
very  largely  if  not  entirely  got  nd  of  ;  and  it  can  in  any  but 
a  very  new  thermometer  be  easily  allowed  for  in  reducing 
observations.  This  change  of  zero,  be  it  noticed,  is  believed 
to  occur  however  uniform  be  the  temperature  at  which  a 
thermometer  is  kept. 

When  we  expose  a  thermometer  to  changes  of  temperature 
a  further  defect  presents  itself,  which  for  thermometry  of  the 
highest  accuracy  is  much  more  troublesome.  Within  certain 
limits,  the  increase  of  volume  in  glass  accompanying  rise  of 
temperature  from,  say,  t  to  t*  does  not  wholly  disappear  at 
once  when  the  temperature  is  rapidly  reduced  to  t,  A 
thermometer  taken  through  such  a  cycle  reads  lower  on  the 
second  exposure  to  the  lower  temperature.    This  phenomenon 
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is  co&spicuotis  when  we  compare  ice-readings  taken  immedi- 
ately before  and  after  exposure  to  temperatures  between 
50°  C.  and  100**  C. ;  the  "  depression  of  zero,"  as  it  is  called, 
is  greater  the  higher  the  previous  temperature.  Exposure 
for  only  a  minute  or  two  to  a  high  temperature  is  only 
partially  effective  ;  but  20  or  25  minutes  exposure  usually 
produces  practically  the  full  effect.  On  the  other  hand,  the 
depression  takes  a  considerable  time  to  disappear ;  it  is  a 
question  of  days  or  even  weeks  if  the  high  temperature  has 
approached  100°  C. 

Hitherto  at  the  Bureau  International  attention  has  been 
mainly  directed  to  a  standard  glass,  French  verre  dur^  at 
temperatures  between  —30°  C.  and  100°  C.  At  the  Reiohs- 
anstalt  certain  Jena  glasses,  notably  16"^  and  59™,  have 
been  examined  in  similar  detail.  The  conclusion  reached  for 
these  glasses  throughout  at  least  this  range^  is  that  the 
difficulty  can  be  met  by  treating  a  reading  Zt  in  ice  immedi- 
ately after  the  measurement  of  any  temperature  t  as  the  zero 
of  the  thermometer  for  the  preceding  observation.  This  is 
equivalent  to  the  conclusion  that  the  residual  or  after-effect, 
whose  existence  is  made  manifest  by  the  depression  of  zero, 
remains  practically  unchanged  during  the  brief  interval 
required  to  observe  both  t  and  Zt,  If  t  has  been  preceded  by 
a  higher  temperature,  the  residual  effect  is  in  reality  larger, 
but  it  depresses  equally  the  readings  t  and  zt.  This  method 
of  a  "movable  zero  '  requires  that  in  determining  the 
fundamental  interval  the  boiling-point  100°  C.  be  first 
determined,  and  that  the  ice-reading  ^loo  be  taken  immediately 
after. 

The  ordinary  practice  in  this  country  proceeds  on  the 
hypothesis  of  a  "  fixed  zero.''  In  determining  the  funda- 
menlal  interval  the  observation  of  the  ice-point  precedes  that 
of  the  boiling-point ;  and  in  ordinary  use  the  observed 
departure  from  0°  in  a  preliminary  observation  in  ice  is 
anplied  as  a  constant  correction  at  all  points  of  the  scale, 
Tne  relative  merits  of  the  movable  zero  and  fixed  zero 
methods  will  be  discussed  later ;  in  the  mean  time  let  us 
consider  what  modifications  are  required  in  the  theory 
developed  for  the  ideal  thermometer. 

§  4.  In  ordinary  investigations  of  thermal  expansion  the 
temperature  is  gradually  raised,  and  the  volume  compared  at 
intervals  with  that  originally  possessed  by  the  material  at 
0°  C.  This  is  a  fixed  zero  method  ;  thus  supposing  aj,  a^, 
Ac.  to  have  the  values  obtained  in  ordinarv  experiments,  (6) 
is  immediately  applicable  in  ordinary  British  thermometry, 
provided  readings   be   always  taken  with   the   temperature 
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slowly  rising,  and  the  zero  employed  answer  really  to 
prolonged  exposure  to  the  temperature  0°  i). 

The  movable  zero  method  is  analogous  to  experiments  in 
which  the  volume  v  of  glass  at  temperature  t  is  compared 
with  a  volume  t/<.o  obtained  after  suddenly  coob'ng  the  glass 
to  QP  0.  Instead  of  attempting  to  modify  (6)  to  suit  these 
circumstances,  I  shall  develop  the  theory  independently. 

§  5.  If  the  changes  in  temperature  are  slow,  as  is  really 
assumed  in  the  movable  zero  method,  except  in  zero  deter- 
minations, then  so  long  as  t  is  increasing  we  may  regard  v'i,o 
as  a  continuous  function  of  <,  which  for  ordinary  values  of  t 
differs  little  from  a  constant.  We  may  thus  provisionally 
assume 

t?^.o=ro(l-l-M  +  V<*  +  68'*'  +  ...);     .     •     (10) 

where  vqsv'co  is  the  volume  answering  to  prolonged  exposure 
to  0°  C,  while  6/i  V>  &c.,  are  absolute  constants  for  the 
particular  glass. 

Thouffh  not  essential  for  our  present  purpose,  we  may 
notice  that  combining  (2)  and  (10)  we  deduce  a  relation  of 
the  type 

where 

ai=ti  +  /^/,    ^2=^2  + V  + W- . .  &c. ;      .     (12) 

or,  in  general,  to  a  first  approximation 

Jj = flj — 6/,     62  =  aa — ?>2'- 

Let  S  represent  the  volume  at  100°  C.  of  the  bulb  and  tube 
up  to  the  division  100,  and  at  the  same  temperature  let  100 « 
denote  the  volume  of  the  fundumental  interval.  Then  the 
mercury  at  100°  C  has  a  volume  S,  and  at  any  other  tem- 
perature t  (on  the  hydrogen  scale)  it  has  by  (1)  a  volume 

S(l  +  Ai<+A2««  +  ...)^  (1  +  100  Ai  +  100«A2  +  ...). 

The  volume  of  the  bulb,  including  the  stem  up  to  the 
division  0,  when  the  glass  has  been  suddenly  cooled  to 
0°  0.  after  exposure  to  100°  C,  is  equal  to  the  volume 
S-r  (1  + 100 Ai  + 100%  + . . .)  of  the  mercury  at  0°  C.  Thus 
its  volume  at  temperature  t  under  the  conditions  supposed 
is  by  (2) 

S(l  +  ai«+a2^  +  ...) 

-T-  {(1  + 100 Ai  +  100*A,  + . . .)  (1  +  lOOV  + 100*62'  +  ...)}. 

.Thus  supposing  the  thermometer  to  read  t-Vy  when  the 
hydrogen  temperature  is  t  we  get,  reasoning  as  in  §  2, 
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^  ^^^  l  +  100ai  +  100«a,  +  ...-'='U+lOOAi  +  100«A;+Tr 

l+ai<  +  a8<''  +  ...  1        .,„. 

(H-100Ai  +  ...)(l  +  l(K)V+...)J''     ^    ' 


where 


VS=  (a,+iooa,+...- (?i:A;i±iSS?^zM+^-) 

-r(l  + 100  AiH-100«A2 +  ...).     .     (14) 

As  will  be  seen  presently  in  §6,  1006/+100*6a'  +  .  •  •  is  of 
the  order  1/50,000  in  ordinary  glass,  and  is  hardly  likely  to 
be  worth  retaining  in  the  denominator  of  (VS)  when  multi- 
plied by  y'.     Omitting  it 

VS  =  {Ai-ai+4/+100(A,-a2  +  V)  +  ...} 

-f- (1  + 100  Ai+lOO^Aj +  ...).     .     .     (15) 

Using  (15)  for  («/S)  in  the  coefficient  of  y'  in  (13),  and 
(14)  in  the  coefficient  of  t — since  t/t/  may  be  very  large — 
and,  after  the  substitutions  and  reductions  are  effected^ 
neglecting  100&i'+ 100^6,'  relatively  to  1,  we  get 

<(100-0[(At-ai  +  6iO{ai  +  fl2(100  +  OK(A2-q2  +  V)(l-lOOffaO...] 
(l+ai«  +  a/  +  ...){Ai-ai  +  ti'  +  100(A2-a3  +  63'j  +  ...} 

(lOO~0{/v+V(lOo-^0+...}(l^lOOgl-HQOV")-^ 

■^{Ai-ai  +  6i'  +  100(A,-a,  +  /V)+..-](l+«i«+«s^H---.)*    *     ^     ^ 

Strictly  speaking,  the  terms  in  b^Oo  and  //j^aj  i^^  ^le  first 
line  of  (16)  should  be  omitted,  as  others  of  the  same  order 
have  been  neglected.  Their  retention,  however,  can  do  no 
harm,  and  it  facilitates  calculation  to  group  b^  with  Ai  — a^ 
and  62'  with  Aj— Oj,  the  principal  terms  in  their  respective 
multipliers  being  the  same. 

We  must  next  determine  the  ice- reading  y'<,o  taken  after 
exposure  to  temperature  t. 

Let  «'  be  the  volume  of  the  stem-division  0  to  1  when  yVo 
is  observed,  then  obviously 

j,j  -fill       i+M+Vt'+...    1 
«'.no-o-i_i    1  +  1006,'+ 100V+...  J 

-i-(l  +  100Ai  +  100«A, +  ...).     •     .     .     (17). 
As  the  ice-reading  is  taken  very  rapidly,  and  the  stem  where 
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read  must  emerge  from  the  ice,  the  temperature  to  which  if 
corresponds  is  uncertain.  In  ordinary  glass,  however,  the 
volume  at  100°  C.  exceeds  that  at  0°  C.  by  only  about  1  part 
in  400,  and  y^o.o  -^  yioo,o  is  seldom  as  much  as  0°'3  C.  Thus, 
at  least  within  the  range  0°  to  100^  C,  we  can  hardly 
introduce  an  error  so  large  as  0°'001  C.  by  supposing  J 
in  (17)  to  answer  to  the  temperature  t. 

Doing  so,  neglecting  1006i'  +  100*V  •  1>  and  using  (15), 
we  get 

,    _  (100-0{V-f  V(100  +  0  -h. .  .Kl  +  100ai  +  100%  +  . . .)       .,^. 

^^'''~Ui-«i  +  *i'  +  lOO(A,-a,  +  62')+..^}a  +  «i<  +  «3**  +  --0  ■  ^ 

Thus  the  second  line  in  the  expression  (16)  for  y'  is  simply 
v'<,oj  and  hence  for  the  difference  y  between  the  glass  and 
hydrogen  scales  we  get 

<(100-0[(Ai-a^  +  V){ai  +  a2(100  +  0-f...}-(A2--as  +  ?V)(l-100aa<)-f...] 

(l  +  ai«+a8<»  +  ...){Ai-ai  +  /V  +  100(A8-a3  +  V)  +  ---} 

....     (19) 

Comparing  (19)  and  (6),  we  see  that  to  the  degree  of  ap- 
proximation reached  in  (19),  y  differs  from  a?  only  in 
replacing 

tfi=Ai— «!  by  Ai— a^  +  ft/,  or  A,— />i, 

^3=Aj— ag  by  Aj— a^  +  i/,  or  Aj— 63. 

Thus  (19)  might  have  been  arrived  at  by  using  (11)  instead 
of  (2)  and  following  a  method  more  analogous  to  that  by 
which  (6)  was  obtained. 

§  6.  To  see  more  exactly  what  we  are  doing  it  is  con- 
venient at  this  stage  to  consider  the  order  of  magnitude  of 
the  several  constants.  For  this  purpose  ver7*e  dur  may  be 
selected  as  an  example,  taking  the  first  approximations  to  the 
constants,  which  are  quoted  by  Guillaume*,  viz.: — 

Ai=182xl0-«,    A3=  3xl0-», 
ai«  22xlO-«,      a2=24xl0-«, 
and  hence         ei= 160 x  10-«,      c,=  -21  x  10-». 

These  figures  make  100  es/ei=  — 1/80  approximately, 
100ai  +  100«a8=     1/400  „ 

e,  +  100e,  =     1/6300         „ 

To  arrive  at  an  idea  of  the  size  of  W  &c.  we  utilize  the 
fact  that  in  verre  dur  the  depressed  zero  after  100°  C.  is 

*  *  ThermMiStrie,'  p.  217. 
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almost  exactly  0°'l  0.  lower  than  that  answering  to  0^  C. 
Thus  from  (18) 

100(/>/-fl006s^+..0(l-HOOai-hlOO»as  +  ...)       1 
ei  +  100  <?,  +  ... +  (V  +  100  6,^  +  ...)  "10' 

Having     regard    to    the    small    value     found    above    for 
100  ai  +  lOO^ig,  we  thence  deduce  as  a  close  approximation 

{W 4- 1 00  V  + . .  0/(^1  +  100  e,  + . . .)  =  1/1000, 

and  so,  from  above,  6/  +  100  V+  •  •  .  =  1/6300000  roughly. 

The  size  of  ai  seems  fairly  uniform  in  different  kinds  of 
jlass,  so  that  ei  never  differs  much  from  the  value  160  x  10~^ 
bund  above.  The  size  of  a,  and  e^  is  probably  much  more 
variable,  but  100  ejei  is,  doubtless,  in  all  cases  a  small  fraction. 
Similarly  the  size  of  (V  +  lOO  V  + •••)/(«! +  100 <?8+. ..)  is 
certainly  somewhat  variable;  it  may  be  as  large  in  some 
kinds  of  glass  as  1/300,  but  we  are  unlikely  to  commit  any 
serious  error  if  we  treat  it  as  a  quantity  of  the  order  1/1000 
in  English  glass. 

§  7.  Thus  in  neglecting  6/  + 100  ftj'  + . . .  in  the  denominator 
of  (19)  we  should  only  make  an  error  of  the  order  1/1000  in  the 
value  of  y.  Now  between  0°  C.  and  100°  C.  the  largest  value 
of  y  seldom  approaches  0°'5  C,  so  throughout  at  least  this 
range  the  neglect  is  abundantly  justified,  even  when  accuracy 
of  the  order  0°'001  C.  is  aimed  at.  At  temperatures  much 
above  100°  G.  the  neglect  of  i/+ 10062^  +  . . .  would  require 
more  consideration.  Neglecting  it  provisionally,  we  deduce 
from  (6)  and  (19) 

""    y     (l  +  ai«  +  ...)(ei  +  100e,  +  ...)'  •     '     ^^^) 

As  we  have  already  seen,  a,  is  of  the  order  2  x  10~^,  and 
Wl^\  appears  seldom  to  approach  1/400.  Thus  for  values  of 
t  between  0°  and  100° 

aiV<(100-0-^(l  +  «i*  •  •  0(^1  +  100  e, . . .) 

is  a  quantity  of  the  order  0°'0001  C,  and  so  may  be  neglected. 
For  the  same  range  of  temperature  x^y  is  a  small  fraction 
of  a  degree,  and  we  may  thus  write  1  for  1  +ai^  + . . .  in  (20). 
Thus  we  conclude  that  for  practical  purposes — so  long  at 
least  as  Ms  not  considerably  in  excess  of  100 — ^we  may  re- 
place (20)  by 

«-y=<(100-0V-^(«i  + 100  c,  +  . . .).     .     .     (21) 
Our  reasoning    does  not   necessarily  imply  that  W/<^iW  is 
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large.  There  may  be  cases  where  it  is  not  large ;  only  for 
them  a—t/  is  negligible. 

§  8.  As  our  treatment  of  the  movable  zero  method  rests 
on  (10),  it  is  desirable  to  indicate  the  experimental  basis  for 
this  formula,  especially  as  by  doing  so  we  shall  see  more 
clearly  how  to  obtain  numerical  results  for  6/,  bj,  and  a:— y. 

The  experimental  basis  is  simply  that  in  ordinary  thermo- 
meters used  in  a  definite  way  the  depression  D/  in  the  zero 
reading,  after  exposure  to  moderate  temperature  t,  is  given 
satisfactorily  by  a  formula  of  the  type 

D^=di«+dj<«+..., (22) 

where  d,,  d^  are  constants  for  the  particular  thermometer. 

If  Vq  be  the  volume  of  a  scale-aivision,  and  V©  that  of  the 
bulb  up  to  the  fixed  zero  mark  after  prolonged  exposure  to 
0°  C,  we  have 

where  V^^  is  the  volume  of  the  bulb  after  sudden  cooling 
from  e  to  0°.     Hence  by  (22) 

V,.o=Vo{l+(diV/Vo)<  +  (rf2t;o7Vo)<*  +  ...}.    •  (23) 
This  is  a  formula  of  the  assumed  type  (10),  with 

rfiV/Vo==V,      d,V/Vo=V,      &c.     .     .     (24) 

In  practice,  as  expLiined  above,  vj  may  differ  from  Vq,  the 
value  corresponding  to  prolonged  exposure  to  0°  C.  The 
divergence  is,  however,  negligible  in  (23)  for  values  of  t  not 
exceeding  100°.  Neglecting  it  also  in  (24),  we  clearly  have 
bi  and  b^^  determined  in  terms  of  ro/Vo,  a  quantity  known 
when  the  glass  is  known,  and  of  d^  and  d2,  constants  deter- 
mined by  experiments  on  the  depressed  zero  readings  after  a 
series  of  temperatures. 

In  deducing  (21)  from  (20)  we  neglected  (a^t  +  Oj^'^)/!. 
Thus  to  this  degree  of  accuracy  we  may  also  neglect 
100  ai  + 100*^2  + . . . ;  and  when  we  do  so  we  have  from  (4) 

t;/Vo=ei+100e2  +  ... 

Hence,  referring  to  (24),  we  see  that  (21)  is  equivalent  to 

«-y=/(100-0^2 (25) 

In  reality  100 ai  +  100«a2+...  is  of  the  order  1/400,  while, 
for  values  of  t  between  0  and  100,  D«  or  /(lOO— /)d2  is  of  the 
order  1/10  ;  thus  their  product  is  negligible. 
If  df  be  zero,  i.e.  if  D^  be  a  linear  function  of  t, 

«-y=0, 
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or  the  fixed  and  movable  zero  methods  supply  the  same 
scale.  This  is  pointed  out  in  Guillaume's  *  Tliermomdrie  *  *, 
and  has  also  been  remarked  on  recently  by  Schuster  and 
Gannon  f* 

§  9.  As  examples  of  the  size  of  di  and  d^  in  different  glasses 
are  of  interest,  I  have  collected  the  following  data  from 
Guillaume^s  '  ThermomStrie '  },  adding  the  corresponding 
calculated  values  of  the  zero  depressions  answering  to  tem- 
peratures of  50''  C.  and  100°  C.  The  results  for  the  French 
glasses  appear  to  be  due  to  Guillaume  himself,  those  for  the 
Jena  glass  to  Bottcher  §. 

Table  I. 


GlUM. 


d,xW, 


d^xW, 


Depresaion 
after 
50"  0. 


Depression 

after 

100°  0. 


Ferr^dwr  (experiments  -lO^' to  100®  0.) 
„        (  „      -10«tol90<»a) 

French  crystal,  bard 

Jena  glass  16ui 


+8886 
+8657 
+7972 
+7100 


+11 
+12 


-8 


0-Ot6C. 

•122 
•034 


0-099  0. 
•098 
•409 
•063 


The  obsei'ved  depressions  in  verre  dur  are  "047  after  50^  C, 
and -100  C.  after  100°  C. 

I  have  seen  no  actual  figures  for  Jena  glass  59"^  but  it  is 
stated  II  that  the  depression  after  100°  C.  does  not  exceed 
0^-02  0. 

The  depression  in  the  French  crystal  is  only  slightly  larger 
than  in  the  other  kinds  of  glass  at  atmospheric  temperatures^ 
but  it  increases  much  more  rapidly  at  high  temperatures,  a 
defect  necessarily  shared  by  all  glasses  in  which  rfj  has  a  large 
positive  value. 

§  10.  In  the  following  Table  II.  I  have  calculated  from 
(25)  the  algebraical  excess  of  the  reading  on  the  fixed  zero 
over  that  on  the  movable  zero  scale  at  certain  points,  for  the 
kinds  of  glass  given  in  Table  I.  For  verre  dur  1  have  taken 
(/]= 115  X  10~*  throughout  the  whole  range.     The  application 

*  P.  198. 

t  Phil.  Trans.  A,  for  1805,  p.  428. 

i  Pjp.  149  and  318. 

§  Zeitichri/t/tir  Imtrumentenkunde,  vol.  viii.  p.  409  (1888). 

It   Wiu.  Abhandl.  der  Phy;  tech.  BeicluanstaU,  vol.  L  1894^  p.  10. 
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of  the  formula  to  the  temperatures  -38°  C.  and  200°  C.  is 
somewhat  of  an  extrapolation  from  the  experimental  point  of 
view. 

Tablb  II. 
Value  of  A*— y  (in  centigrade  degrees)  from  (25). 


Temperature 
centigrade. 

^-^^-    \^'^$>^^' 

Jena  glass  16^". 

-38° 
+50 
+200 

1       +       lo 

-0-173 
+0-082 
-0-658 

+0°-004 
-0-002 
+0016 

Obviously  in  the  case  of  French  crystal  the  distinction 
between  the  fixed  and  movable  zero  scales  must  be  taken 
into  account,  even  for  accuracy  of  the  order  0°'l  0. 

Generally  speaking,  English  thermometer  glass  resembles 
more  nearly  French  crystal  than  the  other  two  glasses,  in  so 
far  as  at  temperatures  above  50°  C.  the  term  d^i^  tends  to 
predominate. 

Some  experiments,  however,  at  Kew  Observatory,  still 
incomplete,  show  notable  differences  in  the  behaviour  of 
different  English  thermometers,  all  nominally  of  the  same 
glass.  In  some  the  depression  of  zero  after  exposure  to 
100°  C.  is  only  a  shade  larger  than  in  Jena  glass  16*",  in 
others  the  depression  is  twice,  or  even  thrice,  as  great.  If 
the  cause  is  difference  as  regards  annealing  or  in  treatment, 
one  would  expect  to  hear  of  like  differences  in  ve^^re  dur  and 
Jena  glass  thermometers. 

In  all  the  English  glass  thermometers  I  have  met  with,  d^ 
was  positive.  This  implies,  it  will  be  noticed,  that  they  would 
read  lower  at  —38°  C.  on  the  fixed  zero  than  on  the  movable 
zero  scale. 

Relations  of  different  Temperature  Scales. 
Experimental  Results. 

§  11.  Of  the  kinds  of  glass  used  in  the  higher  thermometry 
the  most  notable  are  probably  vei^e  dur  and  the  two  Jena 
glasses  16*"  and  59*".  Tlie  following  particulars  as  to  their 
chemical  composition  are  derived  from  p.  10  of  vol,  i.  of  the 
Reichsanstalt's  Wiss.  Ahhandlungen. 
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Verre  dur. 

leni. 

69in. 

SiO,    

71-6 
11-0 
14-5 

1-6 

64 

0-7 
99-6 

67-3 

14-0 

70 

20 

2'6 
70 

6"2 

71-95 

no 

12-0 
60 

0-05 
lOOHX) 

Na.0 

OaO    

aI  (J 

f^o't.^!!?!..::: 

K-0    

SO,....:::;::;.::::;: 

M.O, 

100-00 

The  data  for  16"^  and  59"'  refer  apparently  to  the  ingre- 
dients as  put  into  the  melting-pot.  Actual  analysis  of  16'" 
by  Tornoe  gave  about  1  per  cent,  of  SOs.  The  data  for 
verre  dur  are  from  an  analysis  by  Tornoe.  Similar  data  will 
be  found  in  Guillaume's  '  Tliermomitrie^^  p.  144  and  p.  160. 
The  first-mentioned  page  gives  details  as  to  the  degree  of 
variability  of  composition  in  different  samples  of  verre  dur. 

The  relations  to  one  another  of  the  natural  scales  of  verre 
dur  (movable  zero),  hydrogen,  and  nitrogen  thermometers 
have  been  examined  experimentally  at  the  Bureau  Inter- 
national. From  the  observations  formulae  of  the  type  (7) 
have  then  been  calculated.  For  instance,  the  formula*  found 
to  connect  f,  temperature  on  the  hydrogen  scale,  and  ^,  tem- 
perature on  the  verre  dur  scale,  tbroughout  the  range  0^  to 
100°  C.  is 

<'-<=^(100-0  X  10-«(62-296-0-48946<  +  -0012805f«). 

These  formulae — which  accord  verv  closely  with  the  actaal 
observations— are  finally  employed  to  calculate  tables  t  of 
differences  between  the  several  scales. 

»  At  the  Reichsanstalt}  the  scales  of  16"^,  59"^,  and  other 
Jena  glasses  have  been  compared  with  that  of  verre  dur^  and 
formuTse  of  the  Callendar  type  have  then  been  calculated  to 
suit  the  observed  differences  ;  such,  for  instance,  as 

^ie-.<=0^-0259{  {t/100)  -  {t/lOO)'\ ; 

*  Guillaume's  ThermomStrte,  p.  284. 

t  Ibid,  pp.  328-332 ;  aliio  Bureau  International's  Tramux  et  M&moire»j 
vol.  X.  1894  {Thet-mom^tres  JEtalons,  par  Ch.  Ed.  Guillaume,  pp.  32, 33), 
X   Wts8.Abkandl.Yolii.^^,SQ,40. 
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where  fie  is  temperatare  on  the  scale  of  16^",  and  t  is  the 
mean  for  the  scales  of  16"^  and  verre  dur.  From  these 
formnlse  are  deduced  differences  between  the  several  scales^ 
proceeding  apparently  to  O^'OOOl  C.  Particulars  of  a  com- 
parison of  the  natural  scales  of  verre  dur  and  English  crystal 
by  Wiebe*— proceeding  to  0°*01  C.  only — are  quoted  in 
Guillaume's  '  ThermomStrie/  p.  214. 

Combining  these  data  I  have  compiled  the  table  on  p.  218, 
which  refers  all  the  scales  to  that  of  the  hydrogen  thermometer 
at  the  Bureau  International. 

§  12.  As  most  of  the  data  in  the  table  depend  on  the  com- 
parison of  the  verre  dur  and  hydrogen  scales,  it  is  only  proper 
to  mention  that  a  more  recent  comparison  has  been  made  at 
the  Bureau  International  over  part  of  the  fundamental  interval. 
Full  particulars  do  not  appear  to  have  been  given  as  yet,  but 
the  following  preliminary  details  are  contained  in  a  recent 
publication  of  the  Bureau  t : — 

Table  V. 
Excess  of  reading  of  verre  dur  over  hydrogen  thermometer. 


Temp.  Cent   

10°. 

20O. 

30O. 

40°. 

•107 
•106 

Old  determination    ... 

New 

•062 
•046 

•086 
-078 

•102 
■098 

The  new  determination  was  made  by  M.  Chappuis,  using  a 
hydrogen  thermometer  having  its  reservoir  of  glass  instead 
of,  as  previously,  platinum-iridium. 

The  close  agreement  of  the  two  determinations  at  40^, 
where  the  difference  between  the  scales  is  greatest,  is  empha- 
sized in  the  text ;  but  the  very  appreciable  discrepancies  at 
10°  C.  and  20°  C.  seem  to  me  hardly  in  harmony  with  the 
conclusion  "  Ainsi  les  anciennes  mesures  . .  .  sont  compl^te- 
ment  confirmees  par  les  nouvelles  .  .  ." 

§  13.  At  the  Heichsanstalt  comparisons  have  been  made  of 
thermometers  of  various  kinds  of  glass  and  the  air-thermo- 
meter. Formulae  have  then  been  calculated  to  fit  the  observed 
differences  between  the  natural  scales  as  well  as  possible. 
These  formulae,  though  really  of  the  type  (7),  are  arranged 
.somewhat  differently.     For  instance,  over  the  range  —20°  C. 

•  8a%,  der  k.preuss,  Akad.  der  Ww.  1886,  p.  633. 

t  Proc^Verbam  des  86<mces  de  1896,  Paris,  1806,  p.  46, 
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to  100°  C.  the  diflferenoe  8  between  the  natural  scale  of  the 
air-thermometer  and  Jena  glass  59'"  is  represented  by 
8=f(100-«){'00000487--0000002638(100-0}* 

This  appears  to  be  the  algebraic  excess  of  the  reading  on  the 
air-thermometer,  though  I  do  not  see  an  explicit  statement  to 
that  effect.     At  least  it  makes 

8= -0^-021  at  50°  C,  and  +0°-064  at  -20°  C. 

High' Temperature  Remits. 

§  14.  At  temperatures  above  100°  C.  the  most  exact  method  of 
comparing  thermometers  is  probably  to  use  the  boiling-points 
of  a  series  of  liquids.  By  modifying  the  pressure  under  which 
the  liquid  boils,  a  single  liquid  may  suffice  for  comparisons 
over  a  very  considerable  range.  Thus  Crafts  f,  in  1882, 
covered  a  range  of  70°  0.  with  water- vapour  alone.  According 
to  Crafts,  the  method  was  suggested  primarily  by  Regnault. 
A  liquid  bath  has  certain  advantages  from  its  simplicity ;  but 
the  stirring  must  be  very  good,  and  the  whole  of  the  mercury 
in  the  thermometer-stem  should,  if  possible,  be  immersed. 

In  addition  to  instrumental  difficulties,  troubles  are  apt  to 
arise  from  the  behaviour  of  the  thermometer-glass.  A  ther- 
mometer exposed  for  some  hours,  or  even  minutes,  to  a  high 
temperature,  in  excess  of  what  it  has  been  exposed  to  since  itg 
construction,  usually  experiences  a  permanent  rise  in  zero. 
This  is  more  especially  true  of  tenaperatures  of  300°  C.  and 
upwards.  In  some  experiments  by  Uuillaume},  exposure  for 
ten  hours  to  a  temperature  of  between  360°  and  380°  C. 
raised  the  zeros  of  three  thermometers  of  verre  dur^  Jena 
glass,  and  French  crystal  by  l°-8,  3°0,  and  7°-0  C.  respec- 
tively. Further  heating  for  periods  of  twelve  and  ten  hours 
at  the  same  temperature  produced  a  considerable  further  rise. 
Probably  the  most  complete  experiments  on  this  subject  have 
been  those  by  Crafts  nearly  twenty  years  ago.  In  1879-80 
he  exposed  eight  thermometers,  four  of  French  crystal  and 
four  of  a  German  soda-glass,  to  a  variety  of  temperatures, 
the  highest  being  355°  C\§  The  exposures  were  of  various 
durations,  from  20  minutes  to  several  months.  The  rise  in 
the  zero  varied  from  10°  to  18° — or,  including  rise  under 
preliminary  treatment,  even  26°  C.  The  conclusions  drawn 
by  Crafts  were  that  the  rise  is  much  most  rapid  at  the  begin- 

*  "  Thatigkeit  der  Phys.  Tech.  Reichs."  {Zeits,  f,  Itistr.  1894,  p.  305). 

t  Comptes  Hendus  of  the  French  Academy,  vol.  xcv.  1882,  p.  838. 
(Cf.  also  Ramsay  and  Young,  Phil.  Trans,  for  1884,  p.  37,  and  W. 
Walson,  Phil.  Mag.  July  1897,  p.  116). 

X  Thermomitrie,  p.  147. 

§  Comptes  Bendus  of  the  French  Academy,  toI.  xci.  1880,  p.  291. 
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ning  of  the  exposure  to  a  fixed  temperature,  that  it  tends 
probably  to  a  maximum  with  prolonged  exposure,  and  that  it 
is  greatest  in  glasses  containing  lead.  Together  with  the 
permanent  rise  of  zero  there  may  exist  a  temporary  depres- 
sion, and  as  the  latter  wears  off,  on  the  thermometer's  being 
exposed  to  a  normal  temperature,  the  permanent  rise  appa- 
rently  increases. 

Owing  to  the  permanent  rise  of  zero,  wholly  erroneous 
conclusions  would  be  drawn  as  to  the  natural  scale  of  a  ther- 
mometer unless  it  had  previously  been  exposed  to  a  course  of 
treatment  tending  to  reduce  to  a  minimum  the  permanent 
effect  of  exposure  to  any  temperature  within  the  range  to  which 
the  comparison  is  to  be  extended*.  Generally  speaking, 
the  treatment  consists  in  exposing  the  thermometer  for  some 
time,  preferably  on  more  than  one  occasion,  to  a  temperature 
higher  than  any  at  which  the  comparison  is  to  be  made,  and 
allowing  it  to  cool  slowly  f. 

§  15.  At  the  Bureau  International  the  comparison  of  the 
verre  dur  and  hydrogen  scales  has  been  extended  to  the  range 
100°  C.  to  200°  C,  use  being  made  of  the  variable  boiling- 
point  method  already  referred  to.  The  following  resum6 
of  the  results  is  given  in  the  "  Precis- Verbaux "  J  of  the 
International  Committee. 

Table  VI. 


Temperature  centigrade  ... 

110°. 

120°. 

130°. 

l40^ 

160°. 

t=.veTre  dur— h  jdrogen-  "1 
reading.                      ] 

-•037 

-063 

-•076 

-074 

-•060 

Temperature  centigrade  ... 

160°. 

170°. 

180°. 

190°. 

200°. 

i    verre  dur— hydrogen- 1 
reading.                       j 

—034 

1 

+•001      +043 

+•086 

+  125 

The  results  are  said  to  accord  fairly  with  the  formula  § 

S=i(100-010"'{4-22377x  10-«  +  -88486164x  10-»(100-0 

+  •391)93  xlO-*(lOO-0*}i 
where  t  is  verre  dur  temperature. 

*  Cf.  Craft8,  Comptes  Bendus,  vol.  xciv.  1882,  p.  1298. 

t  It  is  desiiable  that  such  treatment  should  pecede  calibration  or 
division.  If  it  alters  the  coefficients  a^,  a^^  &c.  m  (2)  it  really  alters 
the  natural  scale  of  the  );lass. 

X  i^iancea  de  l69o,  Paris,  1896,  p.  44. 

§  The  factor  10—3  is  not  in  the  original  but  appears  necessary. 
Phil.  Mag.  S.  5.  Vol.  45.  No.  274.  March  1898.         '  R 
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As  the  "  Procfes-Verbaux  "  remarks,  ^'  cette  fonction  ne  se 
raccorde  pas  trfes  bien  avec  eelle  qui  exprime  la  difference  de 
raarcbe  entre  0°  et  100°  "  {cf.  §  11). 

•  The  Bureau  do  not  regard  the  results  as  very  satisfactory, 
owing  to  the  fact  that  the  differences  between  different  verre 
dur  tliennometers  "  peuvent  k  200°  atteindre  5  k  6  centi^mes 
de  degr^,  quantite  du  m^me  ordre  de  grandeur  que  la  differ- 
ence de  inarche  par  rapport  an  thermomfetro  k  hydrogfene  '* 
{L  c,  p.  45).  For  practical  purposes,  however,  it  is  interesting 
to  know  that  even  up  to  200°  U.  the  (movable  zero)  tempera- 
ture-reading from  a  verre  dur  thermometer  is  likely  to  differ 
from  the  hydrogen  scale  by  less  than  0°'2  C. 

At  the  Keichsanstalt*  comparisons  of  Jena-glass  thermo- 
meters with  the  air-thermometer  in  an  oil-bath  over  the  range 
100°  to  300°  C.  are  assigned  an  accuracy  of  0°02  C.  Even  at 
500°  C.  the  comparison  of  thermometers  of  Jena  glass  59"^ — 
with  the  mercury  prevented  from  boiling  by  gaseous  pres- 
sure— is  apparently  assigned  an  accuracy  of  the  order  0°'l  C, 
when  auxiliary  thermometers  (Faden-thermometer)  of  a 
special  pattern  are  used  to  supply  a  correction  for  the  emer- 
gent column  (see  §  38). 

For  the  difference  h  between  the  natural  scale  of  59"^  and 
that  of  the  air-thermometer  over  the  range  100°  to  300°  C.  the 
formula  proposed  is 

8=e(100-<){  -•000007233—0000004259(100-0  \. 

This  differs  somewhat  conspicuously  from  the  corresponding 
formula  for  the  range  -20°  to  100°  C.  quoted  in  §  13. 

According  to  tlie  formula,  the  two  scales  differ  by  07°  C.  at 
200°  C,  and  by  4°-7  C.  at  300°  C. 

§  16.  Of  earlier  comparisons  the  best  known  are  those  of 
BegnauU,  whose  results  are  quoted  in  several  English  works 
{e.  g.  Balfour  Stewart's  *  Heat,'  Lord  Kelvin's  '  Mathematical 
and  Physical  Papers,'  vol.  iii.,  Smithsonian  '  Physical  Tables,' 
1896).  Two  useful  warnings  with  respect  to  these  data  are 
given  by  Crafts  f.  Firstly,  Hegnault  used  a  fixed  zero 
method  ;  secondly,  French  crystal  glass  for  thermometers  has 
been  considerably  altered  since  his  time.  The  Clioisy-le-Hoi 
crystal  glass  used  by  Regnault  in  particular  contained  nearly 
twice  as  much  lead  as  modern  French  crystal.  Crafts  himself, 
in  1882,  compared  a  number  of  thermometers  of  modern 
French  crystal  glass,  from  two  different  makers,  and  likewise 

*  "  Die  Thatigkeit  der  Phys.  tech.  Reichfanstalt '^  (Zeitf.f.  Imtr,  Sept, 
1894,  p.  803). 
t  ComptcB  Itendus,  vol.  xcv.  1882,  p.  836. 
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a  thermometer  of  German  soda-glass  with  a  hydrogen  ther- 
mometer. He  gives  a  table*  comparing  his  results  with 
Re^nault*s.  This  I  partly  reproduce  below.  It  should  be 
noticed,  however,  that  the  gas-thermometer  was  air  in  the 
case  of  Regnault,  hvdrogen  in  the  case  of  Crafts,  and  that 
the  latter  employed  a  movable  zero  method — difiFering,  how- 
ever, apparently  in  some  particulars  from  that  followed  at 
the  Bureau  International.  The  figures  are  corrections  re- 
quired to  reduce  the  reading  of  the  mercury-thermometer 
to  the  scale  of  the  gas- thermometer.  The  first  and  second 
lines  A  and  B  supply  the  corrections  to  Regnault's  Choisv- 
le-Roi  and  vet^re  ordinaire  thermometers,  respectively;  the 
last  line  C  refers  to  the  modern  crystal  thermometers  used 
by  Crafts. 

The  centigrade  scale  is  that  employed  throughout. 

Table  VII. 


Temp 

120^. 

140°. 

160°. 

180°. 

200^ 

220°. 

-12 

-•29 

-•52 

-•80 

-1-26 

-1-82 

„        B... 

+•06 

+•15 

+•26 

+•37 

+  -30 

+  -20 

0... 

+  04 

+  16 

+•33 

+•34 

+  ^27 

+  ^08 

Temp 

240°. 
-2-55 

260°. 

280°. 

300°. 

320». 

340°. 

Correction  A .. 

-344 

-4-48 

-6  72 

-7-25 

-9-30 

„        B... 

+  -10 

-    20 

-  -62 

-108 

-1-80 

-3^00 

..      c... 

+  -14 

-  -39 

-  -63 

-1-21 

-203 

Crafts's  table  really  gives  the  corrections  for  every  10°.  It 
stops  at  330°,  but  I  have  obtjiined  the  data  under  340°  from 
the  other  sources  mentioned.  In  Crafts's  opinion  the  ordinary 
French,  German,  and  English  thermometers  of  fifteen  years 
ago  possessed  fairly  similar  natural  scales.  It  is  important 
to  notice  that  even  when,  as  in  line  C  of  the  table,  the  de- 
parture from  a  gas  scale  is  small  up  to  250°  C,  it  may  be 
very  considerable  at  temperatures  over  300°  C. 

The  fact  that  an  accurately  divided  glass-mercury  thermo- 
meter, with  its  zero-  and  boiling-points  correct,  may  differ 


In  the  paper  last  quoted,  p.  838. 
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by  9°  or  10°  C.  from  a  gas  thermometer  near  the  top  of  its 
scale  is  mentioned  in  several  English  books  *,  but  has  hardly 
met  with  the  recognition  it  merits. 

Low'  Temperature  Results. 

§  17.  At  temperatures  below  0°  C.  the  natural  scales  of 
mercury  thermometers  show  much  larger  departures  from 
the  hydrogen  scale  than  are  met  with  between  0°  and  100°  C. 
Thus,  according  to  the  determinations  of  the  Bureau  Inter- 
national, "  verre  dur  reading  less  hydrogen  reading  ^' 

=  -0°-170at  -20°C., 

SB  —  0°'4:26  at  the  freezing-point  of  mercury. 

For  this  latter  point  the  Bureau  has  found,  "avec  une  ap- 
proximation de  2  centi^mes  de  degr^  "  f, 

— 38°'80  C.  on  the  hydrogen  scale, 
—  39°*22  0.  on  the  scale  of  verre  dur. 

As  to  the  scale  of  English  glass  at  temperatures  below  0°  C, 
the  only  published  result  I  know  of  is  a  determination  of  the 
freezing-point  of  mercury  on  the  natural  (fixed  zero)  scale 
of  a  Kew  Standard,  No.  45,  by  Balfour  Stewart  J.  The  mean 
of  three  separate  experiments — giving  an  extreme  difierence 
ofO°-lF.— was 

-38°-2F.  (-39°-0C.). 

This  comes  much  nearer  the  hydrogen  scale  than  does  the 
verre  dur  reading. 

Results  from  a  single  thermometer  are,  however,  at  best 
somewhat  inconclusive,  and  some  doubt  might  reasonably  be 
entertained  as  to  the  closeness  of  the  temperature  produced 
by  freezing  mercury  in  Balfour  Stewart's  apparatus  to  that 
produced  in  the  Bureau  International's  experiments. 

As  to  the  latter  point  some  collateral  evidence  exists.  The 
experiments  on  the  Kew  Standard,  No.  45,  are  mentioned  in 
Balfour  Stewart's  paper  on  the  determination  of  the  freezing- 
point  of  mercury  on  the  scale  of  the  air-thermometer,  and 
seem  to  have  been  carried  out  under  fairly  similar  conditions 
to  those  of  the  main  object  of  the  research. 

The  hydrogen  and  air  scales  are  unlikely  to  differ  much 

•  Kg,  Lord  Kelvin's  'Mathematical  and  Physical  Papers/  vol.  iii.  p.  147 
and  Glazebrook  and  Shave's  '  Practical  Physica/  p.  169  of  first  edition.    ' 

t  Comptes  rendus  ,  .  ,  de  ia  deuxihnf  ConUrence  QiniraL  .  . .  Paris, 
1896  D.  29. 

t  Phil.;.Tran8.  for  1863,  p.  428. 
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at  —  39°0.,  and  Balfour  Stewart's*  determination  of  the 
freezing-point  of  mercury  on  the  scale  of  the  air-thermometer, 
viz.  -37^-93  P.  (or  -38°-85  C),  differs  by  only  0°-05  C. 
from  the  Bureau's  determination  on  the  hydrogen  scale. 
This  collateral  evidence  is,  however,  somewhat  weakened  by 
the  fact  that  Balfour  iStewart  states  that  the  mercury  used  in 
the  experiments  on  thermometer  No.  45  was  not  the  same  as 
that  used  with  the  air-thermometer. 

§  18.  Since  Balfour  Stewart's  investigation  there  have 
been  numerous  observations  of  the  freezing-point  of  mercury 
on  calibrated  Kew  standard  thermometers  of  English  glass. 
The  results  deduced  at  Kew  Observatory  for  the  freezing- 
point  of  mercury  on  the  natural  (fixed  zero)  scales  of  twenty 
of  these  thermometers  are  as  follows  : — 

highest  -38°'15F.  (-38^-97  0.), 
mean  -38^-35  F.  (-39°-08  C), 
lowest    -38°-50  F.  ( -39^-17  C). 

The  thermometers  were  read  to  the  nearest  0°'05  F.  only. 

In  sixteen  out  of  the  twenty  thermometers  the  reading  lay 
between— 38°- 25  F.  and  —  38°'45  F.,  and  as  errors  of  reading 
of  0°'05  F.  might  easily  arise,  there  can  be  little  doubt  that  the 
mean  found  above  is  fairly  representative  for  ordinary  English 
glass. 

To  test  the  accuracy  of  the  method,  and  obtain  a  connexion 
with  the  hydrogen  scale,  I  had  three  of  the  twenty  thermo- 
meters— which  had  remained  at  the  Observatory — partially 
recalibrated  and  retried  together  in  the  mercury  batn,  while 
two  independent  observations  were  made  in  the  bath  with  a 
Tonnelot  thermometer  standardized  at  the  Bureau  Inter- 
national. The  results  obtained  with  the  three  Kew  standards, 
after  allowing  for  the  secular  change  of  zero,  were  practically 
identical  with  those  found  on  separate  occasions  many  years 
ago.  While  the  results  obtained  on  the  two  occasions  with 
the  Tonnelot  thermometer,  read  to  O^'Ol  0.  by  the  unaided 
eye,  differed  by  only  0°'02  C,  and  gave  for  the  freezing-point 
of  mercury 

-39''-286  0.  on  the  verre  dur  scale, 
or,  applying  the  Bureau's  table, 

-38°-86  C.  on  the  hydrogen  scale. 

The  reading  with  the  Tonnelot  thermometer  is  0^-06  C. 
lower  than  that  accepted  by  the  Bureau,  and  1  am  not  certain 

*  i.  c.  p.  436. 
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that  the  determination  of  the  zero  corresponding  to  the 
temperature  —39°  C.  was  carried  out  exactly  in  the  way 
approved  by  the  Bureau,  but  any  faihire  in  this  respect 
would,  I  think,  be  more  likely  to  increase  than  reduce  the 
apparent  difference. 

Thus  the  experiments  with  the  Tonnelot  thermometer 
show  that  if  the  Kew  apparatus  gives  a  different  result  from 
that  of  the  Bureau,  this  difference  tends  to  exaggerate  the 
apparent  departure  of  the  natural  English  glass  scale  from 
that  of  the  hydrogen  thermometer.  It  has  also  to  be  borne 
in  mind  that,  as  stated  in  §  10,  an  English  glass  thermometer 
treated  like  the  verre  dur  thermometer  on  a  movable  zero 
method  would  give  a  reading  algebraically  higher,  and  so 
nearer  that  of  the  hydrogen  thermometer,  than  when  treated 
as  at  Kew  Observatory. 

§  19.  It  may  appear  that  undue  space  has  been  given  to 
the  question  of  the  temperature  answering  to  the  freezing- 
point  of  mercury,  and  the  corresponding  reading  of  English 
flass  thermometers.  Since  Balfour  Stewart's  determination, 
owever,  very  considerable  importance  has  attached  to  this 
point.  For  many  years  it  was  not  unusual  to  treat  the 
freezing-point  of  mercury  as  a  third  fixed  point  (taken  as 
— 37°-9F.)  on  the  scale  of  mercury  thermometers,  sub- 
dividing the  tube  below  32°  F.  by  reference  to  the  observed 
readings  in  freezing  ice  and  freezing  mercury.  This  pro- 
duced a  thermometer  in  which  the  degree  volumes  below 
32°  F.  were  equal  amongst  themselves  but  unequal  to  those 
above  32°  F. 

The  object,  of  course,  was  to  produce  a  mercury  thermo- 
mometer  whose  readings  should  lie  nearer  those  of  the  air- 
thermometer  than  if  it  were  divided  into  identically  equal 
volumes  throughout ;  and  so  would  give  better  results  when 
no  corrections  were  applied,  other  than  for  observed  change 
of  ice  reading.  This  practice,  no  doubt,  may  be  regarded 
with  far  from  silent  contempt  by  the  present  generation  of 
physicists;  but  to  our  ruder  ancestors,  who  thought  an 
accuracy  of  from  0°*1  to  0°'2  F.  at  temperatures  below  32°  F. 
something  on  which  to  congratulate  themselves,  the  idea 
seemed  an  ingenious  one.  However  bad,  or  the  reverse,  the 
idea  was,  the  fact  remains  that  a  good  many  mercury-thermo- 
meters divided  in  this  way  have  been  used  in  this  country 
and  its  colder  dependencies. 

Even  at  the  present  day  it  is  the  practice  of  English 
opticians  to  take  —  37°'9  F.  as  a  fixed  point  in  the  con- 
struction of  spirit  thermometers  *  used  for  low-temperature 

«  Of,  Balfour  Stewart's  'Ileat,*  Ist  edition,  Art.  26. 
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meteorological  investigations ;  and  many,  perhaps  most,  low 
Canadian  temperatures  have  been  observed  on  these  instru- 
ments. 

My  own  belief  is  that  for  ordinary  meteorological  uses 
the  idea  was  by  no  means  bad,  and  tnat  it  might,  for  very 
low  temperatures,  when  accuracy  of  QP'i  or  0°"2  F.  is  good 
enough,  be  carried  farther. 

Instead  of  trying  to  make  the  scale  of  the  mercury  or 
spirit  thermometer  coincide  with  that  of  a  gas  thermometer 
at  three  points  only,  one  might,  if  one  knew  the  natural  scale 
well  enough,  make  it  coincide  at  a  considerably  larger  number 
of  points.  The  calculated  alterations  to  make  to  the  data 
supplied  by  calibration  would  not  entail  any  very  serious 
trouble. 

The  other  reason  for  d  ^veiling  on  the  facts  is  that  they  are 
at  least  strongly  suggestive  that  the  glass  employed  in  this 
country  for  making  thermometers  is  not  quite  so  uniform  as 
one  would  like  it  to  be.  The  figures  given  in  §  18  for  the 
freezing-point  of  mercury  on  the  natural  scales  of  twenty 
English  glass  thermometeis  showed  a  difference  of  0°'35F. 
between  trie  extremes.  I  was  inclined  to  attribute  the  greater 
part  of  this  to  possible  errors  of  reading,  or  impurity  of  the 
mercury  used  on  one  or  two  occasions  in  the  bath.  A  direct 
comparison,  however,  of  the  two  extreme  thermometers,, 
freshly  recalibrated,  in  the  same  bath  of  freezing  mercury 
fairly  confirmed  the  previously  observed  diflFerence.  The 
result  is  perhaps  not  absolutely  conclusive,  because  the 
purity  of  the  mercury  inside  thermometers  has  to  be  taken 
for  granted  ;  and  if  this  confidence  is  misplaced,  the  point  at 
which  the  consequences  would  be  most  serious  would  likely 
be  the  freezing-point  of  mercury  itself. 
[To  be  continued.] 


XXV.   On  Lord  Kelvin's  Absolute  Method  of  Graduating  a 
Thermometer.     By  J.  Rosb-Innes,  B.Sc.* 

IN  a  paper  "  On  the  Thermal  Effects  of  Fluids  in  Motion  " 
Lord  Kelvin  has  given  the  cooling  effects  exhibited  by 
various  gases  in  passing  through  a  porous  plug  ;  and  he 
found  that  the  effects  for  any  one  gas  kept  at  the  same 
initial  temperature  were  proportional  to  the  difference  of 
pressure  on  the  two  sides  of  the  plug  (Reprinted  Papers,  vol.  i. 
pp.  333-455).  He  also  found  that  the  cooling  effect  for  any 
one  gas  per  unit  difference  of  pressure  varies  as  the  inverse 
square  of  the  absolute  temperature ;  and  this  rule  succeeds 
•  Communicated  by  the  Physical  Society :  road  Dec.  10, 1897. 
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very  well  in  the  case  of  air.  For  carbonic  acid,  however, 
the  results  furnished  by  this  rule  are  not  so  satisfactory,  as 
may  be  seen  by  inspecting  the  table  given  by  him  comparing 
the  actual  with  the  theoretical  cooling  effect  {loc.  cit.  p.  429). 
Moreover  in  the  case  of  hydrogen  it  is  found  that  there  is  a 
heating  effect,  which  increases,  if  anything,  when  the  tempe- 
rature rises,  so  that  here  the  law  of  the  inverse  square  of  the 
temperature  is  wholly  inapplicable.  It  seemed  to  me  that  it 
mignt  be  possible  to  hit  uppn  some  simple  algebraic  expres- 
sion which  should  reproduce  the  experimental  results  rather 
better  than  Lord  Kelvin^s  rule  does ;  and  in  fact  it  was  found 
that  a  satisfactory  agreement  between  observation  and  calcu- 
lation might  be  obtained  by  patting 

cooling  effect  =  m  —  j8, 

where  a  and  13  are  constants  characteristic  of  the  gas,  and  T 
is  the  absolute  temperature. 

The  following  values  of  «  and  13  were  found  from  the 
experimental  data : — 


Air.     ...     . 
Carbonic  acid     . 
Hydrogen     .     . 

a.                /3. 
.    441-5           -697 
.    2615         4-98 
.      64-1          -331 

A  comparison  of  the  actual  results  with  those  calculated  by 
the  new  formula  is  given  in  the  following  table : — 

Name  of 

Temp. 

effect 

Calculated  cooling 

effect 
(Kelvin's  formula). 

Calculated  cooling 

effect 

(New  formula). 

Air 

0° 

71 

39-6 

92-8 

0%2 

•88 

•51 

•§2 
•87 
•70 
•61 

•920 
•879 
•716 
•610 

Carbonic 
Add 

0 

7-4 
36-6 
64-0 
98-6 
97-5 

4-64 
4-37 
841 
2-96 
216 
2-14 

4-64 
4-40 
363 
323 
267 
262 

4-60 
4-36 
3-49 
802 
2-16 
2-08 

Hydrogen . 

4-6 
91-0 

-0100 
-  -156 

-100 
-155 

It  will  be  seen  that  the  formula  proposed  in  this  paper, 
regarded  simply  as  an  empirical  formula,  is  more  efficient 
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than  Lord  Kelvin's ;  there  is  nothing  astonishinor  in  this  as 
it  contains  two  disposable  constants  instead  of  only  one. 
But  it  hjis  the  following  further  advantages : — 

(i.)  It  includes  the  three  cases  of  air,  hydrogen,  and 
carbonic  acid  under  one  form,  and  therefore  enables  us  to  treat 
them  all  in  one  common  investigation. 

(ii.)  It  renders  more  manageable  the  diflFerential  equation 
concerned  in  the  thermodynamic  scale  of  temperature,  and 
leads  to  simpler  algebraic  results  after  integration. 

This  last  proposition  we  must  now  proceed  to  prove.  It 
is  shown  by  Lord  Kelvin  that  when  a  gas  passes  through  a 
porous  plug  we  must  have 

dv  JK^ 

'5?-^=-ir^^ 

where  t  and  v  denote  the  temperature  and  volume  of  the  gas 
respectively,  K  its  specific  heat,  0  the  cooling  eflTect  per  atmo 
of  differential  pressure,  11  the  value  of  one  atmo,  and  J  the 
value  of  Joule  s  mechanical  equivalent  (Reprinted  Papers, 
vol.  iii.  p.  179).     Hence 

}:dv^v__3K0^ 
t  dt      ««  "  n  <* 


dt\t)~  u\t^     i^s 


Estimate  of  the  Absolute  Value  of  tlie  Freezing-point 
of  Water. 

Integrate  the  last  equation  between  the  limits  ^o  and  t^  and 
we  obtain 

t?i_t?p_JKr^      jx (§^_fi\\ 

t,      to       U\2to^''2t,^      \to      TJS 

Ulto      tj     2     ' 

where  0i  and  0q  ate  the  values  of  0  at  the  temperatures  t  and 
<o  respeddvely.  ^ 

Multiply  the  equation  by  ^  ti  and  we  get 
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Hence 

If  ti  and  Iq  are  taken  as  the  boiling-point  and  freezing- 
point  of  water  respectively,  then  this  equation  gives  us  the  value 
of  the  freezing-point  t^  in  terms  of  the  interval  ^i— ^o  >  ^^  ^^ 
usual,  as  pointed  out  by  Lord  Kelvin,  to  take  the  interval 
h  —  tQ  as  containing  100  degrees  {loc.  cit.  p.  175).  It  is 
evident  that  we  should  have  obtained  the  same  value  for  f^  if 
0  had  been  constant  throughout  the  range  of  temperature 

fi       ■mi.    A 

Iq  to  <i,  and  equal  to      ^       ^ .     This  shows  that  the  proper 

mean  cooling-effect  is  simply  the  arithmetic  mean  of  the 
cooling  effects  at  the  boiling-point  and  freezing-point.  The 
following  table  gives  us  the  value  of  the  freezing-point  de- 
rived from  experiments  on  the  three  gases. 

Uncorrected  estimate 
of  temperature  of  Corrected 

freez  tog-point.  Correction.  edtimate. 

Hydrogen     .     .     .         273-13  --13  27300 

Air 272'U  12  273-16 

Carbonic  acid    .     .         269-5  4-35  273-85 

The  first  column  of  figures  is  taken  from  Lord  Kelvin's 
paper  {loc.  cit.  p.  177). 

Thermodynamic  Correction  for  a  Constant-pressure 
Gas  Thermonuter, 

Suppose  now  we  have  a  temperature  t  Ij'ing  above  both 
^1  and  tn,  and  fixed  by  some  derinite  physical  phenomenon. 
We  require  to  know  exactly  how  it  lies  with  respect  to  Iq 
and  ^1. 

We  start  as  before  with  the  differential  equation 

dt\i)~  11 1 1^     t^  r 

We  may  put  this 

dt\t)~t^       t'' 
if  A=^andB=^^ 


Digitized  by 


Google 


Method  of  Gi'aduatiny  a  Thermometer.  231 

Integrate  between  the  limits  Iq  and  t, 

t       to~2W      t'J        \to~T) 
Hence 

t    to     tt^  i2\to^ t)    °  r 

Multiply  by  <o('— <i)  and  we  shall  have 

<'^-'^)-<'-'.)=^=^^{K7/7)-''}- 

Similarly  by  interchanging  (q  and  Vq  with  ^i  and  vi,  we 
might  obtain 

Subtract  the  equation  last  but  ono  from  the  last, 
We  may  write  this 

Divide  by  Vi—ro  and  transpose, 

ri-Uo  t  2{vi-Vo)Xto    hi 

Finally, 

This  last  expression  for  t  may  be  said  to  consist  of  three 
parts  : — 

(i.)  There  is  the  quantity  /q,  whose  absolute  value  may  be 
considered  to  have  been  determined  once  for  all  by  means  of 
its  own  equation.  We  may  regard  it  as  known  numerically 
with  sufficient  accuracy. 

(ii.)  There  is  the  term —  (^i— O*     This  term  gives  us 

the  degrees  above  freezing-point  on  the  equi-expansion 
method  of  graduation.  It  is  what  is  usually  called  the 
"  temperature." 

(ui.)  The  quantity    1^7  \_  ^ } ^  is  due  entirely 
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to  the  Joule-Thomson  effect.  It  may  be  regarded  as  a 
correction  necessary  owing  to  the  deviation  of  the  substance 
from  a  perfect  gas.  It  is  this  Quantity  which  is  calculated 
and  tabulated  so  as  to  give  us  tne  means  of  arriving  at  the 
absolute  scale.  We  notice  that  in  order  to  calculate  this 
term,  we  require  to  know  the  value  of  /,  the  very  quantity 
we  are  seeking  to  find.  Sufficiently  accurate,  however,  for 
the  purpose  of  calculating  this  small  term,  will  be  the  value 
of  /  found  by  means  of  a  nrst  approximation. 

Thermodynamic  Collection  for  Constant-volume 
Gas^  Thermometer. 

We  will  now  compare  the  indications  of  a  gas-thermometer 
kept  at  constant  volume  with  the  thermodynamic  scale  of 
temperature. 

Let  us  start  as  before  with  the  difibrential  equation 

dtyt)"  t^    t^' 

Integrate  this  between  the  limits  /  and  oo  and  we  have 

t  "2i!«       V 

where  P  is  the  value  of  -,  as  v  and  /  are  made  to  grow 

indefinitely  large  with  p  constant.  To  determine  the  form  of 
P  we  must  appeal  to  experiment.  We  know  that  when  a 
gas  is  made  to  expand  to  larger  and  larger  volumes  it  obeys 
Boyle's  law  more  and   more  closely  ;  hence  we  infer  that 

when  V  and  t  are  made  indefinitely  large^  the  value  of  -  must 

vary  inversely  as  the  pressure.     We  may  therefore  write 

p  =  ^ 
p 

where  C  is  a  constant  characteristic  of  the  gas. 

Writing  in  this  value  we  have  as  the  complete  solution 

C_t)^lA_B 

p     't     2<»      /• 
Multiply  this  hy  pt,  and  transpose, 

If  we  neglect  the  Joule-Thomson  effect  we  have  as  a  first 
approximation /?t;=C^,  or  ^=^,  which  is  the  value  for  t  in 
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the  case  of  a  perfect  gas  ;  and  this  approximate  value  for  / 
may  be  used  in  the  term  involving  the  Joule -Thomson  effect 
on  the  right-hand  side  of  the  equation.     We  then  get 

CA 

This  equation  represents  our  second  approximation  to  the 
correct  formula.     We  may  also  write  it 

Imagine  now  that  we  keep  v  constant,  and  use  the  equation 
to  determine  t  when  p  is  measured.  Let  the  suffix  0  refer 
to  the  freezing-point,  and  the  suffix  1  to  the  boiling-point  as 
before.     We  then  have 

;,o(t-B)=C/o-^, 


By  subtraction 


or 


(/'i-/>o)(t^-B)=C(/,-g, 
ip-Po)  (t^-B)  =  C(/-/o), 

Pi-Po 

To  the  degree  of  approximation  to  which  we  are  working, 
therefore,  there  is  no  thermodynamic  correction  needed  for  a 
constant-volume  gas  thermometer.  There  may  be  a  correc- 
tion involving  squares  of  small  quantities,  which  would 
appear  on  a  nearer  approximation.  Such  u  correction, 
however,  would  not  be  worth  taking  into  account  in  the 
case  of  a  thermometer  constructed  with  air  or  hydrogen,  as 
the  unavoidable  errors  of  experiment  would  certainly  be 
much  larger  than  the  correction.  It  is  satisfactory  to  know 
that  for  all  practical  purposes  absolute  temperature  is  to  be 
obtained  with  very  great  accuracy  from  Regnault's  thermo- 
metric  system  by  simply  adding  the  value  of  to  to  his  numbers 
for  temperature  on  the  centigrade  scale. 

This  result  differs  from  that  obtained  by  Rowland  *,  who 
employed   Lord  Kelvin's  law  of  the  inverse  square  of  the 

*  Froceedings  Amer.  Acad.  Arts  &  Sciences*  xv.  (n.  s.  \ii.)  p.  114, 
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temperature,  and  inferred  that  there  was  a  correction  needed 
involving  the  first  power  of  the  cooling-efFect.  Both  his 
investigation  and  my  own  involve  the  assumption  that  an 
empirical  formula  found  to  hold  through  a  short  range  of 
temperature  can  be  used  for  any  temperature  however  high, 
and  hence  neither  his  result  nor  mine  is  conclusively  estab- 
lished ;  but  it  seems  interesting  to  show  that  the  employment 
of  a  new  expression,  at  least  as  good  as  Lord  Kelvin^s,  for 
the  cooling-effect,  leads  to  a  smaller  value  for  the  correction. 


XXVI.   On  the  Simple  Isomorphisms  of  a  Suhditution- Group 
to  itself.    Bif  G.  A.  Miller,  Ph.D.* 

OST   of  the  difficulties   connected  with   the   study   of 


M 


groups  reside  either  in  the  simple  groups  or  in  the 
general  problem  of  isomorphisms.  One  of  the  fundamental 
elements  of  this  problem  consists  of  the  simple  isomorphisms 
of  a  group  to  itself.  It  is  our  object  to  give  a  general  outline 
of  this  element,  together  with  a  few  details  which  appear  new 
and  of  considerable  importance  in  the  study  of  the  intransitive 
substitution-groups. 

The  simplest  method  of  making  a  group  (G)  simply  iso- 
morphic to  itself  is  that  by  which  we  write  after  each  one  of 
its  substitutions  t  the  transform  with  respect  to  some  substi- 
tution that  is  commutative  to  G.  That  we  obtain  a  simple 
isomorphism  in  this  way,  follows  directly  from  the  equation 

s^HiS  .  s'^H^B  =  s'^titzs. 

From  this  equation  it  also  follows  that  we  obtain  a  simple 
isomorphism  when  the  transforming  substitution  is  not  com- 
mutative to  G.  In  this  case  it  would,  however,  not  be  a 
simple  isomorphism  of  G  to  itself. 

Instead  of  transforming  every  substitution  of  G  by  the 
same  substitution,  we  may  employ  different  transformers  for 
the  different  substitutions.  It  is  necess.iry  and  sufficient  that 
all  such  transformers  have  the  sjune  effect  upon  the  sub- 
stitutions to  which  they  are  applied,  regarded  as  operators,  as 
a  given  transforming  operator  has  upon  the  corresponding 
operators  of  the  simply  isomorphic  operation-group. 

Suppose  that  a  regular  group  (U)  is  made  simply  iso- 
morpnic  to  itself  in  any  one  of  the  possible  ways.  We  mav 
suppose  that  all  the  substitutions,  except  identity,  begin  witli 

*  Communicate  by  the  Author;  having  been  read  at  the  Detroit 
Meeting  of  the  American  Association  for  the  Advancement  of  Science, 
1897. 

t  Unless  the  contrary  U  stated,  the  groups  under  consideration  are 
supposed  to  be  general  substitution-groups. 
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the  same  element.  The  second  elements  in  each  of  the  cor- 
responding substitutions  may  be  made  identical  by  trans- 
forming one  of  the  two  constituent  groups  by  means  of  a 
substitution  which  does  not  contain  the  first  element  of  all  the 
substitutions.  As  the  groups  remain  simply  isomorphic,  and 
their  corresponding  substitutions  coincide  with  respect  to 
their  first  two  elements,  they  must  coincide  throughout. 
Hence,  evert/  simple  isomorphism  of  R  to  itself  may  be 
obtained  by  writing  after  each  substitution  of  R  its  transform 
with  respect  to  a  given  substitution  which  does  not  contnin  an 
arbitrary  element  of  R. 

All  the  substitntions  which  transform  R  into  itself,  and 
contain  only  elements  of  R,  form  a  transitive  group  of 
degree  ?i,  n  being  the  order  of  R.  A  subgroup  of  this 
group,  which  contains  all  its  substitutions  which  do  not 
contain  a  given  one  of  its  n  elements,  cannot  contain  any 
substitution  besides  identity  that  is  commutative  to  every 
substitution  of  R.  Hence,  no  two  substitutions  of  this 
subgroup  can  transform  all  the  substitutions  of  R  in  the 
same  manner.  From  the  preceding  paragraph  it  follows 
that  this  subgroup  transforms  R  into  itself  in  every  possible 
manner. 

Since  the  order  of  the  given  subgroup  is  equal  to  the 
order  of  the  entire  group  divided  by  w,  the  latter  must 
contain  just  n  substitutions  that  are  commutative  to  every 
substitution  of  R.  These  form  a  regular  group,  which  coin- 
cides with  R  only  when  R  is  commutative.  Each  one  of 
these  two  regular  groups  is  said  to  be  the  associate*  of  the 
other.  Before  proceeding  further  in  the  consideration  of 
the  simple  isomorphisms  of  R  to  itself,  it  seems  well  to  give 
some  definitions  which  apply  to  the  general  substitution- 
group. 

§  1.  Definitions  and  General  Considerations. 

If  we  regard  the  substitutions  of  G  as  elements,  we  observe 
that  a  substitution  of  these  elements  corresponds  to  every 
simple  isomorphism  of  G  to  itself  and  a  substitution-group  to 
all  the  possible  isomorphisms.  This  substitution-group  (I) 
has  been  called  tlie  group  of  isomorphisms  of  G.  Its  degree 
is  the  order  of  G  diminished  by  the  number  of  its  substi- 
tutions that  correspond  to  themselves  in  every  simple  iso- 

*  *  Quarterly  Journal  of  Mathematics/  vol.  xxviii.  p.  249.  The  pre- 
ceding seems  to  be  an  easy  proof  of  Jordan's  theorem  in  regard  to  the 
number  of  substitutions  that  are  commutative  to  every  substitution  of  a 
given  regular  group.    Cf.  Traits  des  Si/AstUutionSy  p.  60. 
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morphism  of  G  to  itself.  Hence  it  cannot  exceed  the  order 
of  G  diminished  by  unity. 

If  an  isomorphism  of  G  to  itself  can  be  obtained  by  trans- 
forming it  with  respect  to  one  of  its  own  substitutions,  it  is 
said  to  be  cogredienU  All  the  other  simple  isomorphisms 
of  G  to  itself  are  said  to  be  contragredient.  Two  simple  iso- 
morphisms of  G  to  itself  which  cannot  be  transformed  into 
each  other  may  be  called  distinct.  Hence,  the  number  of 
distinct  isomorphisms  of  G  is  equal  to  the  number  of  different 
intransitive  groups  of  twice  the  degree  of  G  that  may  be 
formed  by  making  G  simple  isomorphic  to  itself. 

When  two  isomorphisms  are  not  distinct,  they  may  be  said 
to  be  transform  with  respect  to  each  other.  All  the  cogredient 
isomorphisms  of  G  are  transforms  of  the  identical,  but  they 
do  not  necessarily  form  a  complete  system  of  transforms. 
The  cogredient  isomorphisms  correspond  to  a  self-conjugate 
subgroup  in  the  group  of  isomorphisms.  The  subgroup  of 
this  group,  which  corresponds  to  the  transforms  of  the 
identical  isomorphism,  includes  this  self-conjugate  subgroup ; 
but  it  is  not  necessarily  self-conjugate.  From  the  fact  that 
the  transforms  of  the  identical  isomorphism  correspond  to  a 
subgroup  of  the  group  of  isomorphisms,  it  follows  that  the 
total  number  of  the  simple  isomorphisms  of  G  to  itself  is 
divisible  by  the  number  of  the  transforms  of  the  identical 
isomorphism. 

It  may  happen  that  a  subgroup  of  G  corresponds  to  itself 
in  all  the  possible  simple  isomorphisms  of  G  to  itself.  Fro- 
benius  has  called  such  a  subgroup  cfiaracteristic  *.  Subgroups 
which  correspond  to  each  other  in  any  of  these  isomorphisms 
may  be  called  isomorphic,  and  those  which  correspond  in  any 
of  the  transforms  of  the  identical  isomorphism  may  be  called 
transform.  Hence,  the  isomorphic  subgroups  include  the 
transform  and  the  latter  include  the  conjugate. 

If  a  subgroup  corresponds  to  itself  in  all  the  transforms  of 
the  identical  isomorphism  it  may  be  called  self'tramform. 
Hence  the  sell-conjugate  subgroups  include  the  self-transform, 
and  the  latter  include  the  characteristic.  The  last  might  be 
called  self-isoraorphic,  in  harmony  with  the  other  notation. 
While  no  special  attention  is  called  to  these  names,  yet  it  is 
very  important  to  observe  the  special  properties  of  these  six 
types  of  subgroups. 

When  a  group,  like  the  symmetric  groups  whose  order  is 
not  720  t  and  all  the  metacyclic  groups,  admits  only  co- 

♦  Sitzungsben'chte  der  Berliner  Akademie^  1896,  p.  183. 
t  Holder,  Mathematische  Annalen^  vol.  xlvi.  p.  346 ;  Miller,  <  Bulletin 
of  the  American  MathemAtical  Society  *  (1896),  vol.  i.  p.  268. 
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gredient  simple  isomorphisms  to  itself,  these  six  types  of 
subgroups  reduce  to  two,  since  the  characteristic,  self- 
transform,  and  self-conjugate  subgroups  become  identical,  as 
well  as  the  isomorphic,  transform,  and  conjugate  subgroups. 
With  respect  to  groups  like  the  operation  or  abstract  groups 
and  the  regular  substitution-groups,  which  admit  only  trans- 
form simple  isomorphisms  to  themselves,  they  reduce  to  four 
types,  since  the  characteristic  subgroups  and  the  self-transform 
b:)Come  identical,  as  well  as  the  isomorphic  and  the  transform. 

There  is  a  special  type  of  characteristic  subgroups  to  which 
attention  should  be  willed,  viz.  that  fornied  by  all  the  commu" 
tators  of  G.  It  has  been  called  by  Dedekind  the  commutator 
subgroup  of  G.  As  G  has  only  one  such  subgroup,  it  must 
correspond  to  itself  in  all  the  simple  isomorphisms  of  G 
to  itself.  In  fact,  a  subgroup  belonging  to  any  one  of  the 
seven  types  that  have  been  defined  must  correspond  to  one  of 
the  same  type  in  every  simple  isomorphism. 

As  the  cogredient  isomorphisms  correspond  to  a  self- 
conjugate  subgroup  of  I,  this  group  must  have  an  a,  1 
isomorphism  to  some  other  group  (I^),  a  being  the  order  of 
the  given  self-conjugate  subgroup  of  I.  Those  « isomorphisms 
whicn  correspond  to  the  same  operator  of  1'  are  said  to  be  of 
the  same  class*.  All  of  them  may  be  obtained  from  any 
one  by  transforming  it  with  respect  to  substitutions  of  G ; 
for  the  substitution  of  I  which  corresponds  to  the  transform 
of  a  given  isomorphism  is  obtained  by  multiplying  the  sub- 
stitution which  corresponds  to  the  isomorphism  into  that 
which  corresponds  to  the  transforming  operator. 

§  2.  Simple  Isomorphisms  of  R  to  itself* 

Suppose  that  all  the  substitutions  of  R  except  identity  begin 
with  the  same  element  (aj),  and  that  each  one  of  them  is 
denoted  by  its  second  element.  No  two  substitutions  will 
thus  be  denoted  by  the  same  element.  Each  substitution  of 
the  subgroup,  which  contains  all  the  substitutions  that  do  not 
involve  «!,  of  the  largest  group  of  degree  n  that  transforms  R 
into  itself  transforms  the  substitutions  of  R  in  exactly  the 
same  manner  as  its  own  elements.  Hence  this  subgroup  may 
be  considered  the  group  of  isomorphisms  of  R.  By  changing 
the  notation  of  the  substitutions  of  R  we  may  obtain  any  one 
of  the  conjugates  of  this  subgroup  for  the  I  of  R. 

Since  a  tninsformer  must  permute  at  least  half  of  the  sub- 
stitutions of  a  group  if  it  permutes  one,  it  follows  directly 
from  the  preceding  paragraph  that  the  class  of  the  group  of 

•  Holder,  Mathsnuttische  Annalen^  vol.  xlvi.  p,  326. 
Phil.  Mag.  S.  5.  Vol.  45.  No.  274.  March  1898.  S 
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degree  n  which  transforms  R  into  all  its  simple  isomorphism! 
to  itself  cannot  be  less  than  n-f-2.  In  other  words,  a  substi- 
tution which  transforms  a  regular  group  of  degree  n  into 
itself  must  be  of  degree  >'n-7-2,  if  it  is  not  identity.  We 
proceed  to  determine  this  degree  somewhat  more  accurately. 
Suppose  that  m  is  the  order  of  the  largest  maximal  sub- 
group of  R,  and  that  some  substitution  that  is  commutative 
to  every  substitution  of  this  subgroup  transforms  R  into  itself; 
then  will  the  class  of  the  group  that  transforms  R  into  all  its 
Simple  isomorphisms  to  itself  be  n~-iti.     This  number  cannot 

be  less  than  — ,p  being  the  smallest  prime  number  which 

is  a  factor  of  the  order  of  R.     When  j9=:2,  we  have  the  limit 
at  which  we  arrived  in  the  preoeding  paragraph. 

The  largest  group  of  degree  n  that  transforms  R  into  all 
its  simple  isomorphisms  to  itself  has  a  n,  1  isomorphism  to  the 
I  of  R.  To  identity  in  I  we  may  let  either  R  or  its  associate 
correspond.  The  average  degree  of  the  n  substitutions  which 
correspond  to  any  substitution  of  I  is  n— 1.  Hence,  some  of 
these  must  be  of  degree  n^  in  case  at  least  one  of  them  is  of  a 
lower  degree  than  n— 1. 

When  II  contains  no  substitution  besides  identity  that  is 
commutative  to  all  its  substitutions,  it  and  its  associate  have 
only  one  common  substitution.  The  largest  group  of 
degree  n  which  transforms  R  into  all  its  cogredient  iso- 
morphisms is  of  order  n^.  Its  subgroup  which  contains  all 
its  substitutions  that  do  not  involve  a  given  element,  is 
simply  isomorphic  to  R  us  well  as  to  its  associat-e.  Hence 
at  least  such  an  R  must  be  the  transform  of  its  associate. 

In  general,  the  substitutions  that  are  common  to  R  and 
its  associate  form  a  characteristic  subgroup  of  both.  The 
quotient  group  of  R  and  its  associate  with  respect  to  this 
subgroup  must  be  of  a  composite  order.  The  largest  group 
of  degree  n  that  transforms  R  only  according  to  its  cogredient 
isomorphisms  is  of  order  n^-j-wi,  m  being  the  order  of  the 
given  characteristic  subgroup.  The  subgroup  of  order  n-r-m 
which  contains  all  the  substitutions  of  this  group  that  do  not 
involve  a  given  element  is  the  group  of  cogredient  iso- 
morphisms of  R  and  its  associate.  When  m=nj  R  is  com- 
mutative, and  vice  versd. 

By  multiplying  all  the  substitutions  of  R,  first  on  the  right 
and  then  on  the  left,  by  each  one  of  them  we  obtain  two 
squares  containing  n^  substitutions,  each  substitution  occurring 
n  times  in  each  sauare.  The  substitutions  by  means  of  which 
we  obtain  all  the  lines  of  a  square  from  any  one  of  them  form 


Digitized  by 


Google 


of  a  Substitution-  Group  to  itself,  239 

a  group  which  is  simply  isomorphic  to  R.  Each  of  these 
sabstitutions  of  one  square  is  commutative  to  every  one  of 
those  of  the  other  square.  If  a  substitution  is  commutative 
to  every  substitution  of  R,  it  must  clearly  be  of  degree  n. 
This  proof  of  the  given  theorem  of  Jordan  is  due  to  Frattini. 
It  follows  directly  from  this  method  of  proof  that  eceri/  R  is 
tlie  transform  of  its  associate. 

Since  all  the  simple  isomorphisms  of  R  to  itself  can  be 
obtained  by  titinsforming  the  identical  isomorphism,  we  need 
to  transform  only  one  of  the  two  constituent  groups  in  any 
one  such  isomorphism  in  order  to  obtain  all  the  others.  We 
shall  see  in  the  next  section  that  it  is  not  generally  possible 
to  obtain  all  the  transforms  of  a  given  isomorphism  of  a  general 
substitution-group  in  this  manner. 

§  3.  Simple  Isomorphisms  of  G  to  itself 

ijOt  Sly  Sof  *5,  .   •   .  Sm 

be  m  substitutions  of  order  two  such  that  no  two  of  them 
contain  any  common  element,  and  that  the  degree  of  each 
exceeds  the  sum  of  the  degrees  of  all  those  which  precede  it. 
The  group  of  order  2*  which  is  generated  by  any  a  of  these 
substitutions  contains  no  two  substitutions  of  the  same  degree. 
This  group  has 

(2*-l)(2*-2)(2*-22)(2»-2«)  .  .  .  (2*-2-^) 

simple  isomorphisms  to  itself.  None  of  these  except  the 
identical  can  be  obtained  by  transforming  the  identical.  The 
transforms  of  the  others  will,  in  general,  lead  to  different 
isomorphisms. 

The  G  which  we  have  just  given  is  an  extreme  case.  It  is 
generally  possible  to  obtain  a  number  of  different  iso- 
morphisms by  transforming  the  identical.  If  the  G  which 
is  made  simple  isomorphic  to  itself  is  transitive,  and  its  order 
exceeds  2,  this  is  always  possible.  For  when  it  is  not  com- 
mutative, we  may  obtain  such  isomorphisms  by  transforming 
it  hy  its  own  substitutions.  When  it  is  commutative  it  must 
be  regular  and  must  have  different  simple  isomorphisms  to 
itself  unless  it  has  only  one  substitution  of  a  given  order.  In 
this  case  it  must  be  the  transitive  group  of  order  2. 

When  the  transforms  of  the  identical  isomorphism  of  G  do 
not  give  the  total  number  of  its  simple  isomorphisms  to 
itself,  G  has  more  than  one  distinct  isomorphism.  It  is 
important  to  find  the  numbers  of  the  substitutions  of  I  which 
belong  to  each  distinct  isomorphism  of  G.  We  have  ob- 
served that  the  substitutions  of  I  which  belong  to  the  distinct 

82 
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isomorphism  represented  by  any  transform  of  the  identical 
form  a  subgroup  of  I.  We  shall  represent  the  substitutions 
of  this  subgroup  by  *i,  *j,  *8,  .  .  .  s^. 

Let  £  be  a  substitution  of  1  that  belongs  to  any  other 
distinct  isomorphism.     Then  will 

tSi^  tJ?2j  Mjj  •  •  .  W» 

belong  to  the  same  distinct  isomorphism.  Since  the  inverse 
of  each  one  of  these  corresponds  to  the  interchange  of  the  two 
constituents  in  the  corresponding  isomorphism  it  must  belong 
to  the  same  distinct  isomorphism.  If  one  of  these  (**J""^  is 
not  included  in  the  given  line,  the  following  substitutions  of 
I  must  belong  to  the  same  distinct  isomorphism, 

*7  ^""  *i>  *r  ^~  *s»  *«  *~  *sj  •  •  •>  *^  ^"~  V 

All  of  these  are  evidently  diflFerent  from  the  preceding  sub- 
stitutions. If  these  two  lines  do  not  contain  all  the  inverses 
of  their  2X  substitutions,  we  add  a  new  line  by  multiplying 
such  an  inverse  into  the  given  s's,  &c. 

Since  all  the  substitutions  of  I  tlint  may  be  obtained  in 
this  manner  are  of  the  form 

V'^       (/3,S=l,2,...,X:y=l,  -1) 

their  number  cannot  exceed  2X'.  It  is  easy  to  verify  that 
this  maximum  is  reached  in  the  group  of  order  168  and 
degree  7  if  we  take  for  the  «^s  its  subgroup  of  order  6.  This 
is  the  group  of  isomorphisms  of  the  group  of  order  8  which 
contains  no  substitution  whose  order  exceeds  2*. 

An  isomorphism  may  be  transformed  into  another  with 
the  same  constituent  groups  (1)  by  transforming  either  or 
both  of  its  constituents,  (2)  by  interchanging  the  constituents, 
and  (3)  by  transforming  a  part  of  one  constituent  into  a  part 
of  the  other.  All  the  isomorphisms  which  may  be  obtained 
by  the  first  two  methods  or  their  combination  correspond  to 
substitutions  of  I  that  are  included  in  the  given  rectangular 
form.  As  the  last  method  does  not  apply  to  transitive  groups 
we  observe  that  the  given  form  includes  all  the  substitutions 
of  1  which  correspond  to  a  given  distinct  isomorphism  when 
G  is  transitive.  When  G  is  intransitive,  several  of  these 
rectangular  forms  may  belong  to  the  same  distinct  iso- 
morphism. 

From  what  precedes  it  is  evident  that  a  study  of  the  group 

.  ^  Cy.  Moore.  Bulletin  of  the  American  Mathematical  Society  (1894) 
vol,  i.  p.  61. 
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of  isomorphisms  with  respect  to  the  arrangement  of  its  sub- 
stitutions in  the  given  form  is  of  great  importance  in  the 
study  of  simple  isomorphisms.  For  instance,  if  the  group  of 
isomorphisms  of  G  is  the  symmetric  group  of  order  6,  and 
its  subgroup  that  corresponds  to  the  transforms  of  the  iden- 
tical is  of  order  2  or  3,  then  will  G  have  just  two  distinct 
simple  isomorphisms  to  itself.  This  is  evident  when  the 
subgroup  is  of  order  3.  When  it  is  of  order  2  we  may 
arrange  the  substitutions  of  the  symmetric  group  as  follows  : 

*,,  s^  ~      1         ab 

<^i,  tSi  =     ac         acb 

S2^tr\^  s^H-h^  ^     abc       be 

It  is  clear  that  we  should  have  arrived  at  the  same  result 
by  using  either  one  of  the  other  two  subgroups  of  order  2, 
since  these  three  subgroups  are  conjugate.  When  G  is 
transitive  the  problem  of  finding  the  number  of  its  distinct 
simple  isomorphisms  is  thus  reauced  to  the  following  two 
more  elementary  problems  : — (1)  To  determine  the  subgroup 
of  its  I  which  corresponds  to  all  the  transforms  of  the  iden- 
tical isomorphism  ;  and  (2)  To  arrange  the  substitutions  of  I 
in  the  given  form.  When  G  is  intransitive  the  number  of 
distinct  simple  isomorphisms  cannot  exceed  the  number  found 
in  this  way. 

In  making  G  simply  isomorphic  to  itself  it  is  frequently 
convenient  to  inquire  whether  a  given  subgroup  may  corre- 
spond to  another  given  subgroup.  We  have  ooserved  that 
such  subgroups  must  be  of  the  same  type.  Suppose  that  this 
condition  is  satisfied,  and  that  the  corresponding  substitutions 
are,  in  order, 

Sly  «2|  *8j  •  •  •}  *x'       *1  ^  *J  >  *8  >  •  •  •>  *A  ' 

Let  ti  and  t^  be  two  substitutions  of  G  such  that  (1)  all  the 
substitutions  of  two  larger  subgroups  of  G  (or  of  G  itself)  are 
of  the  form 

t^s^    t^8p'     (a=l,  2, .  -  ., :  /3=1,  2,  .  .  .,  X)  ; 

(2)  the  first  power  of  ti  that  occurs  among  the  «'s  corresponds 
to  the  same  first  power  of  t^  that  occurs  in  the  given  simple 
isomorphic  subgroups  ;  and  (3)  the  same  powers  of  ti  and  t^ 
transform  the  corresponding  generating  substitutions  of  the 
given  subgroups  into  the  same  power  of  the  t's  multiplied 
into  corresponding  *'s  :  then  will  these  larger  subgroups  (or 
G)  be  also  simply  isomorphic. 
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The  proof  of  this  statement  is  evident  if  we  arrange  the 
substitutions  as  follows  : — 


«1        <J        »J 

•  .  «A. 

«l' 

*,' 

V   .. 

.'A 

h'l     Mj     'i«3   • 

•  •  <1«A 

t^' 

W 

w  . . 

•  Mx' 

h%      tl%       <l'«3. 

.   .  <!««;, 

t,W 

<,v 

h%' . . 

.  <,V 

h'»l       <l*«»       <1*«3  • 

.  .  <,**A 

hW 

<,%' 

t,W . . 

•  <» V 

'?^\  ^^^  being  the  first  power  of  the  ^s  that  is  found  in  the 
first  row.  Under  the  given  conditions  the  products  of 
corresponding  substitutions  in  the  two  rectangles  must 
correspond. 

§  4.   The  Group  I. 

If  m  is  the  number  of  substitutions  of  G  that  correspond 
to  themselves  in  all  the  simple  isomorphisms  of  G  to  itself, 
the  degree  of  I  is  ^— tw,  (^  being  the  order  of  G.  It  is 
evident  that  m>l.  Professor  Moore  has  examined  the  c^se 
when  I  is  transitive  and  of  degree  ^—1*,  arriving  at  some 
very  interesting  results.  As  a  rule  I  is  intransitive.  In- 
stead of  considering  the  entire  group  it  is  frequently  con- 
venient to  consider  a  constituent  which  is  simply  isomorphic 
to  it.  As  elements  of  such  a  constituent  we  may  take  those 
which  correspond  to  any  svstem  of  generators  of  G  and  to 
the  substitutions  to  which  these  generators  correspond  in  any 
simple  isomorphism  of  G  to  itself. 

I  has  always  a  1 ,  a  isomorphism  to  the  largest  group  of 
degree  n  that  transforms  G  into  itself,  n  beinff  the  degree  of 
G.  We  have  seen  that  a=n  when  G  is  regular.  When  G 
is  a  non-regular  transitive  group  the  substitutions  that  are 
commutative  to  each  of  it«  substitutions  must  be  of  degree  0 
or  n.  Since  they  form  a  group  their  number  cannot  exceed 
n.  As  every  substitution  of  this  group  is  commutative  to 
substitutions  whose  degree  is  less  than  n  it  must  be  intransitive. 
Hence  a  cannot  exceed  n-f-2  for  such  a  G.  If  G  contains  a 
subgroup  of  degree  n—  1,  a  is  evidently  1.  When  I  is  simply 
isomorphic  to  G  it  is  said  to  be  a  complete  group  f,  ^nd 
vice  versd. 

Paris,  July  1897. 

*  Moore,  Bulletin  of  the  American  Mathematical  Society  (1806),  vol.  ii. 
p.  83. 

t  Holder,  MathematUche  Annaien,  vol.  xlvi.  p.  325. 
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XXVII.  On  the  Electric  Resistance  of  Cobalty  Iron^  and 
Nickel  Films  in  Magnetic  Fields  of  various  strengths. 
By  J.  C.  Bbattie,  D.Sc,  F.R.S.E* 

THE  fact  that  the  paramagnetic  metals  iron,  cobalt,  and 
nickel  have  a  different  electric  resistance  according  as 
the  specimens  examined  are  magnetized  or  not  was  firist 
observed  by  Lord  Kelvin.  Attempts  have  besn  made  to 
determine  how  the  change  in  resistance  is  related  to  the 
magnetic  properties  of  the  specimen.  Some  have  found  that 
the  variation  is  proportional  to  the  magnetic  moment ;  others, 
again,  have  found  other  relations.  Certain  it  is  that,  in  these 
three  metals,  the  variation  is  an  increase  when  the  resistance 
is  measured  parallel  to  the  lines  of  magnetic  force,  a  decrease 
when  perpendicular  to  them.  In  the  following  pages  experi- 
ments will  be  described  which  had  for  their  object  the 
investigation  of  the  relation  of  the  resistance  variation  to  the 
magnetization  in  tilms  of  cobalt,  nickel,  and  iron  transversely 
magnetized.  For  such  films,  Kundtf  has  shown  that  the 
Hall  effect  is  proportional  to  the  magnetization.  The  method 
employed  in  the  experiments  to  be  described  in  this  paper, 
was  to  measure  for  any  one  film  the  Hall  efiect  and  the 
resistance  perpendicular  to  the  lines  of  magnetic  force  ;  then 
to  compare  these  two  effects  at  different  field-strengths ;  and 
see  whether  or  not  any  simple  relation  between  the  two 
existed.  Did  such  a  relation  exist,  we  could  then  say  in 
what  manner  the  variation  of  resistance  depended  on  the 
magnetization. 

The  films  were  deposited  on  platinized  glass  by  electrolysis- 
Nickel  was  obtained  from  a  solution  of  the  double  sulphate 
of  nickel  and  ammonium ;  cobalt  from  the  double  sulphate 
of  cobalt  and  ammonium  ;  and  iron  from  a  solution  of  four 
parts  of  iron  vitriol  and  three  parts  sal  ammoniac  in  thirty 
parts  water. 

The  specimens  used  were  cut  in  the  form  of  a  rectangle 
usually  9  mm.  long  by  7  or  8  mm.  broad;  the  thickness  of 
the  films  varied  from  ^^^  of  a  mm.  to  -^^  of  a  mm.  Care 
was  taken  to  have  the  thickness  of  each  film  as  uniform  as 
possible. 

To  measure  the  Hall  effect  the  film  had  the  usual  two 
primary  electrodes  soldered  along  the  whole  extent  of  the 
ends,  wires  from  a  secondary  battery  of  two  cells  were  soldered 

♦  Communicated  by  the  Author,  haviuff  been  read  before  the  Philo- 
sophical Society  of  Scuth  Africa,  Nov.  24th,  1897. 
t  Kundt,  \Viedemann*8  Annalerty  1803. 
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to  these  ;  the  current — which  we  shall  call  the  primary- 
could  be  regulated  by  the  insertion  of  resistances  in  the 
primary  circuit.  Two  secondary  electrodes  were  soldered  on 
to  two  approximately  equipotential  points  lying  on  opposite 
sides  of  the  film  ;  these  were  joined  to  the  galvanometer. 


a,  a'.  Primary  electrodes. 
6;  b\  Secondary  electrodes. 

In  those  films  where  the  secondary  electrodes  were  not  on 
the  same  equipotential  line  when  there  was  no  magnetic  field, 
the  electrodes  could  be  brought  to  the  same  potential  by 


Rheostat 


Battery 


Resistance 

BOX 


Resistance 

Box 


inserting  a  suitable  resistance  between  one  of  the  secondary 
electrodes  and  the  properly  chosen  primary  electrode. 

To  measure  the  yariation  of  resistance  the  arrangement 
shown  in  the  diagram  was  used. 
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The  film  formed  one  arm  of  a  Wheatstcme  bridge  with 
resistance-boxes  in  its  other  arms,  and  in  addition  a  graduated 
german-silver  wire,  PQ,  with  a  movable  contact-maker.  The 
current  was  supplied  by  the  battery  of  two  secondary  cells 
already  referred  to  ;  this  current  had  to  be  very  weak— 
usually  a  few  milliamperes — in  order  to  avoid  heating. 

The  resistances  of  the  four  arms  of  the  bridge  were  made 
as  nearly  equal  as  possible. 

When  a  balance  had  been  obtained  in  the  Wheutstone 
bridge,  the  magnetic  field  was  created  ;  the  balance  previously 
existing  was  disturbed,  that  is,  a  deflexion  was  now  observed 
on  the  galvanometer  due  to  the  fact  that  the  resistance  of 
the  film  had  changed.  This  reading  was  then  assumed 
proportional  to  the  current  flowing  through  the  galvanometer, 
that  is  proportional  to  Aa,  the  variation  of  the  resistance,  a, 
of  the  film.  Such  an  assumption  gives  a  result  less  than  the 
true  one  by  0*003  of  the  total  result  in  the  most  unfavourable 
case  ;  in  other  words,  with  a  reading  of  300  mm.  the  error 
is  1  mm. 

The  steady  magnetic  field  was  created  by  means  of  a  small 
Ruhmkorff  electromagnet  with  pole-pieces  10  mm.  in  diameter 
and  between  3  and  4  mm.  apart.  The  electromagnet  with 
its  pole-pieces  was  pierced  through  the  centre  so  that  the 
field-strength  could  be  determined  by  the  rotation  of  the 
plane  of  polarization  in  a  piece  of  glass. 

The  galvanometer  was  placed  in  such  a  position  as  to  be 
uninfluenced  by  the  magnet.  It  had  a  resistance  of  10  ohms. 
Its  scale  was  placed  about  3  metres  distant  from  its  mirror. 

The  Hall  effect  is  given  in  the  results  only  in  scale- 
readings.  The  variation  of  resistance  is  given  in  scale-readings 
and  in  absolute  measure. 

To  find  what  variation  of  resistance  in  the  film  was 
indicated  by  a  galvanometer  reading  of  one  scale-division, 
the  following  method  was  employed.  A  suitable  resistance — 
usually  100,000  ohms — ^was  placed  in  parallel  with  an  arm 
of  the  bridge  ;  the  point  on  the  graduated  scale  which  was 
such  as  to  give  no  current  through  the  galvanometer  was 
found  when  the  parallel  circuit  of  100,000  ohms  was  broken; 
this  latter  was  then  made  and  the  reading  observed.  Evi- 
dently, knowing  the  resistance  of  the  arm  of  the  bridge 
concerned,  of  the  shunt,  and  knowing  the  deflexion  produced, 
the  variation  of  resistance  represented  by  one  scale-division 
deflexion  on  the  galvanometer  could  be  calculated. 

A  plus  sign  denotes  an  increase,  a  minus  sign  a  decrease 
of  resistance. 

In  most  of  the  films  the  Hall  effiect  was  observed  first ; 
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then  the  variation  of  resistance.  The  order  in  which  the 
two  are  raensured  aftects  the  result  in  the  case  of  nickel ;  in 
that  metal  there  is  a  hysteresis  effect  in  both  phenomena. 
In  cobnlt  the  hysteresis  effect  is  so  small  as  to  be  negligible. 

To  diFcover  whether  or  not  the  resistance  of  the  platinized 
glass  and  the  connecting  wires  was  modified  by  the  presence 
of  the  magnetic  field,  a  nickel  film  was  first  used  ;  its 
variation  of  resistance  was  obsei-ved  and  the  nickel  afterwards 
taken  off  by  means  of  acid  ;  the  platinum  mirror  and  its 
connecting  wires  showed  no  change  of  resistance  due  to  the 
creation  of  the  magnetic  field. 


Cobalt. 

The  following  are  some  of  the  results  obtained  with  cobalt 
films : — 

No.  X^SIII. — Resistance  between  primary  electrodes  2*492  fl. 
Primary  current  i^^^  amp.     (8|  x  13^  mm.) 


Field  in 

HaU  effect. 

Variation  of 

HaU  effect 

Bi-R. 

C.Q.S.  unitP. 

resistance. 

Vvanutiou. 

K 

;          2,400 

3775 

-1375 

10*2 

-000a3644 

5,100 

6800 

-350 

10-2 

-00009275 

rt,(;00 

85-75 

-66  25 

10-5 

-0-C01756 

8,500 

117-75 

-1305 

10-3 

-0002458 

'        10,3C0 

135-75 

-1790 

101 

-0004744 

11,700 

1545 

-229-5 

10-2 

-0006062 

1         13,£00 

16375 

-2430 

10-5 

-0006440 

16.160 

16800 

-2565 

1  1 

-00C6796 

1 

1 

No.  XXVI. — Resistance  between  primary  electrodes  2*019  fi. 
Primary  current  tjJ^  amp.     (9f  x  7^  mm.) 


Field  in 

HaU  effect. 

Ysriation  of 

Hall  effect 

R,«B. 

C.G.S.  unitP. 

reaiatance. 

VTariation.' 

K 

4,300 

46-25 

-190 

no 

-0000699 

5,400 

730 

-34-5 

12-3 

-0001269 

8,520 

114  5 

-1040 

11-2 

-a003827 

10,800 

135-25 

-135-75 

11-6 

-0O04968 

11,700 

1670 

-183-5 

129 

-0006726 

13,800 

183-5 

-208O 

12-6         1 

-0007654 

16,160 

1880 

-225  0 

125         1 

120 

j 

-0008290 
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The  films  XXIII.  and  XXVI.  were  deposited  from  a 
solution  of  the  doable  salt  of  cobnlt  and  ammonium ;  another 
film  was  then  made  from  a  roseo-cobalt  chloride  solution. 
With  it  the  following  results  were  obtained. . 

No,  XXXI. — Besistance  between  primary  electrodes  4  ft. 
Primary  current  -g^j^  amp.     (Size  10  x  7  mm.) 


Field. 


Hall  effect. 


2,500 

4,370 

5,590 

8,560 

11,360 

14,070 

16,275 


800 
535 
69-5 
1050 
129-5 
1450 
1520 


Variation  of 
reeietance. 


Hall  effect 


r  variation 


B     ' 


26-25 

43-60 

950 

1370 

1550 

1710 


10-3 
10-6 
105 
11-0 
11-6 
11-6 

10-9 


-0-000355 
-0000592 
-0001287 
-a00185(V 
-0002100 
-0002317 


Other  mirrors  were  used  ;  some  of  the  results  are  given  in 
the  appended  graph.  The  form  of  the  curve  is  the  same  in  all. 
We  have  first  a  parabolic  part  starting  at  the  origin  and  con- 
tinuing up  to  a  field-strength  of  about  9000  units ;  the  form 
then  undergoes  a  change,  and  finally  the  concave  part  is 
turned  towards  the  axis.  Ihis  form  and  the  fact  that  the  Hall 
eflFect  divided  by  the  square  root  of  the  change  of  resistance 
is  constant  justifies  the  conclusion  that  in  cobalt  the  diifer- 
ence  in  the  resistance  of  a  thin  film  of  it  when  transversely 
magnetized  from  its  resistance  when  unmagnetized  is 
proportional  to  the  magnetization  squared. 

The  value  of  this  variation  differs  very  much  in  different 
mirrors.  This  can  best  be  seen  from  the  curves,  which  are 
drawn  to  the  same  scale.  No  hysteresis  effect  was  observed, 
although  in  the  Hall  effect  a  slight  effect  was  obtained. 
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Variation  of  Resistance  in  Cobalt. 


600o5i^. 
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The  resalts  obtained  with  nickel  differed  very  much  for 
different  plates  both  qualitatively  and  quantitatively.  The 
results  were  also  much  complicated  by  a  very  great  hysteresis 
effect  in  the  variation  of  resistance  ;  this  caused  a  greater 
variation  in  the  film's  resistance  after  it  had  been  magnetized 
and  demagnetized  several  times. 

For  example,  with  film  XXVII.  the  following  results  were 
obtained. 

No.  XXVII.  First  time  used.     (13^  x  8|  mm.) 


Hall  effect 

Variation  of 

Hall  effect 

Field. 

in  milliin. 

resistance  in 
mil  Urn. 

V  variation 

1 

2,620 

152-25 

-  600 

21-4 

4,370 

2160 

-  900 

22-7           i 

5.590 

228-4 

-104-5 

22-3           1 

8,560 

234-5           j         -116-7 

21-7           j 

11.3H0 

241-25         !         -123  0 

21-7 

14.070 

242-75                  -1250 

21-6 

16,000 

245-6                   -1340 

21-2 
21-8 

Second  time  used. 

1 

i 

2,000 

111-0           ;         -  46-5 

16-4 

2.620 

152-25         '         -  860 

16-4 

4.370 

2160           !         -192-2 

15-5 

5,590 

228-4 

-2530 

14-4           ! 

8,660 

234-5 

-3160 

131 

11,360 

241-25 

-3470 

129 

14,070 

242-75 

-370-0 

12-6 

16,000 

2455           1         -388-6 

12-4 

A  great  number  of  other  films  behaved  in  the  same  manner 
as  XXVII.  The  results  for  some  of  them  are  given  in  the 
curves  on  page  250. 

It  will  be  noticed  that  the  form  of  the  curve  is  first  para- 
bolic, with  the  convex  side  towards  the  horizontal  axis  ;  that 
there  is  a  point  of  inflexion  usually  between  a  field-strength 
of  5000  and  6000  C.G.S.  units;  and  that  after  that  strength 
the  concave  part  of  the  curve  is  turned  towards  the  horizontal 
axis.  Rougnlj  this  is  the  same  thing  that  we  had  with 
cobalt;  but  here  we  have  not  usually  a  constant  quantity 
when  the  Hall  effect  is  divided  by  the  square  root  of  the 
resistance  variation.  The  difierence  between  the  resistance 
variation  and  the  Hall  effect  squared  is  shown  for  film  XIV. 
in  the  graph  on  page  251. 
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Finally,  in  some  films  it  was  found  that'  the  resistance 
variation  was  for  low  fields  an  increase,  and  for  higher  fields 
a  decrease.  The  results  for  three  films  of  this  nature  are 
shown  in  the  following  diagram  : — 
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Iron. 


In  the  iron  films  the  variation  of  resistance  with  fields  up 
to  16,000  G.G.S.  units  due  to  transverse  magnetization  was 
so  small  that  even  in  the  most  favourable  case  not  more  than 
30  scale-divisions'  reading  could  be  observed  on  the  galvano- 
meter-scale. So  far  as  conclusions  from  such  slight  effects 
could  be  relied  upon,  it  appeared  as  if  the  resistance  variation 
was  not  proportional  to  the  magnetization  squared. 

Conclusions. 

(1)  Films  of  nickel,  cobalt,  and  iron  show  a  change  in  their 
electrical  resistance  when  brought  into  a  sufficiently  strong 
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magnetic  field  so  as  to  be  transversely  magnetized.  This 
variation  is  greatest  in  nickel  and  in  cobalt,  and  least  in  iron ; 
the  variation  can  be  observed  in  nickel  at  much  lower  fields 
than  in  cobalt,  in  some  cases  with  a  strength  of  1000  C.G.S. 
units :  in  cobalt  it  can  be  with  certainty  observed  from  2000 
C.G.S,  nnits  onwards.  In  iron  the  variation  can  usually  not 
be  observed  with  fields  weaker  than  6000  C.G.S,  units. 

(2)  In  cobalt  films  a  direct  relation  exists  between  the  varia- 
tion of  the  resistance  and  the  Hall  effect :  from  it  we  conclude 
that  the  latter  is  proportional  to  the  magnetization  squared. 

(3)  In  nickel  the  variation  of  resistance  differs  very  con- 
siderably according  to  the  specimen  used.  In  all  the  mirrors, 
however,  it  shows  signs  of  attaining  a  maximum,  but  at  a 
higher  field  than  that  required  for  the  Hall  effect  maximum. 

Again,  the  variation  becomes  greater  in  some  plates  after 
they  have  been  used,  so  that  a  plate  which  originally  had  a 
resistance  variation  proportional  to  the  magnetization  squared 
has,  after  first  being  used,  a  higher  variation  than  this  relation 
would  lead  us  to  expect. 

(4)  In  iron  the  variation  of  resistance  is  less  than  propor- 
tionality to  magnetization  squared  would  lead  us  to  expect. 

I  have  to  express  my  thanks  to  Professors  Warburg  and 
Rubens  for  their  great  kindness  and  assistance  to  me  while 
engaged  in  carrying  out  the  above  experiments. 

South  African  Collep^e,  Capetown, 
December  1897. 


XXVIIT.  On  the  Determination  of  the  Conductivity  of  Liquids 
in  Thin  Layers.  By  G.  B.  Bryan,  B.Sc,  1851  Exhibition 
Science  Scholar^  University  College^  Nottingham^  St,  John^s 
College^  Cambridge  *. 

Introduction. 

INTEREST  in  this  subject  has  been  aroused  by  the  work 
of  KoUer  f,  who  found  that,  with  certain  liquids,  the  con- 
ductivity decreased  as  the  thickness  of  the  layer  was  decreased; 
and  it  was  suggested  by  Prof.  J.  J.  Thomson  that  it  might 
be  worth  while  repeating  some  of  Keller's  experiments.  In 
doing  this  the  apparatus  and  method  of  measuring  the  resis- 
tance differed  from  Keller's,  and  therefore  his  method  of 
experimenting  will  be  briefly  described. 

To  obtain  a  thin  layer  of  a  liquid,  KoUer  took  two  flat 
circular  metal  plates,  and  placed  one  horizontally  on  the 
bottom  of  a  glass  vessel ;   the  other  was  laid  on  this  and 

*  Communicated  by  Prof.  J.  J.  Thomson,  F.R.S. 
t   Wien.  Btr,  98  ii.  a,  p.  201  (1889). 

PhiL  Mag.  S.  5.  Vol.  45.  No.  274.  March  1898.  T 
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separated  from  it  by  three  small  pieces  of  glass,  all  of  the 
same  thickness,  which  was  carefully  measured.  These  plates 
formed  the  electrodes,  and  as  the  glass  vessel  was  of  very 
little  greater  diameter  than  the  plates,  the  specific  resistance 
of  the  liquid  was  calculated  from  the  formula,  Sp.  R.  =  ra/dy 
where  a  is  the  area  of  the  plates,  d  the  thickness  of  the  layer, 
and  r  its  resistance.  Two  pairs  of  plates  were  used ;  one  pair 
of  brasSy  gilded  and  polished,  and  the  other  pair  of  zinc, 
parefully  amalgamated.  The  diameter  of  the  gilded  plates 
was  6*6  cm. ;  that  of  the  zinc  plates  was  slightly  less. 
.  To  measure  the  resistance  between  the  electrodes  they  were 
oonnected  in  series  with  a  standard  resistance  and  a  battery  of 
constant  E.M.F.  The  potentials  at  the  terminals  of  the 
electrodes  and  the  standard  resistance  were  compared  by 
means  of  an  electrometer,  and  the  unknown  resistance  thus 
determined.  Readings  were  taken  at  a  given  time,  T,  after 
starting  the  current. 

Roller  tested  a  large  number  of  substances,  including 
turpentine,  benzol,  toluol,  xylol,  and  CS^,  with  which  the 
gilded  electrodes  were  used.  The  following  is  a  specimen  of 
the  results  obtained  : — 

Turpentine. 
E.M.F.=  1  Daniell  Cell.     Temp.=24°  C. 


Water,  alcohol,  and  ether  were  also  tested,  and  the  following 
figures  obtained  : — 

Water. 


E.M.F. 

=  1  Daniell  Cell. 

I. 

Tsl  minute. 

Temp. 

=  24°  C. 

1 

d.              1 

1 

! 

II. 

T=2  minutes. 

Sp.  Resistance. 

Sp.  Resistance. 

1'135  mm 
3-015     „ 

7-49   „    : 

1 

109.10'* 
80 
58 

136.10" 
74 
51 
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Alcohol, 
E.M.F.  =  1  Darnell  Cell.     Temp. = 24°  C. 


d. 

I. 

Tm4  minutes. 

II. 
Tsl  miiiuto. 

Sp.  Eesistance. 

Sp.  Resistance. 

1*135  mm. 
3*015    „ 
7*49      „ 

251 . 10" 

123 

101 

162 . 10" 
135 

84 

Ether. 
E.M.F. = 1  DanieU  Cell.     Temp. = 24°  0. 


d. 

T=>1  minute. 

Sp.  Resistance. 

1*135  mm. 
3015     „ 
7*49      „ 

160.10" 

118 

111 

With  water,  alcohol,  and  ether  the  zinc  electrodes  were 
used. 

The  above  figures  were  taken  from  a  large  series  of  readings 
which  all  agreed  in  showing  that  the  specific  resistance  in- 
creased as  toe  thickness  of  the  layer  decreased. 

Roller  concluded,  from  his  experiments^  that  this  effect 
was  due  neither  to  "  transition  resistance  '*  nor  to  polarization, 
but  to  dielectric  effects.  If  this  were  the  case  it  was  thought 
that  the  subject  would  be  well  worth  further  investigation. 

Dbscription  of  Apparatus. 

In  carrying  out  the  present  investigation  it  was  decided, 
after  some  preliminary  experiments,  not  to  use  glass  separators 
between  the  plates,  for  being  small  they  were  troublesome  to 
work  with,  and  also  necessitated  the  removal  of  the  upper  plate 
and  disturbance  of  the  liquid  when  it  was  required  to  change 
the  thickness  of  the  layer.  It  was  therefore  resolved  to  attach 
the  upper  plate  to  a  vertical  screw,  and  a  piece  of  apparatus 
was  found  in  the  laboratory  which,  it  was  thought,  would 
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answer  the  purpose  very  well.  It  is  shown  in  fig.  1.  The 
micrometer-screw  S  carries  two  parallel  brass  plates  0|,  p,; 
»!  is  fixed  at  right  angles  to  the  screw^  and  p^  attached  to  pi 
oy  three  adjusting  screws  «i^i«i  round  the  circumference. 
From  p^  is  suspended  the  upper  electrode  A,  by  means  of  a 
glass  rod  gi. 

Figr.  1. 


I 


Diagram  of  First  Form  of  Apparatus.    \  nat.  size. 

To  the  iron  base -plate  P  is  attached  a  vertical  glass  rod  g^y 
which  carries  two  brass  plates  p^^  p^  connected  together  by 
adjusting  screws  s^s^s^  similarly  to  the  plates  pi,  ft.  p^  is 
another  brass  plate  connected  to  p^  by  the  glass  rod  ^j,  and  on 
this  plate  is  placed  the  glass  vessel  V  which  contains  the 
lower  electrode  B,  resting  on  three  glass  points.  The  glass 
vessel  is  covered  by  an  ebonite  plate  T  which  fits  loosely 
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round  the  glass  rod  ^j.    The  lead  wire,  6,  from  the  lower 
plate  is  brought  up  through  a  thin  glass  tube. 

The  micrometer-screw  has  20  threads  to  the  inch,  and 
passes  through  a  very  long  nut ;  and  as  it  carries  a  consider- 
able weight  there  is  no  backlash.  The  micrometer  head  is 
divided  into  100  parts,  so  that  one  division  represents  ^^j^ 
inch.  The  screw  was  examined  by  observing  the  edge  of 
the  upper  plate  A  with  a  microscojte,  and  the  error  was  found 
to  be  so  small  as  to  be  negligible. 

Adjustment  of  the  Plates. — (1)  As  the  upper  plate  A 
rotates  with  the  screw  it  must  be  made  to  move  parallel  to 
itself.  To  do  this  the  lower  edge  of  A  was  observed  with  a 
horizontal  microscope  containing  a  micrometer-scale ;  each  of 
the  three  screws  *i*i*i  was  brought  opposite  the  microscope 
in  tuni  (the  exact  position  being  read  on  the  divided  head) 
and  adjusted  until  the  downward  or  upward  motion  during 
each  third  of  a  revolution  was  the  same. 

(2)  The  lower  plate  6  must  then  be  made  parallel  to  the 
upper  one.  To  do  this  a  strong  light  was  placed  behind  the 
plates  and  looked  at  through  the  space  between  the  plates. 
The  screws  s^s^s^  were  adjusted  until,  on  screwing  down  the 
upper  plate,  the  light  was  extinguished  right  across  at  the 
same  instant.  The  light  was  moved  round  the  plate,  and 
when  it  dii^appeared  at  me  same  moment,  whatever  its  position, 
the  adjustment  was  assumed  to  be  correct,  and  the  reading  of 
the  divided  head  at  that  instant  was  taken  as  the  zero.  This 
method  was  tested  by  making  the  adjustments  with  the  glass 
vessel  removed,  and  then  measuring  the  thickness  of  a  piece 
of  thin  glass  at  several  points  round  the  edges  of  the  plates. 
The  measurements  were  found  to  agree  very  closely  amongst 
themselves  and  with  the  thickness  of  the  glass,  as  measured 
by  a  spherometer,  to  *0I  mm.  The  adjustment  was  probably 
not  always  as  good  as  this ;  but  it  could  not  be  tested  when 
the  glass  vessel  was  in  position. 

The  Plates. — The  plates  first  used  were  of  brass,  10  cm. 
in  diameter  and  3  mm.  thick.  They  were  ground  flat  on  an 
emery-wheel,  and  then  on  plate-glass  with  fine  emery-powder. 
They  were  then  carefully  amalgamated.  It  was  found  im- 
possible to  get  these  plates  perfectly  flat  on  account  of  their 
springiness;  both  were  found  to  be  slightly  concave.  The 
correction  for  this  was  estimated  to  be  0*013  turn  of  the  screw 
=0*0165  mm.,  to  be  added  to  the  distance  between  the  plates 
given  by  the  reading  of  the  divided  head. 

As  these  plates  were  not  considered  satisfactory  two  others 
were  made.  These  were  5*64  cm.  in  diameter  and  about 
1  cm.  thick,  so  as  to  avoid  springiness.    The  metal  was  zinc. 
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They  were  turned  up  all  over  and  the  surfaces  were  then 
ground  on  plate-glass  with  fine  emery  until,  after  washing, 
one  plate  would  hold  the  other  up  when  they  were  pressed 
together.  These  plates  were  then  sent  to  a  jeweller^s  to  be 
gilded,  and  unfortunately  the  gilder,  contrary  to  instructions, 
cleaned  the  surfaces  in  the  usual  way  and  rather  spoilt  them  ; 
they  were  found  to  be  slightly  irregular,  so  that  a  correction 
could  not  be  estimated.  Thus  the  only  advantage  of  these 
plates  over  the  others  was  the  gilding. 

Methods  of  Detehmining  the  Resi&tance. 

Three  methods  of  finding  the  resistance  were  tried  in  various 
cases: — 

(1)  Comparison  with  a  standard  resistance  by  direct  de- 
flexion, using  a  continuous  current  from  a  battery  of  secondary 
cells.  The  galvanometer  used  had  a  resistance  of  17,380  ohms 
and  gave  a  deflexion  of  one  division  with  a  current  of  about 


10"*  amperes. 


Fig.  2. 


Fig.  4. 


AB.  Electrodes. 
0.  Oommutator. 
B.  Battery. 
Q.  Qalvaoometer. 
S.  Standard  resistance. 
K  Key. 
PQR.  Slide  wire. 


AB 

Ml— A 


ts3^ 


r 


t 


.^u 


Fig.  3. 

(2)  Comparison  with  a  standard  resistance  by  direct  de- 
flexion, using  an  alternating  current.  The  same  galvanometer 
was  used  as  in  (1).  The  alternating  current  was  obtained 
by  means  of  a  revolving  commutator.  This  commutator 
had  two  brass  segments  on  an  ebonite  drum,  and  is  shown, 
together  with  the  connexions,  in  fig.  2.     The  commutator  was 
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driven  by  means  of  a  small  water-motor.  It  will  be*"»i£B6L.: 
from  the  diagram  that  the  current  through  the  galvanometer 
was  always  continuous^  but  the  sensibility  was  reduced  slightly 
owing  to  the  insulating  spaces  between  the  segments  of  the 
commutator.  When  the  four  brushes  were  set  right  the 
deflexion  was  quite  steady  and  was  not  affected  by  slight 
changes  in  speed,  with  the  liquid  layer  in  circuit. 

(3)  The  third  method  was  the  modification  of  the  Wheat- 
stone  bridge  described  by  T.  C  Fitzpatrick  *.  By  moan&  of 
a  double  commutator,  designed  by  Prof.  Threlfall,  an  alter- 
nating current  is  supplied  to  two  corners  of  a  Wheatstone 
bridge,  whilst  the  connexions  to  the  galvanometer  are  reversed 
at  the  same  time  as  the  current,  so  that  any  current  through 
the  galvanometer  is  always  in  one  direction.  The  commutator 
employed  at  first  had  two  drums,  each  with  two  brass  segments 
and  four  brushes.  It  is  shown  in  fig.  3,  with  the  connexions. 
Driven  at  full  speed  the  commutator  gave  about  60  alterna- 
tions per  second. 

Method  of  Experimenting. 

With  the  direct  deflexion  methods  of  measuring  the  resis- 
tance the  upper  electrode  was  set  at  the  required  distance 
from  the  lower  one,  the  current  switched  on,  and  a  reading 
of  the  galvanometer  taken  at  a  definite  interval  of  time,  1, 
afterwards;  usually  about  1  minute.  A  series  of  readings 
was  taken,  increasing  the  thickness  of  the  layer  before  each 
reading,  and  then  a  series  decreasing  the  thickness.  The 
means  of  these  two  sets,  when  they  agreed  fairly  closely,  were 
usually  taken. 

In  the  case  of  the  bridge-method  the  measurements  were 
made  as  quickly  as  possible  one  after  the  other,  so  as  to  avoid 
any  changes  in  the  state  of  the  liquid,  or  of  the  surfaces  of 
the  electrodes. 

The   specific   resistance   is   calculated    from   the   formula 

Sp.  R.=  -j-- 

Results  with  First  Form  of  Apparatus. 

The  first  liquids  tried  were  paraflSn-oil,  turpentine,  benzol, 
and  CSsj  using  method  (1)  to  find  the  resistance;  but  their 
resistance  was  so  high  that  only  a  small  deflexion  could  be 
obtained  with  the  thinnest  layer  ('317  mm.),  about  50  mm 
at  the  most.  No  results  were  therefore  obtained  for  theae 
substances. 

♦  B.  A.  Report,  1886. 
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Aniline  was  then  tested,  its  conductivity  being  much  higher. 
The  amalgamated  plates  were  used.  The  standard  resistance 
was  a  megohm  box ;  the  battery,  five  secondary  cells.  The 
galvanometer  was  shunted. 

A  large  number  of  readings  were  taken  with  aniline,  which 
was  distilled  several  times  during  the  experiments.  Its  resis- 
tance was  found  to  change  considerably  with  the  duration  of 
the  current,  increasing  as  a  rule  *. 

Thus  for  a  sample  of  brown  aniline  : — 

Tablb  I. 
E.M.F.= 10  volts.     5=11°  C. 


d. 

T, 

r. 

miu. 

minutes. 

obins. 

!     -66 

1* 

6 
20 

11,800 
]  4,000 
21.000 
23,800 

1-28 

1 
6 

16,400 
20.800 
34,000 

Same  aniline  distilled. 


•66 


1-28 


\ 

20 
120 

29S.000 
329.000 
400.000 
343,000 

\ 
120 

j    642,000 

i    690,000 

!    673,000 

623,000 

These  figures  show  that  the  change  is  very  considerable, 
especially  in  the  first  few  minutes.  Two  causes  were  found 
to  be  producing  this  change :  (1)  due  to  the  metal  electrodes, 
which  were  found  to  produce  a  slow  darkening  of  the  aniline, 
and  a  slow  decrease  in  the  resistance.  (2)  Due  to  the  passage 
of  the  current ;  this  produces  an  increase  of  resistance,  and 
the  rate  of  this  increase  depends  upon  the  purity  of  the  aniline. 
Thus  before  distilling,  with  a  thickness  of  '0-65  mm.,  the 
resistance  rose  in  20  minutes  from  11,800  to  23,800,  i.  e,  100 
per  cent.,  whilst  after  distilling,  the  resistance  rose  from 
298,000  to  400,000,  i.  e.  30  per  cent.,  in  the  same  time. 

After  passing  the  current  in  one  direction  for  some  time, 
•  Cf.  Warburg,  Wied.  Ann,  liv.  1896. 
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on  reverbing  it  the  resistance  appeared  to  drop  suddenly  to  a 
minimum,  and  then  begin  to  rise  again  gradually.  The 
following  figures  show  this  effect  with  a  layer '628  mm.  thick. 
D  is  the  deflexion  of  the  galvanometer : — 


Table  11. 

'             T. 
minutes. 

D. 

t 

ohms. 

2A 
13i 

156 

28,300 

1            114 

3.'<,700 

Rexersed. 

13j 

lU 

30,600 

14 

124 

35,600 

24 

108 

40,900 

Ke  versed. 

24i 

182 

24^00 

31i 

126 

35.000 

With  a  thicker  laj-er  the  fall  of  resistance  after  reversal 
was  not  so  sudden.     Thus  for  a  thickness  of  2*55  mm. : 


Table  111. 


T, 

minutes. 


D. 


r, 
ohraa. 


Rereraed. 
5i 
6 

n 

15 
Reversed. 


153 
74 

86 

93 

1S4 

131 

85 


101,000 
236 

203 
188 
131 
133 
206 


15i 

9fi 

182 

15J 

110 

159 

174 

145 

121 

224 

102 

171 

Reversed. 

22i 

118 

148 

23 

139 

;          126 

234 

144 

1         ISl 

1 

The  same  results  were  obtained  after  distilling  the  aniline 
and  thus  decreasing  its  conductivity  about  20  times. 

These  figures  show  that  there  is  probably  considerable 
polarization  of  the  electrodes^  or  else  some  change  in  the 
liauid  which  is  reversed  with  the  current,  and  most  likely 
takes  place  at  the  electrodes. 

The  polarization  was  measured  in  some  cases,  just  after 
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stopping  the  current,  by  balancing  against  a  Clark  cell.  As 
much  as  0'3  volt  was  found  with  a  thickness  of  0*628  mm., 
which  would  not  account  for  the  large  increase  in  resistance 
during  the  passage  of  the  current,  since  the  applied  E.M.F. 
was  10  volts. 

The  polarization,  however,  fell  oflF  very  rapidly  and  might 
have  been  much  greater  whilst  the  current  was  on. 

Hence  it  would  appear  that  although  the  conductivity  of 
aniline  might  not  vary  with  the  thickness  of  the  layer,  it  would 
be  very  difficult  to  prove  it  by  means  of  a  continuous  current. 

A  large  number  of  readings  were  taken  with  different 
thicknesses,  and  on  the  whole  they  appeared  to  show  that 
the  conductivity  decreased  with  the  thickness.  The  following 
are  specimens  of  the  results  obtained  : — 


Distilled  Aniline. 


Table  IV. 
E.M.F.  =  10  volts. 


^=9°C. 


T=l  min. 

T=l  min. 

T=17min. 

mm. 

d. 
mm. 

ohms. 

Sp.  B.         ' 
C.G.S.XlO-^^ 

Sp.R.xlO-1^ 

Sp.RxlO-ifl. 

0-245 

80.300 

119             i 

•334 

851 

134 

oe5i 

89.800 

110             1 

•651 

84 

125 

1-29     [150,000 

94 

1-29 

81-8 

93-3 

2-55    .232,000            73-4           I 

1017 

41-7 

51 

510    1 370,000            58-3           | 

7-64 

464,000            49 

1017 

880,000            46-6 

In  these  experiments  the  current-density  is  much  greater 
in  the  thin  layers  than  in  the  thick  ones.  The  following  are 
some  readings  in  which  the  current-density  was  kept  constant 
by  varying  the  E.M.F.  by  means  of  a  liquid  rheostat  until 
the  deflexion  of  the  galvanometer  was  approximately  the  same 
in  each  case.    The  time  taken  to  do  this  was  about  1  minute: — 

Table  V. 


d,  mm. 

Sp. 

R.XlO-i«. 

•334 

85-6 

•651 

481 

1-29 

35-0 

2-55 

a5-8 

510 

27-7 

7-64 

25-8 

1017 

25-2 

The  difference  of  conductivity  between  the  thick  and  thin 
layers  is  here  much  greater  than  before. 
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As  this  difference  might  be  due  to  the  rise  in  resistance 
caused  by  the  current  immediately  after  starting  being  greater 
with  the  thinner  layers  than  with  the  thicker  ones,  it  was 
decided  to  try  the  effect  of  an  alternating  current,  and  the 
second  method  of  measuring  the  resistance  was  used. 

The  aniline  was  redistilled  and  the  plates  were  cleaned  with 
alcohol  and  readjusted. 

The  results  at  first  obtained  appeared  to  show  that  the  con- 
ductivity increased  as  the  thickness  of  the  layer  decreased. 
But  it  was  found  that,  as  time  progressed^  whilst  the  con- 
ductivity of  the  thinnest  layer  remained  practically  constant, 
that  of  the  thicker  ones  gradually  increased  until  a  steady  state 
was  reached,  when  it  was  nearly  the  same  for  all  layers. 
This  is  shown  in  the  following  tables : — 

Table  VI. 
E.M.F.=10  volts.    Temp.  =  11°. 


d 

Specific  Resistance X 10"^^ 

mm. 

(1) 

(2)  b\  hours 
after  (1). 

(3)  29  hours   1    (4)  49  hours 
after  (1).       |       after  (1). 

•175 
•334 
•651 
V290 
2-55 
510 
1017 

39*9 
50-8 
80^0 

123 

165 

192 

42-5 
491 
591 
740 
69-6 
642 

43-9 
44-8 
451 
45-2 
450 
442 
43-4 

37-9 
340 

37-4 
36-5 

The  readings  in  the  fourth  column  are  one  set  out  of  a  large 
number,  taken  on  the  same  day,  which  agreed  in  showing  that 
the  conductivity  was  practically  the  same  for  all  layers. 

The  aniline  was  redistilled  and  again  tested.  The  conduc- 
tivity was  now  much  less,  but  the  same  gradual  change  to  a 
steady  stato  was  found  to  occur. 

Table  VII. 
E.M.F.  =  10  volts.     5=11°. 


mm. 

Specific  Resistance,  O.G.S. 

XlO-l^ 

(1) 

(2)  18  hours 

(3)  40  hours   \ 

after  (1). 

after  (1). 

0175 

105 

124 

1 
114 

•334 

111 

127 

107 

1            -651 

130 

133 

111 

1-29 

159 

139 

108 

,          2-55 

209 

143 

110 

'          510 

242 

147 

112 

1017 

> 
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Water. — The  ordinary  water  from  the  laboratory-still  was 
used.  This  had  a  comparatively  high  conductivity^  and  was 
in  fact  a  dilute  solution.  The  gilded  zinc  electrodes  were 
employed,  and  to  keep  the  conduction  as  much  as  possible  to 
the  space  between  the  plates  they  were  surrounded  by  a  close- 
fitting  inner  cylinder  of  glass,  as  shown  in  tig.  1. 

Before  putting  the  plates  into  position  they  were  cleaned 
with  dilute  acid  and  alcohol. 

The  resistance  was  measured  by  method  3,  two  Daniells 
being  used  to  give  the  E.M.F. 

A  1-drge  number  of  readings  were  taken,  and  they  all  agreed 
in  showing  that  the  apparent  specific  resistance  was  consider- 
ably greater  in  the  thin  layere.  The  plates  were  removed  and 
cleaned  several  times,  but  the  results  were  always  the  same. 
The  following  is  one  set  of  readings : — 

Table  Nlll.— Distilled  Water. 
Temp.  12°  C. 


1           i 

1 

Turns  of  1       d, 
screw.  1     mm. 

r,  ohms. 

1 

,  Differences  ^     BesisUnce  of 
Sp.  B.         1    between    il  turn  =127  mm. 
C.a.S.  X 10-1^ ;  the  no8.  in         from  last 
col.  3.              column. 

•1 
•3 
•5 
1-0 
20 
40 
70 

•127 
•381 
•636 
1-270 
2-64 
608 
8-89 

669 

132 

202 

376 

740 
1438 
2440 

1065 
704 
646 
600 
592 
676 
659 

■ 

661 
700 

173 

365 

698 
1002 

1 
330               1 
360 
346 
365 
349 
334 
.    1 

1                1                  1 

:       i        i 

I        345-7  mean. 

The  values  of  the  specific  resistance  in  the  fourth  column 
show  a  large  falling  oS  as  the  thickness  increases.  In  the 
fifth  column  are  given  the  differences  between  consecutive 
values  of  the  resistance  in  column  3,  and  these  are  multiplied 
by  constants  to  give  the  resistance  of  a  thickness  of  '127  mm. 
The  a})proximate  equality  of  these  numbers  shows  that  the 
great  increase  in  specific  resistance  in  the  thin  layers  is 
probably  due  to  the  plates  not  being  perfectly  clean  to  begin 
with  ;  to  polarization,  and  changes  at  the  electrodes  produced 
by  the  current ;  and  to  errors  of  adjustment.  As  the  end 
effect  was  probably  rather  different  with  different  thickness, 
the  following  experiment  was  made  to  find  the  conductivity 
at  each  position  of  the  plates. 

At  each  position  the  resistance  was  measured,  then  the 
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upper  plate  was  screwed  down  one-tenth  of  its  distance  from 
the  lower  plate  and  the  resistance  again  measured.  The 
plate  was  then  brought  back  to  its  original  position,  and  one- 
tenth  above  it,  the  resistance  being  measured  in  each  case. 
This  series  was  repeated  several  times  and  the  differences 
between  consecutive  readings  gave  the  resistance  of  a  layer 
equal  to  one-tenth  the  distance  between  the  plates. 

From  the  mean  of  these  differences  was  calculated  the 
resistance  of  a  layer  equal  to  one  turn  of  the  screw  (1*27  mm.). 
Thus,  at  the  position  rf='5  turn,  the  readings  were  :^ 

Table  IX. 


d,  turns. 


r.  ohms. 


•50 
•55 
•60 
•46 
•50 
•55 
•60 
•45 
•50 


202-5 

219 

202-5 

185-5 

202-5 

220 

2015 

i8;}-« 

2U0 


Differences. 


16-5 
1«5 
170 
17-0 
17-5 
185 
179 
IG-4 


17'1H  mean  re^istiinoe 
of  0-05  turn. 


Whence  resistance  of  1  turn  =  343*2  ohms. 
The  mean  values  for  all  positions  were  : — 

Table  X.—DistUlsd  Water. 


1 

'         Resistance  of 

rf,  turns. 

df  ram. 

1            1  turn  at 
1        each  position. 

•1 

•127 

1            357 

•3 

•381 

363 

•5 

•636 

343 

10 

1-27 

340 

20 

2-54 

353 

4-0 

508 

349 

7-0 

8-89 

:i43 

1 

i            349-7  mean. 

1 

The  greatest  difference  from  the  mean  is  about  4  per  cent., 
and  the  mean  is  about  1  per  cent,  greater  than  that  in 
Table  VIII. 
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Alcohol  (absolute). 
Table  XI. 


turns. 

d,  mm. 

r,  ohms. 

•1 

•127 

672 

•2 

•254 

921 

•3 

•381 

1286 

•5- 

•635 

2005 

1-0 

1-27 

3815 

20 

2-54 

7410 

8p.  B. 

c.as.xio 


-12. 


915 
737 
686 
641 
010 
592 


Differ- 
ences. 


Resist,  of     I 
1  turn.       I 


349 

365 

719 

1810 

3596 


3490 
3650 
3595 
36-20 
3595 


3590  mean. 


Here  again  there  is  a  great  increase  in  the  specific 
resistance  in  the  ihin  layers,  whilst  the  differences  between 
the  laj'^ers  give  an  approximately  constant  value  for  the 
resistance  of  one  turn,  as  was  the  case  with  water.  For  this 
reason  it  was  expected  that  by  improving  the  apparatus  the 
differences  in  the  apparent  conductivity  of  the  layers  could 
be  considerably  reduced. 

Design  of  New  Apparatus. 

The  chief  improvements  to  be  made  were  : — 

(1)  To  make  the  upper  plate  move  parallel  to  itself  without 
turning  with  the  screw.  This  would  increase  the  accuracy  of 
the  adjustment  as  well  as  reduce  the  time  required  for  it. 

(2)  To  so  fix  the  plates  that  they  could  be  removed  after 
adjusting,  to  be  cleaned,  and  replaced  without  spoiling  the 
adjustment.  The  liquid  could  then  be  poured  into  the  vessel 
immediately  after  refixing  the.  plates,  so  that  there  would  be 
much  less  time  for  them  to  get  dirty  again  than  in  the  old 
arrangement. 

(3)  To  improve  the  surface  of  the  plates. 

(4)  To  increase  the  rapidity  of  alternation  of  the  current 
so  as  to  reduce  the  polarization. 

With  the  rate  of  alternation  already  used  (about  60  per 
sec.)  the  balance-point  with  the  very  thin  layers  of  water 
was  not  quite  steady,  and  it  was  thought  that  this  was  prob- 
ably due  to  slight  polarization. 

The  new  arrangement  for  holding  the  plates  is  shown  in 
fig.  5.  My  best  thanks  are  due  to  Professors  Heaton  and 
Robinson,  of  University  College,  Nottingham,  for  the  use  of 
their  workshops  while  1  was  making  this  apparatus. 
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Condition  (1)  is  falfilled  by  attaching  the  npper  plate  A. 
to  a  steel  rod  r  which  slides  without  turning  in  the  two 

Figr.  6. 


jfch iis Sl 


jse: 


_1 


Diagram  of  Second  Form  of  Apparatus.     }  nat  size. 

C/ondition  (2)  is  fulfilled  thus : — The  shaft  of  the  upper 
plate  has  a  :|^  in.  hole  bored  in  it,  and  slips  without  shake  on  to 
the  reduced  end  of  the  steel  rod  r,  and  is  fixed  by  a  set-screw 
which  screws  into  a  small  hole  in  the  rod  and  draws  the  shaft 
tight  np  against  the  shoulder  at  the  same  time.  The  lower 
plate  B  screws  on  to  an  ebonite  rod  ei  which  is  attached  by 
means  of  the  iron  screw  sj  to  the  iron  plate  Pi ;  ^i  passes 
through  a  hole  much  larger  than  itself  so  as  to  admit  of  some 
lateral  adjustment.  The  plate  Pj  is  fixed  laterally  by  the 
three  levelling-screws  which  rest,  by  hole  slot  and  plane,  on 
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three  ebonite  plugs  ^g,  ^2,  e^.  After  adjusting  the  lower 
plate  B  parallel  to  the  upper  one  the  levelling-screws  are 
fixed  by  lock-nuts,  and  the  plate  can  then  be  removed  and 
replaced  without  impairing  the  adjustment.  The  glass 
vessel  Vi  consists  of  a  cylinder  ground  to  fit  the  shoulder  on 
the  lower  plate,  and  of  such  internal  diameter  that  the  upper 

folate  just  slides  easily  inside  it.  Just  before  pouring  in  the 
iquid  to  be  tested  this  cylinder  was  fastened  down  with 
clean  paraffin  wax. 

The  Plates. — These  were  of  cast  brass,  turned  to  the  shape 
shown  in  the  figure.  The  surfaces  were  very  carefully 
scraped  up  to  a  good  surface-plate,  until,  after  cleaning,  one 
would  hold  the  other  up  (weight  of  each  plate  about  1  lb.). 
They  were  then  gilded,  great  care  being  taken  not  to  damage 
the  surfaces  in  any  way,  and  only  a  verjr  thin  coating  of  gold 
was  put  on,  just  enough  to  prevent  oxidation.  These  plates 
were  very  satisfactory,  and  the  error  due  to  irregularities  of 
the  surfaces  negligibly  small.     Area  of  plates =20*82  sq.  cm. 

To  realize  condition  (4)  a  new  commutator  was  made.  It 
is  similar  to  the  one  shown  in  fig.  3,  but  each  drum  has  eight 
segments  instead  of  two,  thus  increasing  the  number  of 
reversals  per  revolution  four  times.  If  the  drum  were  rolled 
out  it  would  appear  as  in  fig.  4.  Two  brushes  press  on  the 
outer  rims,  and  two  others  on  two  consecutive  teeth. 

This  commutator  was  driven  by  an  electromotor,  and  the 
speed  could  be  varied  so  that  from  100  to  250^-  per  second 
of  the  current  could  be  obtained.  The  speed  used  gave  about 
200-^  per  second. 

The  galvanometer  used  was  a  dead-beat  one  of  1430  ohms 
resistance,  and  figure  of  merit,  with  the  interrupted  current, 
of  10"^  ampere. 

The  connexions  were  the  same  as  in  fig.  3.  The  adjustment 
of  the  lower  plate  parallel  to  the  upper  one  was  made  in  the 
same  way  as  before :  but  could  now  be  easily  tested  by 
placing  a  piece  of  glass  of  known  thickness  between  the 
plates.  The  error  was  found  to  be  about  *01  mm.,  but  was 
probably  sometimes  less  than  this. 

The  micrometer-screw  s  has  30  threads  per  inch,  and  the 
head  H  is  divided  into  100  parts.  The  screw  was  compared 
with  a  stundnrd. 
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Rbsults  with  Second  Form  of  Apparatus. 

Battery,  2  Loclanch^'s.     Temp,  about  16^  C. 

Table  XII. — Distilled  Water, 


269 


d,  turns  of 
screw. 

d,  mm. 

r,  ohms. 

c.a.s.xio-^- 

•1 

•0846 

54 

133 

•2 

•169 

95 

117 

•6 

•423 

225 

1105 

1 

•846 

433 

1066 

2 

1-692 

876 

107-6 

5 

4-23 

2149 

105-6         : 

7 

5-92 

3026 

106-3         1 

10 

• 

8-46 

4310 

106            1 

1 

Table  XIII. — CuSO^.     1  gm.  in  5,000  ex.  water. 


d,  turns  of 
Borew. 

df  mm. 

r,  ohms. 

1 

Sp.R. 

aa.s.xio"*^^ 

•2 

•169 

515 

633 

•5 

•423 

12-2 

599 

1 

•846 

240 

590 

2 

1-692 

47-4 

582 

5 

4-23 

119 

584 

10 

5-92 

237 

582 

20 

8-46 

472 

581 

Table  XlV.—CuSO^.     1  gm.  in  50,000  c.c.  loater. 


d,  turns. 

dfjnm. 

•4 

•338 

-5 

•423 

•6 

•608 

•8 

•676 

1 

•846 

2 

1-692 

5 

4-23 

10 

8-46 

20 

16-92 

r,  ohms. 


64 

66 

77 

100 

122 

243 

621 

1260 

2510 


Sp.  R. 

aas-xio^"' 


331 
322 
315 
307 
300 
290 
305 
310 
309 


Table  XY.—KCl.     1  gm.  in  10,000  c.c. 


d,  turns. 

d,  mm. 

r,  ohms. 

C.a.S.xlO"^**- 

•5 

•423 

12-4 

609 

1 

•846 

23-6 

582 

2 

1-692 

471 

579 

5 

4-23 

117-7 

579 

10 

8-46 

236-6 

582 

20 

1692 

471-7 

580 

Phil.  Mag.  S.  5.  Vol.  45.  No.  274.  March  1898.  U 

Digitized  by  CjOOQIC 


270 


Kr«  iG^,  Bt  Beym  m  th»  Detm>minalion  of 
Taslb  XWl.^KCl    I  gm.  m  50,000  eui. 


d^UXTOM, 

d,vm, 

r,  rfjflw. 

Sp.E.    .. 

aG.s.xio""- 

•1 

•0846 

10-6 

258 

•8 

'160 

1&-8 

231 

•6 

•423 

46-6 

2284 

1 

•846 

90 

2?15 

2 

1-69 

18^ 

224 

6 

4-23 

458 

225 

10 

8-46 

\m 

225-6 

^ 

16-92 

225 

Tab^e  HWL-^Ahsolute  Alcohol. 


d,  turnf. 

d,  mm. 

1 

r,  obms. 

Pp,B.   ,, 
0.O.S.X10-*'- 

•1 

•0846 

4695 

118 

•a 

•169 

959 

118 

•6 

•423 

2436 

120 

1 

•846 

4970 

1228 

2 

1-692 

9965 

122-6 

4 

3884 

19960 

122-4 

8 

2-768 

39800 

122-2 

12 

10162 

6a500 

129-8 

Table  XVIII. — Aniline. 

(Pure,  but  had  been  in  store  some  time,  and  was 
slightly  brown.)     Battery,  5  accumulators. 


d,  turn*. 

d,mm. 

r,  ohms. 

8p.R. 
0G.S.X10-**- 

'9 

0-1692 

90,600 

$52 

•4 

0^3884 

41,100 

352 

•6 

0-423 

61.500 

258 

1 

0-846 

108.900 

256 

S 

1692 

205,800 

268 

5 

4^23 

606.000 

248 

10 

8^46 

1.010,000 

248 

In  all  the  above  readings  tbe  current  was  not  kept  on 
longer  than  was  necessary  to  obtain  a  balance,  so  as  to  avoid 
changes   in   the  liquid  which  might   be   produced    by   the 

1)assage  of  the  current,  especially  in  the  case  of  the  thinnest 
ayerg  of  dilute  solutions,  where  the  resistance  was  small. 
With  aniline  quickness  was  very  necessary  :  for,  as  was 
found  previously,  its  conductivity  is  altered  very  much  by 
the  passage  of  the  current. 
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Conclusion. 

It  will  be  seen  that  the  expeotation  of  reducing  the 
apparent  differences  in  condnctivitv  of  the  different  thick* 
nesses  (Tables  VIII.  and  XL)  has  been  realized  to  a  great 
extent ;  in  most  cases  redaced  within  the  limits  of  error  of 
adjustment.  This  is  partly  due  to  the  improvement  in  the 
surfaces  of  the  plates,  and  partly  to  better  cleaning.  The 
plates  were  washed  in  alcohol,  after  dipping  in  dilute  sul- 
phuric acid,  until  the  liquid  to  be  tested  would  thoroughly 
wet  them. 

The  readings,  in  the  case  of  the  very  thin  layers  of  dilnte 
solutions,  dep^mded  very  much  on  the  state  of  cleanliness  of 
the  plates.  Thus  for  water  (Table  XII.)  the  Sp.  B.  of  -1  turn 
is  27  per  cent,  greater  than  that  for  10  turns  (of  this  difference 
about  12  per  cent,  can  be  accounted  for  by  error  of  adjust* 
ment);  wnilst  for  very  dilute  KCl  (Table  XVI.)  when  the 
plates  were  more  carefully  cleaned,  the  corresponding  differ- 
ence is  only  15  per  cent.,  although  the  resistance  is  five  times 
less. 

With  alcohol  (Table  XVII.)  the  readings  from  1  to  12  turns 
agree  very  closely,  and  below  1  they  are  within  the  limit  of 
error  of  adjustment. 

With  aniline  (Table  XVIII.)  all  the  values  of  the  Sp.  R. 
agree  fairly  closely,  the  greatest  difference  from  the  mean 
being  less  than  2  per  cent. 

The  range  of  the  experiments  may  be  considered  to  be  from 
•5  tuni  (-423  mm.)  to  20  turns  (16-92  mm.) ;  below  -5  the 
values  of  the  Sp.  R.  show  a  difference  from  the  rest  which 
could  not  be  got  rid  of;  above  20  turns  several  experiments 
were  made  with  a  tube  16  cm.  long  and  about  4  cm.  in 
diameter.  The  values  of  the  Sp,  R.  obtained  were  in  very 
close  agreement  with  those  at  10  or  20  turns  for  the  same 
liquid. 

The  above  results  show  that  for  dilute  solutions,  alcohol,  and 
aniline,  the  conductivity  is  the  same  for  all  thicknesses  within 
the  limits  of  the  experiments.  It  has  been  found  that  the  great 
differences  obtained  by  Roller,  for  water  and  alcohol,  can  be 
eliminated  by  talking  care  that  the  plates  are  true  and  clean,  and 
by  using  an  alternate  current  instead  of  a  continnoos  one. 
KoUer  allowed  for  polarization  b^  estimating  it  immediately 
after  stopping  the  current,  but  this  is  not  satisfactory,  sinc^ 
the  polarization  falls  off  very  rapidly.  He  estimated  that  the 
greatest  polarization  could  not  have  been  greater  than 
*02  volt.,  which,  though  great  compared  with  the  whole 
E.M.F.  (1  Daniell)   would  not  account  for  the  difference  of 
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100  per  cent,  between  the  conductivity  of  a  layer  7*49  mm. 
thick  and  one  1'135  mm.  ttiick.  I  think  that  what  is  not 
accounted  for  by  polarization  can  be  explained  by  unevenness 
and  nncleanliness  of  the  plates. 

In  conclusion,  I  wish  to  thank  Prof.  J.  J.  Thomson  for  his 
kind  encouragement  during  this  investigation. 


XXIX.  On  Air  Electrified  by  the  Discharging  Action  of 
Ultra-violet  Light,  By  John  Zblb>ty,  B.Sc.y  Assistant 
Professor  of  Physics^  University  of  Minnesota  *. 

THE  following  experiments  were  made  to  compare  some  of 
the  electrical  properties  of  air  into  which  a  body  is 
being  discharged  by  the  action  of  ultra-violet  light,  with 
those  when  Rontgen  rays  are  the  cause  of  the  discharge. 

The  apparatus  was  arranged  as  is  shown  in  the  figure.  T 
is  a  brass  tube.  At  M  it  is  joined  by  a  lead  cylinder  which 
contains  on  the  inside  an  insulated  metal  tube  filled  with 
glass  wool  Q,  which  latter  is  connected  to  a  pair  of  quadrants 
of  the  electrometer  E. 


i|i{t ]i|i|k^ 


The  light  of  an  arc  lamp  A  was  concentrated  by  the  quartz 
lens  L,  and  after  passing  through  the  quartz  window  P  fell 
upon  the  freshly  cleaned,  negatively  charged,  zinc  plate  D. 
.  If  air  was  blown  into  the  apparatus  at  C,  it  passed  by  D, 
through  G,  and  out  at  R.  When  now  the  air  was  at  rest 
and  the  light  was  turned  on,  or  when  the  air  was  blown  through 
while  the  light  was  cut  off,  the  glass  wool  at  G  received  no 
charge..    But  if  both  the  light  and  air-blast  were  in  action, 

♦  Communicated  bj  Prof.  J.  J.  Thomson,  F.R.S. 
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the  electrometer  showed  tluit  G  was  receiving  a  negative 
charge. 

The  deflexion  increased  continuouslj  until  it  passed  off 
the  scale. 

When,  however,  another  plug  of  glass  wool  was  introduced 
into  the  tube  at  B,  no  charge  whatever  reached  G,  showing 
that  here  also,  as  with  gases  charged  under  the  action  of 
Rontgen  rays  (J.  J.  Thomson  and  E.  Rutherford,  Phil.  Mag. 
Nov.  1896,  p.  393),  a  plug  of  glass  wool  completely  discharges 
the  gas. 

It  was  found  that  even  with  a  fairly  strong  blast  only  a 
small  part  of  the  charge  lost  bv  D  reached  G.  The  much 
larger  part  went  to  the  walls  of  tne  tube  T. 

This  was  shown  by  noting  the  rate  of  leak  under  the 
action  of  the  light  when  first  D  was  connected  to  a.  pair  of 
charged  quadrants  and  G  was  to  earth  ;  and  next  when  both 
D  and  G  were  connected  to  the  same  charged  quadrants.  In 
the  latter  case  any  charge  that  reached  G  went  to  replenish 
the  original  charge. 

It  was  further  fuund,  when  a  source  of  Rontgen  rays 
(replacing  A  and  L,  and  tinfoil  being  placed  over  P)  was  so 
arranged  as  to  discharge  the  plate  D  at  the  same  rate  as  did 
the  ultra-violet  light,  mat  by  using  the  same  blast  of  air  and 
having  the  same  negative  charge  on  D,  the  quantity  of 
positive  electrification  which  reached  G  was  considerably  less 
than  the  quantity  of  negative  obtained  by  the  use  of  the 
light. 

The  gas  blown  away  from  the  plate  had  a  proportionally 
greater  density  of  free  electrification  when  ultra-violet  light 
was  uted  than  was  obtained  by  the  use  of  the  Rontgen  rays. 
In  the  case  when  light  is  used  the  negative  carriers  start 
from  the  negative  plate  and  enter  the  stream  of  air.  With 
Rontgen  rays,  however,  the  positive  ions,  though  distributed 
throughout  the  whole  gas,  are  free  from  the  negative  ions 
only  when  near  the  plate  towards  which  they  are  moving, 
and  so  are  less  easily  blown  away.  In  addition  some  of  the 
free  negative  ions  near  the  walls  of  the  tube  are  carried  into 
the  glass  wool  and  diminis>fa  the  resultant  charge. 

These  experiments  were  performed  last  June  at  the  Physical 
Institute  in  Berlin,  and  other  work  prevented  a  more  thorough 
consideration  of  the  subject. 

Cavendish  Lftboratory, 
Dec.  80, 1897. 
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jtXS.   On  Apparatus  for  Self-acting  Temperature  Compenid- 
tim.  of  Stimdard  Cdls.    Bt^  Albert  Caupbkll,  B*AJ^ 

IN  ordinary  testing  work  when  using  a  Clark  cell  as  the 
working  standard  of  difference  of  potential^  it  is  desirable 
to  get  rid  of  the  trouble  of  cootinnallj  having  to  make  the 
temperature  correction*  8ome  time  ago  (^  The  Electrician/ 
pp.  601-603^  September  6, 1895)  I  proposed  and  inyestigated 
tiuree  methods  bj  which  a  self-acting  correction  could  be 
attained.  Quite  Vecentlj'  I  have  constructed  the  apparatus 
for  two  of  thQ  methods^  and  I  have  found  it  an  easy  matter 
tci  reach  the  aocuracj  aimed  at  (rii.  maximum  error  1  in 
2000). 

1h»  anrangtmeot  of  the  first  piece  of  apparatus  is  shown 
inflg.l. 


N>N\I  coprai^. 


^%y\y\.     MMIGAN>»N 


SwC.  is  the  staadard  celL  Four  resistaaces  of  values  a^  &, 
no,  aid  pb  aore  connected  as  in  a  Wheatstone's  bridge  with  an 
auxiliary  celt  X^  whose  voltage  must  be  known  within  5  or  6 
per  cent.  A  Leclanchc  cell  is  found  suitable  for  this.  The 
resistances  a.  and  pb  are  of  a  metal  such  as  copper  or  iron 
with  a  large  temperature-coeflScient,  while  6  and  na  are  of 
manganin  or  a  similar  alloy*  As  shown  in  the  paper  cited 
above,  we  caoi choose  n  and^  so  as  to  have  a  conshtnt  voltage  of, 
8ay»  1"400  volts  between  K  and  Q  at  all  temperatures  from 
0*  to  20°  C.  when  S.  C.  is  a  Clark  ceU.  The  arrangement 
thus  not  only  corrects  for  tem})erature  but  can  be  made  to 
give  a  more  even  figure  by  cutting  off  the  0'034  volts  at  the 
same  time.  In  one  of  tne  coils  exhibited  the  resistances 
have  the  following  values  at  15°  C  : — 

*  Communicated  by  the  Phjdca]  Society :  read  December  10,  1897. 
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A^  48*46  0^1118. 
«asfc482'7      „ 

6=  63-6!3    „ 
jpfr«4950      „ 

As  the  absolute  values  of  a  and  b  are  of  no  itttpatitince  so 
long  as  they  are  high  enough  to  keep  the  auxiliary  Leclanch^ 
cell  from  running  down,  the  copper  coils  a  and  pb  did  not 
require  to  be  adjusted  but  were  merely  measured  ;  their 
resistances  were  reduced  to  15°  C.  and  the  mnnganin  coils  na 
and  b  were  then  adjusted  to  give  n  =  9"96,  ;d  =  7'78*.  It  is 
clearly  a  great  saving  of  trouble  not  to  have  to  adjust  the  coils 
whicli  hate  a  high  temperature-coefficient.  The  four  to\h  were 
wound  on  a  brass  cylinder  7  or  8  cerfrtim.  indiaHioftet^and  then 
well  protected  with  silk  ribbon,  four  leads  being  brought  out. 
To  test  the  whole  directly  tbe  cylinder  wefl  wrapped  in 
waddiflg  was  plwced  in  a  tin  canistet,  the  fid  o/  \vHch  was 
then  soldered  on  so  as  to  bo  watertight.  The  leads  were 
br<yoghl  ottt  tlifaogb  «  longtdber  sokkfed  to  ih€i  1M«  A  ther- 
mometeff  ftls^  passed  down  this  ttfbd  ittUp  Ike  cMkUfi  A 
Lt^hnschif  e«l)  was  cotfocieted  a»  in  fig.  K  Th«  tin  wasr  ihen 
t^-eilt  irtiinfers^dl  iff  water  at  vario^  tc»t»|>et«luresy  ami  steady 
tempertel«r«»  inside  tbef  iin  wenfef  got  by  stifrlhg  «h«  waiet 
imtil  a  therntotfietef  hi  it  sI>owed  the  same  tewxperattfre  m  the 
one  inside  the  tin.  The  potential-differefnc^  ftom  P  to  Q  was 
measured  by  a  potentiometer  method  at  various  temperatures 
with  the  following  results  : — 


Temperature. 

t.-tf.,i<iL 

1             lS»G. 
4850. 

(HttW 

(H)M?2f 

<H)000 

It  will  be  seem  that  the  afctnal  <ybsc*ved  valtfes  of  lie  Atftltil^fy 
t^oltage  arfe  just  what  wotfW  be  required  along  wifh  the 
Cterk  cell  to  give  1'400  volts  at  alt  ordinary  temperatures. 

The  arrangement  itt  4g.  1  was  chosen  so  as  to  give  the 
maximum  possibility  of  cori^ectioti.  Mr.  C.  W.  S.  Vfvt^hy 
das  poised  out  to  me  thaft  somer  trotibte*  is  saved  itr  the  con- 
sirtictfcm  of  tbe  ct)ils  by  ttrtiMng  only  ort*  of  the  four'  6f 

*  The  numeHcal  values  of  p  and  n  given  in  my  paper  fneilfio^ed 
dbove  axe  iwt  qi^dte  right  oWingf  tO'  a  alip  in  signs  i^  int  eijuatiotf  tJate 
given. 
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copper.  This  also  simplifies  the  calculation  of  the  ratios  n 
and  Pj  and  still  gives  sufficient  variation  to  balance  that  of  a 
Clark  cell.  It  is  convenient  to  place  the  cell  inside  the  wdde 
brass  tube  on  which  the  coils  are  wound. 

In  the  other  arrangement  exhibited  three  resistance-coils 
are  connected  as  in  fig.  2. 

Fig.  2. 
s 


r  r 


IS^iStH^  COPPER 


MANCANIN. 


The  resistances  r  and  s  are  of  manganin,  and  q  is  of  copper. 
A  current  C  is  sent  from  D  to  G  from  an  outside  source. 
The  values  of  q^  r,  and  s  are  so  chosen  that  a  fixed  value  of 
C  produces  at  all  temperatures  a  potential-difference  from  F 
to  G  which  would  balance  the  voltage  of  the  standard. 

In  the  specimen  shown  3'75  9=r+^  and  r=^.  The 
actual  values  at  15°  0.  are 

r=«=3'6385  international  ohms. 
y=  1-9382 

A  current  of  I'OOO  ampere  gives  a  balance  with  a  Clark  cell 
at  F  and  G  at  all  ordinary  temperatures  (to  within  1  in  2000). 
This  definite  current,  obtainable  at  all  temperatures,  can  be 
passed  through  known  resistances  and  so  used  to  measure 
unknown  voltages  by  potentiometer  methods. 

If  the  resistance  r  be  subdivided  other  exact  currents  such 
as  2,  8,  4  . . .  amperes  can  be  got  directly. 

It  should  be  noted  that  although  1  have  made  special 
reference  to  the  Clark  cell,  either  of  the  two  forms  of  com- 
pensator may  be  arranged  for  any  other  type  of  standard  cell 
so  as  to  wipe  out  the  greater  part  of  the  temperature  varia- 
tion. For  instance,  if  a  Carhart  1  volt  cell  has  a  coefficient 
of  0"0097  per  cent,  per  degree  C,  used  with  a  compensator  it 
would  not  vary  by  more  than  O'OOl  per  cent,  per  degree.  It 
will  thus  be  seen  that  in  some  cases  a  compensating  arrange- 
ment such  as  I  have  described  above  would  prove  of  value 
not  only  in  oi*dinary  testing  work  but  also  in  measurements 
where  much  higher  accuracy  is  required. 
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XXXI.  On  Electric  Eqmlibrium  between  Uranivm  and  an 
Insulated  Metal  in  its  Neighbourhood.  By  Lord  Kelvin, 
G.C.V.O.,  J.  Carruthers  Beattie,  D.Sc.^  F.R.S.E., 
and  M.  Smoluchowski  db  Smolan,  Ph.D* 

THE  wonderfu]  fact  that  uranium  held  in  ihe  neighbourhood 
of  an  electrified  body  diselectrifies  it  was  first  discovered 
by  H.  Becquerel.  Through  the  kindness  of  M.  Moissan  we 
have  had  a  disk  of  this  metal,  about  5  centim.  in  diameter  and 
^  centim.  in  thickness,  placed  at  our  disposal. 

We  made  a  few  preliminaiy  observations  on  its  diseleo- 
trifying  property.  We  observed  first  the  rate  of  discharge 
when  a  body  was  charged  to  different  potentials.  We  found 
that  the  quantity  lost  per  half-minute  was  very  far  from 
increasing  in  simple  proportion  to  the  voltage,  from  5  volts 
up  to  2100  volts;  the  electrified  body  being  at  a  distance  of 
about  2  centim.  from  the  uranium  disk.  [Added  March  9. — 
We  have  to-day  seen  Prof.  Becquerel's  paper  in  Cowptes 
Rendus  for  March  1.  It  gives  us  great  pleasure  to  find  that 
the  results  we  have  obtained  on  discharge  by  uranium  at 
different  voltages  have  been  obtained  in  another  way  by  the 
discoverer  of  the  effect.  A  very  int-eresting  account  will  be 
found  in  the  paper  above  cited,  which  was  read  to  the  French 
Academy  of  bciences  on  the  same  evening,  curiously  enough, 
as  ours  was  read  before  the  Royal  Society  of  Edinburgh.] 

These  first  experiments  were  made  with  no  screen  placed 
between  the  uranium  and  the  charged  body.  We  afterwards 
found  that  there  was  also  a  discharging  effect,  though  much 
slower,  when  the  uranium  was  wrai)ped  in  tinfoil.  The  effect 
was  still  observable  when  an  aluminium  screen  was  placed 
between  the  uranium,  wrapped  in  tinfoil,  and  the  charged 
body. 

To  make  experiments  on  the  electric  equilibrium  between 
uranium  and  a  metal  in  its  neighbourhood,  we  connected  an  in- 
sulated horizontal  metal  disk  to  the  insulated  pair  of  quadmnts 
of  an  electrometer.  We  placed  the  uranium  opposite  this 
disk  and  connected  it  and  the  other  pair  of  quadrants  of  the 
electrometer  to  sheaths.  The  surface  of  the  uranium  was 
parallel  to  that  of  the  insulated  metal  disk,  and  at  a  distance 
of  about  1  centim.  from  it.  It  was  so  arranged  as  to  allow 
of  its  easy  removal. 

With  a  polished  aluminium  disk  as  the  insulated  metal  and 
with  a  similar  piece  of  aluminium  placed  opposite  it  in  place 
of  the  uranium,  no  deviation  from  tne  metallic  zero  was  ibund 

•  Communicated  by  Lord  Kelvin :  read  before  the  Koyal  Societv  of 
Edinburgh,  March  1,  1897. 
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when  the  paii*s  of  quadrants  were  insulated  from  one  another. 
With  the  uranium  opposite  the  Insulated  polished  aluminium 
a  deviatiott  of  —84  scale-divisions  from  the  metallic  zero  was 
found  in  ahout  half  a  minute.  fSensibility  of  electrometer 
140  scale-divisions  per  volt.]  After  that  the  electrometer- 
reading  remained  steady  at  this  point,  which  w^  may  caFl  lh# 
uranium  rays-z«To  for  the  two  metals  separated  by  air  which 
was  traversed  by  uranium  rays*  If  instead  of  hating  flie 
uranium  cypposite  to  the  alnmiuidm^  with  only  air  bertweeti 
thein,  the  uranium  was  wrapped  iu  a  piece  taken  from  the 

•  same  aluminium  sbeet^  and  then  plaeed  opposite  to  the  insn- 
kiied  polished  aluminium  disk,  no  deviation!  was  produced. 
TbttS  in  this  case  the  rays-zero  agreeti  with  the  metallic  zero. 

With  perished  copper  as  the  insulated  metal,  and  the 
uranium  separated  only  by  air  from  this  copper^  there  was  a 
deviation  of  about  + 10  sealeHdiyi«ion»^    With  the  uranium 

•  wrapped  in  thin  sheet  alominiimT  and  placed  in  position 
opposite  the  insulated  copper  disk  a  deriatton  from  itfe 
metallic  zero  of  +43  scale-divisiods  was  produced  in  two 
minuteS;  and  at  the  end  of  that  time  a  steady  state  had  not 
been  reached^ 

With  osidized  copp<:r  as  the  insulated  metal^  opposed  to 
the  uranium  with  only  air  between  them,  a  deviation  from  the 
metallic  2sero  of  about  ^%f9  scale^'drvisions  was  produced. 

When  the  uranium;  insstead  of  being  placed  at  a  distance  of 
1  centim,  from  the  insulated  metal  disk^  was  placed  at  a 
distance  of  2  or  3  miiliiAv^  the  deviatiofi  from  the  metallic  2^ro 
was  the  same. 

These  experiments  show  that  two  poliehed  metalUe  surfaces 
connected  to  the  sbeuth  and  the  insulated  electrode  of  an 
electrometer,  when  the  air  between  them  is  influenced  by  ibe 
uranium  rays,  give  a  deflexion  from  the  metallic  zero,  the 
same  in  direction,  and  of  about  the  same  amount,  as  when  the 
two  metab  are  connieeted  by  a  drop  of  water. 

-•■■■■  .■....■.., ^ 

XXXI i.  Notices  respecting  New  Bo&ks. 

Secherches  Exphimeniales  sur  quetques  Actlnomhtres  Electro-- 
chimiques.  Par  K.  Kigoffot^  Chef  dee  travanx  de  Physique  a 
fUmversite  de  Lyon.    Paris ;  Sfasson,  I8S^. 

'T'HIS  volume,  published  as  one  of  the  series  of  annals  of  tRe 
-^  University  of  Lyons,  contains  a  full  account  of  Dr.  Ifigrflofs 
work  on  the  efectromotive  force  between  two  plates,  one  of  which 
is  illuminated  atwi  the  other  kept  in  the  dark.  Ttio  metallic  plates 
are  taken,  and  one  sidie  of  each  is  coated  with  the  substance  to 
be  examined ;  the  other  side  of  each  plate  is  then  varnished  or 
paraffined,  and  the  plates  are  placed  in  am  eJectrdtyte  in  the  dK<k 


Digitized  by 


Google 


Notices  respecting  New  Books.  279 

and  short-cireuited  until  there  is  no  difference  of  potentia}  between 
tbem.  One  oi  the  plates  is  then  exposed  either  to  white  lieht  or 
to  a  portion  of  the  spectrum,  and  the  difference  of  potential  pro- 
duced between  the  pistes  is  eotnpsred  with  a  standard  Baniell  cell 
by  a  potentiometer  method.  Tables  and  curves  are  given,  showing 
the  behaviour  of  various  substances  when  illttminated,  and  the 
author  sums  up  the  results  of  his  investigation  as  follows : — 

1.  Plates  of  oxide,  sulphide,  fluoride,  chloride,  bromide,  or  iodide 
of  copper,  i^ates  of  oxide  or  sulphide  of  tin,  and  of  sulphide  of 
silver,  mziy,  under  certain  conditions,  form  actinometers  of  great 
sensitireness. 

2.  For  a  given  acttnometer,  other  things  being  equal,  the 
electromotive  lorce  depends  on  the  electrolyte. 

3.  In  the  speetnmt  each  actinometer  shows  a  nnmnrani  of 
sensitiveness  for  a  wave-length  depending  only  on  the  nature 
of  the  sensitive  plate,  and  independent  of  the  electrolyt^e. 

4.  When  the  plates  of  an  actmometer  of  oxide,  fluoride,  chforide, 
bromide,  or  iodide  of  copper  are  immersed  in  solutions  of  different 
cofouring-matters,  the  electromotive  force  produced  by  Hght  of 
given  intensrtj  is  increased.  In  the  spectrum  the  electromotive 
force  M  incteased  for  ra<fiafion  of  all  wave-lengths,  but  the 
maximum  of  sensitireness  corresponds  to  a  wave-length  depending 
on  the  coloitring'-mstter  chosen.  The  position  of  this  maximum  is 
indepottdent  of  the  copper  salt  of  which  the  actinometer  is  formed. 

5.  In  the  spectrum,  for  an  actinometer  with  coloured  plates,  the 
maximum  electromotive  force  dae  to  the  colouring-matter  occurs 
always  with  longer  waves  than  those  corresponding  to  the  maximum 
absorption  of  light  by  the  colouring  matter  itself. 

The  author  points  out  several  possible  applications  of  electro- 
chemical aetiikometersy  tbeir  great  advantage  being  that  their 
electromotive  force  returns  to  zero  on  removal  of  the  illumination. 

J .  ij,  H. 

Observational  Astronomy,     By  Abthur  Mse^  F.ILA,S. 
2vd  Edition.     Western  Mail,  Limited :  Cardiff  and  London. 

The  first  edition  of  this  work  appeared  in  1893,  and  met  with 
wellrdeserved  appreciation  from  amateur  astronomers.  It  has  nowv 
been  thoroughly  revised,  partly  re-written^  and  brought  up  to 
date.  Profusely  illustrated  and  abounding  iu  facts  tersely,  plea- 
santly, and  correctly  described,  the  new  volume  is  well  calculated 
to  prove  a  safe  and  efficient  guide  to  the  young  telescopist, 
"Written  in  a  chatty  attractive  style,  the  information  imparted 
holds  the  attention ;  and  the  work  forms  not  only  a  compendlnm 
of  astronomical  history,  but  a  comprebensive  handbook  of  in- 
struction for  beginners.  It  matters  not  in  what  direction  or 
department  the  student  may  essay  to  achieve  distinction,  he  will  iind 
fn  these  pages  the  stepping-stones  to  success  clearly  indicated. 
The  author,  in  preparing  the  volume,  has  received  valuable  help  in 
severaf  branches  from  specialists,  and  this,  in  combination  with  hia 
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own  excellent  wrifcings,  has  enabled  him  to  produce  a  work  which 
must  prove  of  great  utility  to  the  ever  increasing  class  of  amateur 
observers.  He  dilates  on  Naked-eye  Astronomy,  The  Telescope 
and  its  employment,  the  Moon,  Planets,  the  Sun,  Comets  and 
Meteors,  the  Sidereal  Firmament,  Astronomical  Photography ;  and 
the  close  of  the  book  contains  a  memoir  of  that  able,  amiable,  and 
greatly  respected  friend  of  the  amateur  astronomer,  the  Eev.  T. 
W.  Webb.  A  mass  of  accurate  aud  recent  information  is  con- 
tained in  these  paces,  and  everyone  who  makes  astronomy  a  bobby 
and  possesses  a  telescope  should  procure  the  book.  It  is  useful  as 
a  reliable  means  of  reference  in  regard  to  past  events  and  the 
position  of  the  science  to-day,  while  it  also  points  out  the  road  to 
new  discoveries.  The  volume  bears  evidence  of  careful  revision, 
aud  contains  very  few  misstatements  or  misprints.  On  p.  3  we 
notice  Eomalhant  instead  of  Fomalhaut.  It  is  stated  on  p.  29  that 
Herschers  highest  magnifier  (6000)  was  applied  to  his  largest 
instrument  (48-inch);  but  the  power  was  really  tried  on  a 
6-3-ineh  of  7  feet  focal  length  in  1782.  It  was  employed  upon 
a  Lyrae,  and  Mas  thought  to  be  6450 ;  but  a  later  determination 
made  it  5787.  On  p.  66  Lassell  and  Bond  are  said  to  have  dis- 
covered a  seventh  and  eighth  moon  to  Saturn ;  but  only  one  satellite 
was  found  by  them  in  1848.  On  p.  103  Canis  Yenat.  should  be 
Ganes  Yenat.  and  on  p.  98,  Kreuger  should  be  Krueger.  These 
are,  however,  very  trivial  blemishes  in  a  generally  very  accurate 
handbook  which  we  believe  will  admirably  fulfil  the  purpose  for 
which  it  is  intended  and  become  the  vade  meeum  of  the  astronomical 
amateur. 


XXXIII.  Proceedings  of  Learned  Societies, 

GEOLOGICAL  SOCIETT. 

[Continued  from  voL  xliv.  p.  443.] 

November  3rd,  1897.— Dr.  Henry  Hicks,  F.B.S.,  President, 
in  the  Chair. 

THE  following  communication  was  read : — 
1.  '  A  Contribution  to  the  Palaeoutology  of  the  Decapod  Crus- 
tacea of  England.'     By  the  late  James  Carter,  F.R.C.9.,  F.G.8. 

November  17th. — Dr.  Henry  Hicks,  F.R.8.,  President, 
in  the  Chair. 

The  following  communications  were  read : — 

1.  *  The  Geology  of  Rotuma.'     By  J.  Stanley  Gardiner,  Esq.,  B.A. 

The  author  describes  the  relationship  of  the  island  of  Rotuma 
(situated  in  lat.  12°  30'  8.,  long.  177°  1'  E.)  to  the  adjoining  isles. 
It  is  almost  separated  into  two  partes,  which  are  united  by  a  narrow 
neck  of  sand.  The  interior  is  composed  of  volcanoes,  which  have 
emitted  lavas  and  fragmental  rocks.    Around  the  volcanic  rocks  are 
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stratified  depositB  oomposed  of  sea-sand  with  volcaDic  fragments 
These  are  partly  denuded,  and  are  mantled  round  by  coral-reef  and 
beach  sand-flats.  A  remarkable  cavern  in  the  lava  of  Sol  Mapii, 
with  lava-stalactites^  is  described ;  there  is  a  similar  cavern  in 
AuHufHuf. 

An  account  of  the  prevalent  meteorological  conditions  is  also 
given. 

In  an  Appendix  by  Mr.  H.  Woods,  M.A.,  some  of  the  rocks  are 
described.  They  consist  of  olivine-dolerites  and  basalts  and  asso- 
ciated fragmental  rocks. 

2.  *  A  Geological  Survey  of  the  Witwatersrand  and  other  Districts 
in  the  Southern  Transvaal.'     By  Frederick  H.  Hatch,  Ph.D.,  F.G.S. 

After  giving  an  account  of  the  physical  characters  of  the  area, 
the  author  proceeds  to  describe  the  various  rocks,  referred  to 

(1)  The  Karoo  System, 

(2)  The  Cape  System, 

(3)  The  Primary  or  Archffian  System. 

The  Archsan  rocks  protrude  in  a  few  places  through  the  sedi- 
mentary beds,  which  form  the  greater  part  of  the  area,  and  consist 
of  an  igneous  complex  of  rocks  of  varied  composition. 

The  Cape  System  is  capable  of  division  into  five  distinct  series: — 

f  Magaliesberg  and  Gatsrand  series ;  alternating  quartzites,  shales,  and 
|r  I      lava-flows.    16,000  to  20,000  feet. 

Bedsu  ^  ^o^o"i**  *"d  cherts,  thickly  bedded.    6000  to  8000  feet. 

Black  Beef ;  a  bed  of  quartzite  and  oonglomarate,  20  to  50  feet,  and  1 

\  Klipriversberg  amygdaloid  ;  a  basic  volcanic  rock,  5000  to  6000  feet.  J 

(Witwatersrand  Beds ;    sandstones  and  conglomerate  (in  part  auri- 
ferous).   11,000  to  15,000  feet. 
Hospital  Hill   Series;  quartzites  and  ferruginous  shales.     8000  to 
10,000  feet. 

A  full  description  of  each  of  the  series,  and  the  associated 
volcanic  and  igneous  rocks,  is  given  in  the  paper. 

The  Karoo  formation  is  represented  by  the  Coal  Measures  of 
.  Vereeniging  and  the  district  south  of  Heidelberg,  and  by  the  measures 
of  other  coal-areas.  They  have  furnished  plants  which  Mr.  Seward 
refers  to  in  a  note  as  being  of  Permo -Carboniferous  age. 

The  age  of  the  Cape  System  is  doubtful.  The  Upper  beds  rest 
unconfonnably  on  the  Lower  ones,  and  if  the  latter  be  of  Devonian 
age,  as  has  been  inferred,  th^  former  may  represent  the  Lower 
Carboniferous  rocks. 

In  conclusion,  the  author  makes  some  observations  upon  the 
geotectonic  relations  of  the  area. 

3.  *  Observations  on  the  Genus  Adisina,  de  Koninok,  with  De- 
scriptions of  British  Species,  and  of  some  other  Carboniferous  Gas- 
tropoda.'    By  Miss  J;  Donald^  of  Carlisle. 
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December  1st. — Dr.  Henry  Hioks,  F.R.8.,  President, 
in  the  Chair. 
The  following  oommnnications  were  read : — 

1.  'A  Revindication  of  the  Llanberis  Unconformitv.'  By  the 
Rev.  J.  F.  Blake,  M.A.,  F.G.S. 

In  a  paper  published  in  the  Quarterly  Journal  of  the  Society 
for  1803,  the  author  of  the  present  paper  maintained  that  certain 
conglornerates  and  associated  rocks  occurring  for  some  distance 
north-east  and  south-west  of  Llanberis,  which  had  hitherto  been 
considered  to  lie  below  the  workable  si  ites  of  the  Cambrian  rocks 
of  tliat  area,  were  in  reality  unconformable  deposits  of  later  date 
than  those  slates.  In  the  year  ]  894  a  paper  appeared  in  the  same 
Jourbal.  in  which  the  authors  maintained  that  in  no  case  which 
had  been  examined  could  any  valid  evidence  be  found  in  favour  of 
the  alleged  unconformity,  and  that  in  one  (on  the  north  east  sido  of 
Llyn  Padaru)  which  they  supposed  to  afford  the  most  satisfactory 
proof  of  it,  the  facts  were  wholly  opposed  to  the  notion. 

The  present  paper  is  a  reply  to  these  authors,  in  which  their 
objections,  founded  oh  general  considerations,  on  field  observations, 
and  on  microscopic  examination  of  rock-specimens,  are  discussed, 
and  the  author  gives  the  results  of  further  observations  on  the 
rocks  of  the  district.  The  Moel  Tryfaen  sections,  and  those  on  each 
side  of  Llyn  Padarn  in  the  Llanberis  district  are  considered,  and 
be  maintains  that  the  pest-Llanberis  (using  this  term  in  the  sense 
of  being  after  the  deposition  of  the  main  workable  slates)  age 
of  tho  conglomerates  which  are  under  discussion  is  established; 
though  the  more  he  considers  the  correlation  of  these  conglomerates 
with  the  Bronllwyd  Grits  the  less  he  likes  it,  and  as  far  as  the 
stratigraphy  is  concerned,  they  may  be  much  newer, — their  age  is 
at  present  an  open  question ;  but  of  their  unconformable  position 
he  has  no  doubt. 

2.  'The  Geology  of  I^mbay  Island,  Co.  Dublin.'  By  Messrs.  C. 
I.  Gardiner,  M.A.,  F.G.8.,  and  S.  H.  Reynolds,  M.A..  F.G.S. 

The  authors,  who  have  previously  described  the  neighbouring 
district  of  Portraine  (Quart.  Journ.  Geol.  8oe.,  Dec.  1897),  undertook 
an  examination  of  this  island,  with  the  intention  of  comparing  the 
rocks  with  those  of  Portraine,  and  of  investigating  the  nature  of  the 
rook  familiar  to  geologists  under  the  name  of  *  Lambay  porphyry.' 
The  sedimentary  rooks  are  similar  to  some  of  those  of  Portraine,  and 
are  of  Middle  or  Upper  Bala  age.  Associated  with  them  are  pyro- 
clastic  rocks  and  andesitic  lava  flows,  some  of  the  lavas  having  flowed 
beneath  the  sea.  Tho  sediments  and  volcanic  rocks  were  exposed 
to  denudation,  and  a  conglomerate  composed  of  their  fragments 
was  accumulated  round  the  volcano.  The  '  Lambay  porphyry,' 
which  has  been  determined  as  a  diabase-porphyry  by  Dr.  von  Lasaulx, 
is  partly  intrusive  in  the  other  rocks,  but  has  in  places  oome  to  the 
surface  as  a  lava-flow. 

Petrographical  descriptions  of  the  various  rocks  are  given  by  the 
authors. 
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December  164li._Dr.  Henry  Hickt,  F.B.B.,  President, 
in  tlie  Chair. 

Tb9  foUpwinf  (^xomimicfttipnf  were  rend  >^ 

1,  'On  the  Pjrmneridae  of  Boolaj  Bay,  feney/     By  John 
Farkiiiian,  £eq.,  F.G.S, 

After  briefly  noticing  tbe  literature  of  the  vabwAf  the  author 
deecribes  the  altered  rbyoUtes  of  foulay  Say,  One  variety,  the 
commonest,  is  of  a  dark  red  colonr,  showing  flpw-structure ;  another 
is  porphyritic;  a  third,  near  the  centre  of  the  Bay,  has  a  pale 
greenish  matrix  enclosing  fragments,  which,  however,  are  due  to 
low-brecciatioD.  Large  pyromerides  occur  in  two  localities:  in 
the  more  interesting,  that  north  of  the  jetty,  the  structure  of  the 
rock  indicates  either  a  very  peculiar  magmatic  differentiation  in  situ 
or  (more  probably)  the  mixture  of  two  magmas  differing  in  their 
stage  of  consolidation. 

yrpm  study  of  a  series  of  specimens  of  the  pyromeridal  rock,  the 
author  arrives  at  the  following  conclusions  ; — (1)  The  rock  shows 
marked  flow-structure  and  at  times  bands  which  indicate  a  slight 
difference  in  its  composition,  the  latter  tending  to  assume  a 
moniliform  outline.  In  sncb  the  microscopic  structure  corre* 
spends  with  that  of  the  pyromerides,  and  exhibits  traces  of  radial 
erj'stallization.  (2)  These  afford  a  passage  into  somewhat  oval 
pyromerides,  with  rather  tapering  ends  and  irregularly  mammillated 
surfaces.  (3)  From  these  sometimes  a  single  one  seems  to  be 
thrown  off,  while  lines  of  pyromerides  or  little  lumps  of  similar 
material    are    scattered    about  the  matrix,      (4)  Many  of   the 

erromerides  are  solid  throughout;  others  have  a  central  cavity 
led  with  quartz. 

The  author  describes  varieties  of  the  pyromerides.  They  are 
generally  deep  red  in  colour,  and  exhibit  (a)  fluxion-structure, 
made  more  distinct  by  minute  black  microliths ;  (b)  a  radial 
structure;  (c)  a  *  patchy'  devitrified  structure  (with  crossed  nicols); 
the  second  being  not  always  present.  The  matrix  is  usually  of  a 
greenish  tint,  showing  devitrification-structure  and  sometimes  a  trace 
of  perlitic  structure. 

The  pyromerides  frequently  exhibit  more  or  loss  crescentio  cracks, 
due  apparently  to  contraction,  which  have  been  filled  by  quarts. 
Sometimes  also  they  scale  off  in  rudely  orescentic  shells.  In  one 
locality  a  variety  with  good  spherulites,  about  as  large  as  a  pea, 
passes  into  one  showing  a  fluxion -structure  and  pyromerides, 
having  traces  of  radial  structure  as  well  as  clots  and  irregular 
•  wisps/  suggestive  of  a  stiffer  material  broken  up  by  one  more 
liquid. 

As  the  result  of  his  studies,  the  author  thinks  that  while  very 
regular  spherulites  do  occur,  apparently  in  consequence  of  radial 
crystallization  round  a  centre,  the  pyromerides  are  due  to  the  mixture 
oif  two  magmas  slightly  different  in  oomposition  and  fluidity,  the 
less  nlastic  of  the  two  being  sometimes  drawn  out  into  streaks,  but 
at  others  forming  lumps,  in  which,  where  their  form  is  suitable,  a 
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radial  structure  ia  subsequently  developed.  He  concludes  by  com- 
paring the  pyromerides  of  Boulay  Bay  with  specimens  from  other 
localities  described  by  MM.  Delesse  and  Levy,  Prof.  Iddings,  and 
Miss  Baisin,  or  collected  by  himself,  and  by  discussing  the  quartz- 
filled  cavities  which  occur  in  certain  cases.  These  he  regards  as 
originally  vesicles,  and  not  due  to  any  subsequent  decomposition. 

2.  *  On  the  Exploration  of  Ty  Newydd  Cave  near  Tremeirchion, 
North  Wales.'    By  the  Rev.  G.  C.  H.  PoUen,  8J.,  F.G.S. 

In  November  1896  a  Committee  was  formed,  consisting  of 
Dr.  H.  Hicks,  Dr.  H.  Woodward,  and  the  author,  for  the  purpose 
of  exploring  this  cavern,  which  is  situated  in  the  same  ravine  on 
the  east  side  of  the  Vale  of  Clwyd  as  the  well-known  caverns  of 
Ffynnon  Beuno  and  Cae  Gwyn,  explored  about  12  years  ago  by 
Dr.  H.  Hicks  and  Mr.  E.  B.  Luxmoore.  Grants  have  been  made 
by  the  Boyal  Society  and  by  the  Government  Grant  Committee 
for  the  purpose  of  carrying  on  the  explorations;  and  though  a 
considerable  time  must  elapse  before  the  work  is  completed,  the 
results  already  obtained  are  of  so  much  importance  that  the  author 
has  thought  it  advisable  to  bring  them  before  the  Society.  In  the 
work  of  exploration  he  has  throughout  been  ably  assisted  by  the 
theological  students  of  St.  Beuno's  College.  The  cavern  had  been 
in  part  broken  into  by  quarrying  operations,  but  the  chambers  and 
tunnels  were  completely  filled  up  with  more  or  less  stratified  deposits, 
and  had  remained  entirely  untouched. 

Although  the  ground  above  the  cavern  is  strewn  over  with  drift 
and  erratics  from  the  North  and  from  the  central  areas  of  Wajes, 
not  a  fragment  of  anything  but  immediately  local  material  has  been 
discovered  in  the  cavern  itself,  showing  clearly  that  the  deposits  in 
the  cavern  had  been  carried  in  by  water  before  the  Northern  and 
Western  ice  had  reached  this  area.  The  work  has  been  carried  on 
almost  continuously  throughout  the  year,  and  most  of  the  material 
has  been  removed  for  a  distance  of  over  60  feet  from  the  entrance. 
The  height  of  the  cavern  above  sea-level  is  420  feet,  or  about 
20  feet  above  the  floor  of  the  Cae  Gwyn  Cave. 

The  following  points  appear  to  the  author  to  be  now  fully 
established : — 

1.  The  material  in  the  Ty  Newydd  Cave,  as  in  the  lower  parts  of 
those  of  Ffynnon  Beuno  and  Cae  Gwyn,  is  of  purely  local  origin. 
Of  this  he  can  speak  with  confidence,  as  the  question  was  before 
him  from  the  beginning  and  the  gravels  were  examined  with  minute 
care  for  erratics. 

2.  This  local  deposit  is  of  earlier  date  than  the  Boulder  Clay  with 
Western  and  Northern  Drifb.  This  was  proved  by  the  finding  of 
granite-  and  felsite-boulders  abundantly  at  higher  levels  and  over 
the  Cave,  and  in  one  case  filling  the  upper  part  of  one  of  the 
fissures  communicating  from  above  with  the  Cavern. 

3.  The  occurrence  of  the  tooth  of  a  large  mammal  (Rhinoceros) 
in  the  lower  part  of  the  Cave  shows  that  the  animal  was  con- 
temporary with,  or  of  earlier  date  than  the  infilling  of  the  Cavern 
by  the  local  drift. 
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XXXIV.  Variations  in  the  Electromotive  Force  of  the  H-form 
of  Clark  Cells  with  Temperature.  By  F.  S.  Spibrs,  B.Sc.^ 
F.  TwYMAN,  and  W.  L.  Waters. 

ri'^HE  work  described  in  this  paper  was  intended  as  a  com- 
J-  pletion  of  the  investigation  carried  out  some  years  ago 
by  Prof.  Ayrton  and  Mr.  W.  R.  Cooper  t  on  the  eflFect  of 
variations  of  temperature  on  the  E.M.F.  of  the  Board  of  Trade 
form  of  Clark  cell.  Their  results  showed  that  it  was  not 
possible,  by  applying  the  ordinary  temperature-correction,  to 
obtain  the  true  value  of  the  E.M.F,  of  the  cell  with  a  greater 
accuracy  than  0*1  per  cent.  It  was  thought  that  the  H-form 
of  cell  would  show  some  improvement  over  the  ordinary  type 
in  this  respect ;  and  this  was  confirmed  by  some  results 
published  recently  by  Dr.  Kahle  J.  The  experiments  to  be 
described  in  this  paper  were  undertaken  with  the  object  of 
seeing  how  far  this  was  correct,  and  in  general  to  investigate 
the  behaviour  of  this  form  of  cell  under  variations  of  tempe- 
rature. The  experiments  were  carried  out  at  the  Central 
Technical  College. 

The  tests  were  made  on  four  cells  set  up  in  accordance  with 
the  specification  issued  by  Dr.  Kahle  from  the  Reichsanstalt§. 
The   cells  were   in   every  way  alike  ||,   and   were   mounted 

*  Communicnt^  by  the  Physic^  Society :  rea^i  Nov.  12th,  1897. 
t  Proc.  Roy.  Soc.  Detember  1896. 
X  Zeitachrifi  fiir  Instrumentenkvnde,  August  1898. 
§  '  Electrician/  vol.  xxxi.  p.  265,  July  1893. 

II  They  were  set  up  by  Mr.  Cooper,  Noe.  1,  2,  and  4  on  19th  March, 
1806,  and  No.  3  on  12th  February,  1896. 
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together  inside  a  glass  vessel  in  pnraffin  oil,  and  during  the 
experiments  they  each  underwent  precisely  the  same  treat- 
ment. The  diameter  of  each  of  the  two  legs  of  the  cell  was 
ahout  }  inch,  and  their  length  about  one  inch. 

The  method  used  for  the  determination  of  the  E.M.F.  was 
as  follows.  Current  from  a  storage-cell  traversed  a  potentio- 
meter-wire in  series  with  a  resistance,  the  value  of  which 
-was  such  that  the  fall  of  potential  along  the  wire  amounted  to 
one  ten-thousandth  of  a  volt  per  centimetre-length.  The  cell 
to  be  tested  was  joined  up  in  opposition  to  the  standard,  and 
the  difference  in  their  E.M.Fs.  was  balanced  against  the  fall 
of  potential  along  a  certain  length  of  the  stretched  wire. 

The  standard  used  in  comparison  consisted  of  one  or  other 
of  two  cells  of  the  Muirhead  type,  which  had  been  found  to 
have  an  E.M.F.  approximately  constant  during  several  years. 
The  two  cells  were  in  one  case,  and  during  the  experiments 
were  placed  in  a  thermostat  in  which  the  temperature  could 
be  kept  constant  to  O^'Ol  C.  The  E.M.F.  of  the  standard 
-was  determined  absolutely  by  balancing  it  against  the  P.D. 
between  the  terminals  of  a  resistance  of  known  value  of  about 
three  ohms,  due  to  a  current  of  about  half  an  ampere  passing 
through  it.  The  resistance  had  been  made  specially  for  the 
purpose  of  manganin  wire,  wound  upon  an  ebonite  frame  and 
immersed  in  paraffin  oil.  It  had  been  previously  aged  by 
beating,  and  had  assumed  a  steady  value,  a£  shown  by  com- 
parison with  standard  manganin  coils.  The  current  was 
measured  by  a  Kelvin  centiampere  balance,  the  constant  of 
which  had  been  frequently  checked  by  means  of  a  silver 
voltameter.  By  this  means  the  E.M.F.  could  be  determined 
absolutely,  correct  to  0*0001  volt. 

The  thermostat  consisted  of  an  inner  air-space,  in  which 
was  placed  the  standard,  surrounded  by  an  outer  water-bath 
which  was  belated  by  a  gas-jet,  the  gas  being  automatically 
cut  off  when  the  temperature  rose  to  a  given  value,  and  being 
allowed  to  come  on  again  as  soon  as  the  temperature  had 
fallen  below  that  value. 

In  fig.  1,  A  B  C  are  zinc  vessels  :  A  is  the  air-bath,  con- 
taining the  standard  resting  on  cottonwool ;  B  the  surrounding 
water-oath,  closed  at  the  top  and  containing  the  thermo- 
meter D  ;  C  the  enclosing  jacket,  between  which  and  B  the 
hot  air  from  the  gas-jet  passes,  heating  the  water-jacket  on 
its  wav.  D  is  an  alcohol  thermometer  with  a  mercurj^- 
index  f',  which,  on  the  expansion  of  the  alcohol,  is  pushed  up 
the  narrow  tube  L,  and  electrically  connects  the  two  platinum 
wires /i  and/2.  J  is  the  gas-jet  for  heating  the  water-bath  ; 
K  a  baffle-plate  over  the  gas-jet,  to  prevent  the  flame  heating 
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the  water-bath  directly.     E  is  an  escape- tube,  which  serves 
to  carry  off  some  of  the  heat  of  the  jet ;  G  is  a  little  by-pass, 

Fig.  1. 


burning  at  the  mouth  of  the  tube  E,  and  serves  to  relight 
the  main  jet  when  extinguished.  M  is  an  electromagnet ; 
H,  its  armature,  is  pivoted  at  S  and  weighted  at  P,  and  carries 
a  platinum  wire  Q  which  dips  into  the  mercury  cup  Q^ 

When  the  temperature  of  the  water-bath  has  reached  a 
certain  arbitrary  value,  the  mercurj-^-index  electrically  con- 
nects/*i  and /s,  completing  the  circuit  of  the  electromagnet  M 
and  the  battery  Z.  The  electromagnet  being  thus  excited, 
attracts  its  armature  H,  which  compresses  tlie  indiarubber 
tube  T  that  feeds  the  main  gas-jet  J,  between  the  brass 
piece  N  and  the  adjustable  wooden  block  N',  and  so  extin- 
guishes the  light.  The  water-bath  now  cools  slowly  till  its 
temperature  has  fallen  below  the  fixed  value,  and  the  contact 
is  broken  at/^  by  the  falling  of  the  mercury-index.  When 
this  happens,  the  armature  of  the  electromagnet  is  released 
and  pulled  up  at  once  by  the  weight  P,  the  gas  coming  on 
again  at  the  jet  J  ;  some  of  the  gas  passing  up  the  tube  £ 
is  ignited  at  the  top  by  the  by-pass  G,  and  then  striking 
back,  lights  the  main  jet  J,  restarting  the  heating,  and  the 
cycle  is  repeated. 

As  it  requires  a  less  current  to  hold  the  armature  down 
than  it  takes  originally  to  attract  it,  the  current  circuit  of 
the  magnet  is  so  arranged  that  when  the  armature  is 
attracted  it  breaks  the  direct-current  circuit  at  the  mercury 
cup  Q',  and  inserts  into  the  circuit  a  resistance  of  50  ohms, 
thus  economizing  the  energy. 

The  temperature  at  whicn  the  cut-off  acts  can  be  adjusted 
several  degrees  by  altering  the  distance  which  the  wire/j 
projects  down  the  tube  L. 

By  carefully  adjusting  the  size  of  the  jet,  the  by-pass,  and 
the  height  of  the  block  N',  we  could  keep  the  temperature  of 
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the  air-bath  constant  to  0°01  C,  the  gas  being  cut  off  and 
coming  on  again  about  every  five  minutes. 

To  investigate  the  effect  of  temperature  on  the  cells,  it  was 
necessary  to  be  able  to  vary  their  temperature  so  as  to  get  a 
uniform  rise  or  fall.  To  effect  this,  some  special  form  of 
heating-bath  was  needed.  In  its  final  form,  this  heating- 
bath  consisted  of  an  outer  zinc  bath,  in  which  the  vessel 
containing  the  Clark  cells  was  placed,  which  was  divided  up 
by  means  of  a  number  of  partitions,  reaching  from  the 
bottom  of  the  vessel  to  above  the  surface  of  the  oil.  The 
oil  was  forced  alternately  under  one  partition  and  over  the 
next,  round  the  whole  of  the  bath,  and  from  the  last  com- 
partment was  drawn  off  into  a  separate  chamber  containing 
a  heating-coil  and  a  coil  of  lead  tubing  for  an  iced-water 

Fig.  2. 


SECTION. 


StCTior^     AT    CO 


FLAW. 


circulation,  and  from  this  chamber  it  was  again  circulate 

round  the  compartments  by  means  of  a  set  of  centrifugal  vane 

A  (fig.  2)  is  tne  outer  zinc  bath,  containing  the  oil,  and  divide 
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up  into  compartments  by  means  of  the  zinc  plates,  a,b,c, . .. 
G,  the  inner  glass  vessel,  contains  the  cells,  and  rests  about 
one  and  a  half  inches  from  the  bottom  of  the  outer  bath  on 
the  parts  of  the  partitions  a,  A,  <?, . . .  which  reach  to  the  centre. 
ff  is  the  separate  compartment  containing  the  heating-coil  L, 
the  coil  of  lead  tubing  K,  and  the  centrifugal  pumping-vanes 
V.  The  vanes  V  are  directly  coupled  to  a  motor  with  a 
vertical  shaft,  this  being  found  to  be  the  most  satisfactory 
way  of  driving  them.  The  ring  h  separates  the  chamber  g 
into  two  parts :  in  the  upper,  the  vanes  work  and  the  oil  is 
rotating  ;  in  the  lower,  the  heating  and  cooling  coils  are 
placed,  the  oil  in  this  part  not  rotating,  m  is  a  distributing 
plate  under  the  hole  in  the  centre  of  the  ring  A,  which  makes 
the  circulating  oil  pass  over  the  heating  and  cooling  coils. 
D  is  a  stationary  guide  vane  which  helps  to  deflect  the 
rotating  oil  into  the  next  chamber  X. 

The  oil  passes  under  the  division  b,  over  c,  under  rf,  over  e, 
and  finally  under  /  into  the  heating-chamber  g,  where  it 
passes  over  the  heating-coil,  and  is  sucked  up  through  the 
hole  in  the  plate  A,  and,  being  thrown  out  by  the  vanes  V,  is 
again  circulated.  y'is:.  3. 


The  circulation  obtained  by  this  means  was  excellent. 
When  the  bath  was  tested  at  a  rate  of  change  of  temperature  of 
1°  in  eight  minutes,  there  was  found  to  be  a  maximum  differ- 
ence of  temperature  between  any  two  points  of  the  bath  of 
0°*2  ;  while  at  a  rate  of  change  of  1  in  fifteen  minutes,  no 
difference  in  temperature  was  detected. 

In  the  inner  vessel  containing  the  cells  (fig.  3)  the  oil  was 
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circulated  by  means  of  two  sets  of  vanes ;  the  upper  set,  A,  in 
tlie  form  of  a  screw-thread,  was  arranged  so  as  to  send  the  oil 
downwards  on  rotation ;  the  lower  set,  B,  were  radial  near  the 
centre,  and  at  the  outer  ends  curved  so  as  to  force  the  oil 
upwards.  Thus,  as  the  oil  was  forced  downwards  from  the 
first  set  A,  it  was  caught,  and  first  sent  outwards  and  then 
upwards  by  the  second  set  B,  thus  producing  a  constant 
circulation.  During  our  experiments  the  temperature  in  this 
bath  was  always  uniform  to  at  least  0°'02  0. 

The  stretched  wire  (fig.  4),  three  metres  in  length,  was 


Fig.  4. 


employed  as  the  potentiometer-wire.  The  resistance  of  this 
being  known,  the  strength  of  current  necessary  to  give  a 
drop  of  potential  of  one  ten-thousandth  of  a  volt  per  centi- 
metre length  was  calculated,  and  also  the  resistance  required 
to  be  traversed  by  this  current  to  produce  a  potential-differ- 
ence between  its  extremities  equal  to  the  E.M.F.  of  our 
standard.  The  resistance  Bi  was  adjusted  so  as  to  be  as 
nearly  as  possible  equal  to  that  value,  and  the  deficit  was 
found  in  terms  of  a  length  AP  of  the  stretched  wire.  For 
example,  suppose  the  resistance  necessary  to  produce  a 
potential-difference  equal  to  the  E.M.F.  of  our  standard  to  be 
found  by  calculation  to  be  214-30  ohms.  Plugs  would  be 
taken  out  of  Ri  to  the  value  of  214  ohms,  and  the  point  P  on 
the  wire  would  be  selected  such  that  the  resistance  of  AP 
equalled  0*30  ohm.  Then  the  mercury  cups  a,  b  and  a?,  z 
being  joined,  the  current  sent  through  the  wire  bj"  the  storage- 
cell  B  was.adjusted  by  means  of  the  auxiliary  variable  resist- 
ance Es  until  the  fe.M.F.  of  the  standard  equalled  the 
potential-difference  between  the  points  H  and  r.  In  this 
way  the  wire  was  rendered  direct  reading  for  any  subsequent 
comparisons,  one  centimetre  on  the  scale  corresponding  with 
one  ten-thousandth  of  a  volt.  By  joining  the  mercury  cups 
a,  b  and  ^,  «,  the  value  of  the  current  could  be  readily  checked 
at  any  time  during  the  experiment  without  interrupting  the 
rest  of  the  circuit.     As  a  rule,  very  little  variation  was  found 
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to  occur.  In  this  method  we  measure  the  difference  of  the 
E.M.Fs.  of  the  cells  on  the  stretched  wire,  and  not  the 
actual  E.M.F.  of  the  cell  under  test,  consequently  considerable 
variations  of  the  current  have  very  little  effect  on  the  result. 

The  cell  under  test  was  placed  at  T,  and  by  joining  the  mer- 
cury cups  hy  c  and  x^  y,  this  could  be  joined  up  with  its  E.M.F. 
in  opposition  to  that  of  the  standard  ;  and  then  by  moving  the 
contact  P,  we  could  find  a  point  such  that  the  potential- 
difference  between  P  and  0  equalled  the  difference  in  E.M.F. 
between  the  cell  to  be  tested  and  the  standard.  If  the 
difference  between  the  E.M.Fs.  was  positive,  then  the  point 
P  lay  on  one  side  of  the  point  C,  while  if  the  difference  was 
negative,  it  lay  on  the  other  side. 

To  find  how  the  changes  in  E.M.F.  lagged  behind  those  of 
the  temperature,  it  was  found  best  to  subject  the  cells  to  a 
cycle  of  temperature,  the  temperature  being  first  raised  at  a 
uniform  rate  through  a  certain  number  of  degrees,  and  then 
cooled  again  at  the  same  uniform  rate  to  the  original  tempera- 
ture, bupposing  no  lag  to  exist,  the  curve  connecting 
temperature  and  E.M.F.  would  be  the  same  for  both  rising  and 
falling  temperatures.  But  if  there  is  a  lag  of  short  duration, 
t.  e.  not  cumulative,  then,  provided  that  the  temperature  varies 
at  the  same  rate  throughout,  two  distinct  curves,  the  second 
parallel  to  the  first  for  the  greater  part  of  its  length,  will 
result,  and  will  enclose  an  area  between  them.  If  there  is 
any  lag  of  a  semi-permanent  character,  it  will  be  shown  by  the 
curve  not  returning  to  its  original  starting-point  till  after  a 
considerable  time. 

When  we  proceeded  to  take  the  cells  through  a  cycle  of 
temperature,  we  first  of  all  determined  absolutely  the  E,M.F. 
of  tne  standard,  which  had  been  kept  at  a  constant  tempera- 
ture for  some  days  in  the  thermost-at.  The  current  for  heating 
the  cell-bath  was  then  turned  on,  the  required  value  of  the 
current  to  give  a  certain  rate  of  rise  of  temperature  having 
been  previously  determined  by  experiment.  The  current  in 
the  stretched  wire  was  then  adjusted  to  its  proper  value,  and 
the  readings  of  the  E.M.Fs.  of  the  cells  were  taken  every  few 
minutes.  The  temperature  of  the  cells  was  observed  every 
five  minutes  and  a  curve  plotted  connecting  temperature  and 
time.  The  heating  curve  between  time  and  temperature 
always  gave  practically  a  straight  line,  without  readjustment 
of  the  current.  When  we  started  to  cool  our  bath,  we  turned 
on  the  iced- water  circulation  full  for  the  first  few  minutes,  to 
get  a  sharp  bend  in  the  temperature  and  time  curve,  after- 
wards it  was  made  to  go  much  slower,  and  the  flow  required 
readjusting  from  time  to  time  to   keep  the  curve   straight. 


Digitized  by 


Google 


292     Messrs.  Spiers,  Twjinan,  and  Waters  on  Variations  in 

Considering  that  this  adjustment  was  done  purely  by  the 
method  of  trial  and  error,  the  curves  obtained  may  be  regarded 
as  highly  satisfactory.  They  approximate  so  closely  to  straight 
lines  that  it  was  thought  unnecessary  to  reproduce  them.  In 
some  of  the  cycles  we  cooled  first  and  and  heated  afterwards, 
thus  reversing  the  cycle.  At  the  conclusion  of  each  experi- 
ment the  E.M.F.  of  the  standard  was  again  tested  absolutely. 

The  accui-acy  of  the  method  was  all  that  was  desired. 
The  thermostat  would  keep  the  temperature  of  the  standard 
constant  to  0°'01  C,  and  the  temperature  of  the  cell-bath  was 
uniform  to  0°-02  at  least.  The  difference  in  the  E.M.Fs. 
could  be  read  on  the  stretched  wire  to  one  hundred-thousandth 
of  a  volt.  The  E.M.F.  of  the  standard  never  varied  more 
than  one  ten-thousandth  of  a  volt  during  an  experiment,  and 
in  general  it  probably  varied  much  less. 

Three  different  rates  of  change  of  temperature  were  tried  : 
1°C.  in  seven  minutes;  1°  in  fifteen  minutes;  and  1°  in 
thirty  minutes.  A  cycle  generally  lasted  about  five  or  six 
hours.  The  curves  are  plotted  for  E.M.F.  and  temperature, 
and,  to  avoid  confusion,  the  curves  for  the  different  cells 
have  been  separated  by  displacing  the  origin  of  E  M.F. 
differences. 

It  will  be  seen  that  the  curve  connecting  E.M.F.  and 
temperature  is  not  the  same  for  both  the  rising  and  the  falling 
temperatures  in  a  cycle.  As  explained  above,  this  indicates 
the  existence  of  lag.  The  lag  of  E.M.F.  at  a  rate  of  change 
of  temperature  of  1°  in  seven  minutes  is  about  four  ten- 
thousandths  of  a  volt ;  at  a  rate  of  change  of  1°  in  fifteen 
minutes,  it  is  about  two-and-a-half  ten-thousandths  ;  at  a  rate 
of  1°  in  thirty  minutes,  it  is  about  one  twenty-thousandth  of  a 
volt.  By  this  lag  is  meant  half  the  difference  between  the 
E.M.Fs.  given  by  the  rising  and  falling  curves  for  any  par- 
ticular temperature.  If  these  lags  are  compared  with  those 
obtained  for  the  B.T.-type  of  cell,  in  the  paper  above  referred 
to,  we  see  that  the  lag  in  the  case  of  the  H-form  of  cell  is  less 
than  one  quarter  of  that  in  the  ordinary  form.  (See  fig.  7. 
N.B. — The  zero-lines  on  this  diagram  are  purely  arbitrary  ; 
the  curves  are  merely  for  the  purpose  of  comparison.) 

The  temperature  at  the  close  of  a  cycle  was  sometimes  not 
exactly  the  same  as  at  the  commencement,  hence  the  tempera- 
tnre-time  curves  are  not  closed.  It  is  highly  probable  that  if 
the  temperature  had  been  the  same,  the  E.M.F.  would  have 
returned  to  its  original  value.  On  keeping  the  temperature 
constant  at  the  end  of  the  cycle,  the  lag  passed  off^  rapidly  ; 
at  a  rate  of  variation  of  temperature  of  1°  in  fifteen  minutes 
it  disappeared  in  about  ten  minutes. 
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The  probable  reason  for  the  superiority  of  the  H-form 
over  the  ordinary  form  is  that  when  the  changes  of  tem- 
perature produce  variations  in  the  density  of  the  zinc  sulphate 
solution,  the  zinc  amalgam,  being  at  the  bottom,  is  always  in 
contact  with  a  saturated  solution,  while  in  the  B.T.-form  we 
have  the  solution  in  contact  with  the  mercury  saturated,  but 
that  in  contact  with  zinc  will  not  be  saturated  till  the  whole 
of  the  paste  has  attained  its  equilibrium  condition  and  again 
become  saturated  with  zinc  sulphate  at  the  new  temperature. 

Thus  in  general  it  appears  that  in  the  H-form  of  Clark  cell 
the  lag  is  much  less  than  in  the  B.T.-form,  and  that  under 
ordinary  conditions,  when  the  rate  of  variation  of  temperature 
is  not  greater  than  1°  in  half  an  hour,  by  applying  the  ordinary 
temperature-corrections  we  can  obtain  a  result  accurate  to  less 
than  a  ten-thousandth  of  a  volt.  If  we  wish  to  apply  a 
temperature-correction  for  a  greater  rate  of  variation  than 
this,  we  must  either  find  the  temperature-coefficient  for  varia- 
tions at  that  rate  from  curves  such  as  those  given  here,  or 
else  slightly  diminish  the  ordinary  coefficient.  Subsequent 
experiments  showed  that  if  an  H-cell  were  placed  in  a  water- 
bath,  which  was  heated  through  3°  or  4^  as  quickly  as  possible, 
then  the  E.M.F.  of  the  cell  would  reach  an  approximately 
steady  value  as  soon  as  the  temperature  of  the  bath,  and  by 
taking  the  temperature  of  the  cell  as  being  that  of  the  bath, 
we  could  apply  the  temperature  correction  accurate  to  a  ten- 
thousandth  of  a  volt. 

The  two  Muirhead  cells  used  as  standards  in  the  above 
experiments  were  also  taken  through  a  single  cycle  at  a  rate 
of  variation  of  temperature  of  1°  in  fifteen  minutes.  From 
the  curves  (fig.  8)  it  will  be  seen  that  one  of  the  cells  is  but 
slightly  inferior  as  regards  lag  to  the  H-form,  while  the  other 
comes  about  midway  between  the  H  and  the  B.T.  forms. 
These  two  cells  have  been  recently  dismounted,  and  it  was 
found  that  they  were  almost  dried  up  and  that  the  zinc 
sulphate  had  crystallized  out  over  the  top  of  the  cells.  They 
had  thus  practically  become  examples  of  Prof.  Callendar's 
crystal  cell*,  and  this  probably  accounts  for  their  small 
lag.  The  cell  which  appeared  the  drier  of  the  two  had  the 
larger  lag. 

Our  best  thanks  are  due  to  Prof.  Ayrton  and  Mr.  T.  Mather 
for  their  many  valuable  suggestions  and  kind  help,  and  to 
Mr.  Cooper  for  the  loan  of  the  cells  tested. 

*  Troc.  Roy.  Soc.  October  1807. 
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Appendix. 

Since  the  above  investigation  was  completed^  some  experi- 
.  ments  have  been  made  to  test  whether  the  lag  of  E.M.P. 
observed  was  due  io  the  lag  of  the  temperature  of  the  cell 
behind  that  of  the  bath  or  to  diflFusion  lag.  A  B.T.-form  of 
cell  was  made  up  in  a  tube  2  em.  diameter,  and  a  thermometer 
inserted  in  a  position  similar  to  that  occupied  by  the  zinc. 
The  cell  was  immersed  in  a  water-bath  so  that  the  upper 
surface  of  the  paste  was  about  2  cm.  below  the  surface  of  the 
water.  The  temperature  of  the  bath  was  then  raised  uniformly, 
the  bath  being  kept  stirred,  and  the  temperature  of  the  cell 
observed  from  time  to  time  and  compared  with  that  of  the 
water-bath.  The  lag  of  the  temperature  of  the  cell  behind 
that  of  the  bath  was,  at  a  rate  of  variation  of  temperature  of 
1°  in  six  minutes,  0°'15  ;  at  a  rate  of  1°  in  fifteen  minutes 
0°*10  ;  at  a  rate  of  1°  in  thirty  minutes  less  than  0°'05.  The 
same  experiment  was  tried  with  the  thermometer  half  in  the 
mercury  and  half  in  the  paste  so  as  to  represent  the  condition 
of  things  in  the  H-form.  The  temperature  lags  in  this 
position  MS  ere  found  to  be  very  slightly  less  than  in  the 
other. 

Experiments  were  also  made  in  which  the  cell  at  a  tempera- 
ture of  12°  C.  was  placed  in  the  bath  at  30°  C.  and  the  bath 
stirred ;  the  temperature  of  the  cell  was  observed  at  different 
times.  The  observations  showed  that  at  the  end  of  five 
minutes  the  lag  behind  the  temperature  of  the  bath  was  0°'10, 
at  the  end  of  eight  minutes  practically  zero.  The  tempera- 
tures in  the«e  experiments  were  observed  accurate  to  0°*05  C. 

A  Callendar  crystal  cell  was  tested  in  the  same  manner  as 
the  above  and  gave  almost  identical  results. 

It  appears  from  these  experiments  that  about  half  the  lag 
of  E.M.F.  observed  in  the  H-form  of  cell  is  due  to  the  lag  of 
the  temperature  of  the  cell  behind  that  of  the  bath,  and  the 
rest  to  diffusion  lag. 

Hence  in  all  experiments  with  Clark  cells,  where  the 
temperature  effects  are  likely  to  be  serious,  it  is  better  to 
discard  the  B.T.-form  of  cell  and  use  either  Prof.  Callendar's 
crystal  cell.  Prof.  Carhart's  modification  of  the  B.T.-form, 
or  the  H-form.  The  Callendar  crystal  cell,  in  which  the 
zinc  rests  in  a  mass  of  moist  zinc-sniphate  crystals,  has  a  very 
small  diffusion  lag,  but  has  the  disadvantage  that  there  is  a 
possibility  of  particles  of  zinc  falling  and  reaching  the 
mercury.  This  fault  is,  however,  eliminated  in  his  inverted 
type.  The  Carhart  cell,  in  which  the  solution  is  of  constant 
strength,  also  possesses  a  very  small  diffusion  lag,  but  it  has 
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two  serious  drawbacks,  firstly,  an  eiTor  of  a  few  tenths  of  a 
degree  in  the  temperature  at  which  the  cell  is  saturated  makes 
an  error  of  several  ten-thousandths  of  a  volt  in  the  E.M.F., 
and,  secondly,  every  time  a  current  passes  through  the  cell  a 
certain  amount  of  zinc  is  dissolved,  so  in  time  the  solution 
becomes  stronger.  This  point  is  of  particular  importance 
where  the  cells  are  used  with  condensers. 


Fig.  6. — Curves  connecting  E.M.F.  and  Temperature.    Rate  of  Variation  of  Temperature, 

1°  in  15  minutes. 
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Fig.  6. — Curves  connecting  E.M.F.  and  Temperature ;  Rate  of  Change 
of  Temperature  1^  in  80  minutes. 
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Fig.  7. — Ourvefl  comparing  the  lag  in  the  H-form  of  cell  with 
that  in  the  B/T.-fonn. 

A.  An  average  curve  for  Board  of  Trade  cell.    Rate  of  change  of  temperature,  1°  in  15  niin. 

(From  paper  of  Prof.  Ayrton  and  Mr.  Cooper.) 

B.  H-form.     1^  in  15  min. 

C.  H-form.     1°  in  30  min. 

D.  H-form.    1^  in  7  min. 

Temperature  in  degrees  Centigrade. 
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XXXV.  Notes  on  Thermometry.    By  C.  Chreb,  Sc.  D.,  F.R.S. 

[Concluded  from  p.  227.] 

§  20.  Lag. 
21.  Freeziug-point  of  water. 
22-24.  Boiling-point  of  water. 

25.  Calibration. 
26-30.  External  and  internal  pressure  corrections,  standard  position  for 

thermometers. 
31, 32.  Emergent  column. 

33-36.  Welsh's  method  of  graduation,  and  its  modern  developments. 
87.  Method  of  finding  mean  coefficient  of  expansion  of  mercury  in 

glass. 
38.  Comparison  of  thermometric  methods. 

Lag. 

§20.  pi  LASS-MERCURY  thermometers,  and  probably 
VJ  all  others,  differ  from  the  ideal  of  our  definition 
in  reqtiiring  a  sensible  time  to  follow  a  change  of  tempera- 
ture. This  lag  in  a  mercury-thermometer  increases  with  the 
mass  of  the  mercury  and  the  thickness  of  the  glas?.  It  also 
depends  on  the  nature  of  the  surrounding  medium.  A 
clinical  thermometer,  for  instance,  initially  at  15°  C,  will  rise 
to  the  temperature  of  the  body  faster  in  a  moist  than  in  a 
dry  mouth,  and  much  faster  in  a  well-stirred  bucket  of  water 
than  in  either.  In  still  air  where  temperature  is  altering 
rapidly,  two  adjacent  thermometers  of  different  sluggishness 
may  differ  by  degrees. 

If  T  denote  time,  t  the  thermometer  reading,  t  the  tem- 
perature of  its  surroundings,  the  formula  usually  advanced 
to  represent  the  phenomena  is  *  : 

^,  +  X(<-t)=0, 

where  X  is  a  constant.  When  i— t  is  small,  this  is  probably 
at  least  a  close  approximation  to  the  facts.  When,  however, 
^— T  is  considerable — as,  for  instance,  when  a  thermometer 
initially  at  15°  C.  is  suddenly  exposed  to  a  temperature  of 
40°  C. — the  initial  phenomena,  in  my  experience,  do  not 
follow  so  simple  a  law. 
When  T  is  constant,  the  solution  of  the  differential  equation  is 

where  t^  is  the  value  of  t  when  T=0. 

•  Cf.  Guillaume's  Thermometries  p.  186. 
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Thus  if  the  temperature  t  be  absolutely  constant,  the 
difference  between  t  and  t  tends  ultimately  to  vanish,  and 
the  temperature  of  the  medium  may  be  obtained  directly,  to 
any  required  degree  of  accuracy,  by  allowing  sufficient  time 
to  elapse  before  reading  the  tliermometer.  Usually,  how- 
ever, T  is  to  some  extent  variable*,  and  to  arrive  at  a 
suflSciently  exact  interpretation  of  the  readings  of  the  ther- 
mometer it  may  be  necessary  to  carefully  observe  the  rate  of 
variation  of  t  and  employ  some  mathematical  analysis.  The 
mere  presence  of  the  thermometer  tends  frequently  to  intro- 
duce variation  in  the  temperature  of  the  medium  surrounding 
its  bulb.  When,  for  instance,  there  is  only  partial  immersion 
in  a  liquid  bath  or  in  a  freezing  solution,  wnose  temperature 
differs  appreciably  from  that  of  the  room,  there  is  a  constant 
transfer  of  heat  along  the  thermometer-stem,  which  influences 
to  some  extent  the  temperature  recorded.  This  influence 
depends  largely  on  the  character  of  the  thermometer  and  the 
nature  of  the  bath. 

The  phenomena  discussed  in  this  paragraph  have  an 
important  bearing  on  the  accuracy  of  ordinary  thermometric 
measurements,  which  is  perhaps  somewhat  apt  to  be  over- 
looked by  those  whose  experience  has  centred  in  laboratories 
provided  with  elaborate  thermo-regulators. 


Freezing-point  of  Watei\ 

§  21.  Particulars  of  the  method  of  determining  (depressed 
zero)  freezing-points  at  the  Bureau  International  will  be  found 
in  Guillaume's  Therivom6trie,i^.  116.  The  object  is  to  reduce 
the  temperature  to  0°  C.  as  rapidly  as  is  consistent  with  the 
safety  of  the  thermometer.  The  ice  must  be  pure,  the 
presence  of  the  least  trace  of  salt  being  especially  objection- 
able. It  should  be  very  linely  divided,  and  sufficiently  but 
not  excessively  moist.  Wliat  Guillaume  speaks  of  most 
favourably  is  good  lake  ice  or  freshly  fallen  snow  moistened 
with  pure  distilled  water.  He  quotes  the  following  results 
so  observed  by  Pernet : — 


*  The  case  where  t  i3  a  linear  function  of  the  time  has  been  treated 
recently  hy  Groseniann  (Annalcn  dcr  Hydroyraphie  der  man'tinieri 
Meteoroloffie,  vol.  x.  1897,  p.  483).  The  same  paper  contains  references 
to  recent  work  on  the  subject  and  also  a  variety  of  ipleresting  experi- 
mental results. 
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Tablb  VIII. 

Temperature 
centigrade. 

Distilled  water-ice,  free  from  air 0°-0000 

Distilled  water-ioe —00014 

Natural  ioe  mixed  with  distilled  water    —0*0017 

Natural  ioe  moist    —0*0003 

Natural  ice,  finely  divided,  dry -0-0035 

Snow,  dry    -00060 

Snow,  moistened  with  distilled  water —0*0004 

Snow  moistened,  after  water  flowed  out      —  00038 

These  are  to  be  regarded  rather  as  indications  of  the  order 
of  probable  differences  under  ordinary  conditions  than  as 
rigid  physical  data.  Thus  Marek,  whose  results  Guillaume 
also  quotes  *,  got  for  dry  artificial  ice  -0°-0519  or  — 0°-0»l», 
according  as  it  was  finely  divided  or  only  pounded. 

When  ice  is  dry,  its  temperature  may  in  reality  be  very 
much  below  the  freezing-point.  Of  course  under  ordinary 
experimental  conditions  the  ice  is  exposed  to  a  temperature 
over  0°,  and  its  surface  is  usually  moist.  The  tendency  for 
the  ice  in  the  centre  of  large  blocks  to  be  at  a  lower  tem- 
perature than  0^  C.  has  been  noticed  at  the  Beichsanstalt  t^ 
where  it  is  the  practice  to  employ  artificial  ice  from  distilled 
water. 

In  making  artificial  ice,  the  puritj"^  of  the  water  seems  of 
some  importance,  ice  from  tap  or  cistern-water  giving 
freezing-points  too  low  by  from  0°-002  0.  to  0°-003  C.  t 

To  oDtain  results  agreeing  to  0°*001  C.  a  very  uniform 
procedure  must  be  followed,  and  it  is  quite  conceivable  that 
the  adoption  of  different  procedures  at  different  places  might 
lead  to  slightly  different  scales  of  temperature  %, 

One  disturbing  agent,  to  which  attention  may  be  called,  is 
conduction  of  heat  down  the  thermometer  stem.  Though 
specially  to  be  feared  in  depressed-zero  readings  following 
high  temperatures,  its  absence  can  hardly,  perhaps,  be  safely 
assumed  in  ordinary  fixed-zero  determinations,  especially  in  a 
hot  room. 

In  dealing  with  toluene  or  other  spirit-thermometers,  in 
which  the  liquid  wets  the  tube,  the  depressed  zero  method 
has  been  found  impracticable  at  the  Bureau  International  §, 

•  Loc.  cii.  p.  118. 
t  JTm*.  ^i^tui/.  vol.  i.  p.  83. 

t  Cf.  Comptea  Eendus  .  . ,  de  la  deuxihne  Cor^ferenoe  g^nfral  des  Poids 
et  Mesuresy  Paris,  1896,  pp.  126  and  133. 
§  2See  their  pamphlet,  meiures  des  basses  Temperatures,  Paris,  1893, 

*"'  hilt  Mag.  S.  5,  Vol.  45.  No.  275.  April  1898.         Y 
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owing  to  the  slowness  with  which  the  spirit  drains  down  the 
tube  after  a  fall  of  temperatare. 

On  the  fixed  zero  method^  the  thermometer  ought  theoreti- 
cally to  be  kept  at  (f  C.  for  an  indefinite  time.  In  practice, 
however,  prolonged  exposure  to  a  temperature  of  about  15°  C. 
is  a  much  more  usual  preliminary.  Kow  a  verre  dur  thermo- 
meter after  long  exposure  to  15**  C.  would  give,  even  after 
10  or  15  minutes  immersion  in  ice,  a  zero  reading  about 
0°'015  0.  below  the  true  fixed  zero,  and  this,  of  course,  is  a 
very  serious  ditference  in  thermometry  aiming  at  accuracy  of 
the  order  0^*001  0.  Even  with  English  glass,  where  the 
depression  of  zero  after  ordinary  atmospheric  temperatures  is 
considerably  less  than  with  verre  dur,  it  is  hopeless  to  think 
of  accuracy  above  0^*01  C.  unless  attention  is  paid  to  the 
previous  temperature. 

For  work  of  the  highest  accuracy,  the  pressure  to  which 
the  ice  is  exposed  may  become  of  importance.  According  to 
ihe  theory  of  Prof.  James  Thomson,  and  the  experiments  of 
Lord  Kelvin,  an  increase  of  one  atmosphere  in  the  pressure 
lowers  the  freezing-point  about  0°*0075  C*  Thus  in  vacuum- 
tubes  where  the  pressure  is  practically  nil,  or  in  laboratory 
experiments  with  compressed  gases,  a  very  sensible  correction 
might  be  necessary.  Even  under  natural  conditions  a  cor* 
rection  of  the  order  0°'003  0.  might  be  required  at  lofty 
stations. 

It  must  not  be  overlooked  that  such  variations  in  external 
pressure  affect  the  reading  in  another  totally  different  way, 
through  their  direct  influence  on  the  glass  of  the  thermo- 
meter (see  §  26).  In  fact^  care  is  required  to  ensure  that  no 
external  pressure  effect  is  produced  by  too  tight  packing  of 
ihe  ice,  or  by  aUowing  the  bulb  to  rest  unsupported  on  largish 
ice-crystals. 

In  determining  freezing-points  of  metals  or  solutions  it  is 
customary  to  cool  down  the  liquid  and  observe  the  stationary 
point  on  an  immersed  thermometer.  This  method,  though 
not  usually  adopted,  is  of  course  applicable  to  the  freezing- 

£oint  of  water*    A  discussion  of  it  by  Dr.  M,  Wildermann 
as  appeared  recently  in  the  Phil.  Mag.  f,  in  which  will  be 
found  references  to  recent  work  on  the  subject. 

*  Lord  Kelvin's  '  Mathematical  and  Physical  Papess,*  vol.  L  pp.  156- 
109 ;  or  Bavnes'  *  Thermodynamica,'  art  Ixzxix. 
t  December,  1897,  p.  4S6. 
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Boiling-point  of  Water. 

§22.  lu  Balfour  Stewart's  'Heat'  (art.  xxi.  1st  ed.), 
212°  F.  is  defined  as  the  temperature  of  steam  under  the 
pressure  of  29*905  inches  of  mercury  reduced  to  32°  F.  at 
the  latitude  of  London.  Balfour  Stewart  points  out  a  diflPer- 
ence  between  212°  F.  and  100°  C,  defining  the  latter  as  the 
temperature  of  steam  under  the  barometric  pressure  of 
760  mm.  of  mercury  reduced  to  the  temperature  of  freezing 
water  in  the  latitude  of  Paris.  The  Bureau  International, 
however,  now  generally  recognized  as  the  central  authority, 
have  substituted  latitude  45°  for  that  of  Paris  in  the  defi- 
nition *.  This  has  apparently  the  fortunate  result  of  bringing 
212^  F.  and  lOO""  C.  into  almost  exact  agreement. 

According  to  Knter's  determination, 

760  mm.  =  29-9218  inches  ; 
and  so  759*573  mm.  «  29*905  inches  ; 

and,  according  to  Guillaume's  Thermomitriey  p.  325, 
I  Gravity  in  London  (Standards*  Office)  j-  -j- 

\  Gravity  in  latitude  45°  f  =  10005815. 

These  data  make  the  pressure  of  29*905  inches  of  mercury 
in  London  equal  to  that  of  760*031  mm.  in  latitude  45°, 
and  by  Regnault's  table  {cf.  Guillaume's  Thermomitriey 
p.  327)  the  boiling-point  corresponding  to  the  latter  pressure 
is  100°  001  C. 

Recent  comparisons  t>  both  American  and  British,  give 
apparently  for  the  ratio  (yard/metre)  a  value  something  like 
one  part  m  40,000  larger  than  Kater's,  and  it  is  uncertain 
what  accuracy  is  assignable  to  values  of  ^,  and  to  what 
extent  it  presents  local  fluctuations.  Thus  the  closeness  of 
the  above  agreement  between  212°  F.  and  100°  C.  may  not 
be  absolutely  relied  on.  If  it  should  prove  that  g  has  a  daily 
or  annual  variation  of  one  part  in  25,000,  an  uncertainty  of 
the  order  0°001  C.  would  exist  in  the  standard  boiling-point. 

♦  Guillaume^s  Thermon^itrie,  p.  4. 

t  A  preliminary  diacussion  of  the  moet  recent  comparison,  initiated  by 
Mr.  Chancy,  will  be  found  on  pp.  37-40  of  the  Proch-Verbaux  for 
1805  (Fans.  1896)  of  the  International  Committee  of  Weights  and 
Meaaures.  Owing  to  the  absence  of  a  legally  defined  scale  of  tempera- 
ture, there  seems  some  uncertainty  as  to  the  interpretation  to  be  put  on 
the  standard  temperature  62°  F.  At  this  point  the  verre  dur  and 
hydrogen  scales  differ  by  about  0°*076  C. 

Y2 
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Also  for  this  degree  of  accuracy  it  may  prove  that  s{3ecifica- 
tion  of  the  standard  latitude^  45°,  alone  is  not  sufficient.  It 
is  desirable,  of  course,  that  the  definitions  of  212°  F.  and 
100°  C.  should  be  absolutely  equivalent. 

§  23.  When  we  leave  definitions  and  come  to  actual 
determinations  of  boiling-points,  we  encounter,  as  has  recently 
been  emphasized  by  Mr.  E.  H.  Griffiths^,  uncertainties  in 
barometric  determinations.  DiflPerences  of  '002  inch,  or 
more,  in  the  readings  of  the  same  barometer  by  two  skilled 
observers,  due  mainly  to  personal  equation  in  setting  the 
ivory  pointer,  are  not  unusual.  Mr.  Griffiths  does  not  refer 
to  this  point,  but  directs  his  attention  to  possible  difi^erences 
between  barometers  themselves.  A  comparison  of  a  Tonnelot 
barometer  examined  at  the  Bureau  International  and  an 
English  barometer  verified  at  Kew  Observatory  leads  him 
to  the  conclusion  f  "that  a  discrepancy  of  as  much  as  '2  mm. 
would  appear  to  exist  between  the  Sevres  (Bureau  Inter- 
national) and  Kew  standards.''  He  adds,  however,  that  the 
conditions  of  the  comparison  "  were  not  entirely  satisfactory .'' 

Several  more  direct  comparisons  of  the  standard  barometers 
at  the  principal  European  institutions  have  been  made  by 
skilled  observers,  using  portable  barometers  as  intermediaries. 
The  more  important  comparisons  prior  to  1 890  are  summarized 
in  a  table  in  Waldo's  '  Modern  Meteorology,'  from  which  I 
have  extracted  the  following  results : — 

Table  IX. 


Place  and  Institution. 

Type  of 
Barometer. 

Corrections  in  mm.  ta  reduoe  to  normal 
barometer  (Wild*s)  at  St.  Petersburg. 

Chistoni, 
1881. 

Waldo, 
1883. 

Sundell, 
1886. 

BrouDow, 
1887. 

Paris.           Meteorological 
Bureau. 
„              Bureau   Interna- | 
tional.                \ 

Berlin.          Normal    Standard 
Commiasion. 

Vienna.        Central  Meteorolo- 
gical Institute  ... 

Hamburg.    Deutsche  Beewarte. 

Kew.            Obserratory 

Begnault. 

Wild-Pemet 

Marek. 

Normal. 

Pistor. 

Normal. 

Standard. 

—04 

-17 
+•11 
—•01 

-•06 

-•24 
-•20 
-•26 

-•08 

-04 

—•10 

+  16 

+•21 
--05 

+  13 

+  14 

-•05 

+•11 
+  10 

+  11 
+-W 

If  the  discrepancies  shown  by  Table  IX.  actually  existed, 

♦  *  Oamb.  Phil.  Soc.  Proceedinga/  toI.  ix.  p.  224. 
t  Loc,  cit.  p.  220. 
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accuracy  even  of  the  order  0°'005  C*  in  the  absolute  value  of 
a  boiling-point  determination  would  appear  highly  problem- 
atical.  It  is  not  unlikely,  however,  that  many  of  the  discre- 
pancies arose  in  great  part  from  changes  in  the  portable 
barometers  during  transit.  Barometers,  even  with  contracted 
tubes,  are  awkward  things  to  carry  by  rail,  and  trustworthy 
results  can  only  be  obtained  after  the  transported  instrameni 
has  been  hung  up  for  a  considerable  time.  Not  unlikely 
Prof.  Mohn's  f  suggestion,  viz.  to  compare  barometers  by  the 
aid  of  a  travelling  hyposometric  thermometer,  might  prove  a 
good  one,  at  least  in  tbe  case  of  stations  where  appliances 
exist  for  observing  both  boiling-  and  freezing-points  with  the 
highest  degree  of  accuracy. 

§  24.  There  are  other  sources  of  uncertainty  in  boiling- 
point  determinations.  Every  thermometer  has  a  time-lag, 
and  so  probably  has  every  barometer;  hence  simultaneous 
readings  of  thermometer  and  barometer  may  not  really  cor- 
respond to  simultaneous  temperature  and  pressure  phenomena. 
The  columns  of  wide-tube  barometers,  in  which  the  lag  is 
least,  generally  pulsate  slightly  even  to  the  eye,  unless  under 
exceptionally  steady  conditions  of  pressure.  Under  normal 
conditions,  one  may  expect  changes  of  several  thousandths  of 
an  inch  in  barometric  pressure  during  the  time  occupied  by  a 
boiling-point  determination. 

In  the  paper  already  referred  to,  Mr.  Griffiths  raises  the 
question  whether  the  temperature  of  steam  accommodates 
itself  immediately  to  the  barometric  pressure  when  the  latter 
changes.  On  his  p.  230  he,  however,  expresses  the  opinion 
that  a  table  oti  his  p.  231  *'  will . . .  convince  the  most  sceptical 
that  the  temperature-lag  of  the  steam  may  be  disregg^rded." 
I  am  not  sure  his  argument  will  be  universally  couceddd,  as 
the  data — consisting  of  observed  boiling-points  by  a  pladnnrn 
thermometer,  and  boiling-points  calculated  from  simultaneous 
readings  of  a  barometer  in  the  course  of  one  afternoon — 
might  have  been  advanced,  with  perhaps  equal  force,  in 
support  of  the  contention  that  barometers  and  platinum 
thermometers  are  instruments  free  from  lag.  The  uncertain- 
ties arising  from  lag  are  usually  small,  but  still  it  is  desirable 

*  Since  writing  the  above,  I  have  obseryed  it  stated  on  p.  102  of  the 
ReichBanstalt's  Wiu.  AbbancU,  vol.  i.  that  their  determination  of  the 
fundamental  interval  of  a  certain  Tonnelot  thermometer  difieied  by 
*006  C.  from  that  of  the  Bureau  International.  It  is  signiiicantly  added 
that  *006  C.  answers  to  a  difference  of  *14  mm.  in  the  harometer-readin^ 
at  the  boiling-point. 

t  Report  of  the  International  Meteorological  Conference,  Paris,  1806^ 
pp.  76-78. 
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to  select  aa  far  as  possible  times  of  steady  barometric  pressure 
for  boiling-point  determinations. 

Calibration  *. 

§  25.  This  is  too  technical  and  mathematical  a  subject  to 
be  profitably  discussed  here  in  detail.  The  methods  in  use  at 
the  Bureau  International  are  described  in  several  of  their 

fublicationsf  and  in  Guillaume's  Thei^nomitrie^  pp.  43  et  seqq. 
n  calibrating  an  ordinary  thermometer, range  0°  to  100*'C.,  use 
is  made  of  threads  of  50, 40, 30, 20, 12, 10, 8, 6,4,and  2  degrees. 

The  publications  of  the  Reichsanstalt  recommend  that  the 
shortest  mercury-threads  used  do  not  exceed  in  length  one 
degree-division,  and  speak  of  an  error  as  large  as  0°'01  C.  % 
arising  in  the  calibration  of  a  Tonnelot  thermometer  when 
the  shortest  thread  equalled  2^*5.  Thej  also  recommend  a 
double  calibration  with  each  thread,  proceeding  from  one 
end  of  the  thermometer  to  the  other  and  back  again.  This 
is  to  serve  as  a  protection  against  the  error  that  might  arise 
from  gradual  heating  of  the  mercury-thread.  Alleged  '*nicht 
unerheblichen ''  errors  §  in  the  calibration-data  supplied  by  the 
Bureau  International  for  one  of  the  Reichsanstalt's  verre  dur 
thermometers  are  ascribed  to  the  neglect  of  this  precaution. 

The  object  of  calibration  at  both  these  institutions  is  to 
supply  a  ttible  of  corrections  to  be  applied  habitually  to  every 
reading  of  the  thermometer.  Degree-divisions  represent 
equal  lengths,  not  equal  volumes,  on  the  French  and  German 
fii^ndard  thermometers. 

Kew  standard  thermometers,  on  the  other  hand,  are  cali- 
brated before  they  are  subdivided,  and  the  calibration  results 
are  used  to  guide  one  in  dividing  the  stem  into  equal  volumes, 
not  equal  lengths.  Most  authorities  take  for  granted  that 
this  attempt  is  bound  to  fail  when  accuracy  of  the  order 
0^*001  C.  is  in  question.  This  is  very,  probably  a  true  con- 
clusion, but  it  is  not  always  safe  to  prophecy  failure  before 
the  attempt  iB  made.  The  fact  is  that  no  attempt  has  ever 
been  made  to  construct  Kew  standards  suitable  for  this  degree 
of  accuracy.  Thev  are  intended  to  be  read  easily  by  the 
unaided  eye,  and  the  width  of  the  divisions  is  usually  a  very 
considerable  multiple  of  the  y^^  of  a  degree  intei-val.  The 
accuracy  ordinarily  aimed  at  in  the  construction  of  these 
ittstruments  is  really  0°'05  F.,  and  if  we  may  judge  from 

*  For  a  description  of  the  pnacipal  methods  see  a  report  by  Pro&. 
Balfour  Stewart,  Riicker,  and  Thorpe,  B.  A.  Report  for  1882,  p.  145. 
t  Travaux  et  MSmoirea,  vol.  x.  1894  (  ThermomHres  ^Jmg,  pp.  10-16). 

Wis9.  AhkatuU.  vol.  i.  1894,  pp.  39,  40. 

Ibid.  vol.  iL  1695,  p.  6. 
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careful  calibrations  by  Dr.  Thorpe  and  Prof.  Riicker  *,  Prof. 
Bou'land,  Mr.  Waldo  t,  and  others^  the  accaracy  actually 
attained  is  usnally  considerably  higher  than  this.  W  hat  can 
be  done  depends  ver^  much  on  the  natural  uniformity  of  the 
bore.  If  tne  preliminary  calibration  shows  the  tube  destined 
for  a  Kew  standard  to  be  unduly  conical  or  erratic  in  bore  it 
is  laid  aside.  When  calibration-tables  are  constructed,  a  tube 
of  this  kind  may  .seem  to  be  as  ^ood  as  another ;  but  I,  for 
one,  would  be  sorry  to  pin  my  faith  to  it  even  when  calibrated 
with  threads  of  1^  length. 

Pressure  Coefficients. 

§  26.  The  application  of  increased  pressure  to  the  outside 
of  a  thermometer,  whether  through  rise  of  barometric  pressure 
or  immersion  in  a  liquid,  compresses  the  glass  and  reduces  its 
internal  volume.  This  makes  the  mercury  rise  in  the  stem, 
and,  supposing  the  increase  in  pressure  uniform  over  the 
outer  glass  surface,  the  rise  bears  to  the  increase  in  pressure 
a  constant  ratio,  known  as  the  **  external  pressure  coefficient.". 
The  unit  of  pressure  usually  employed  is  that  of  a  millimetre 
column  of  mercury  at  O*'  C,  the  rise  in  the  stem  being  measured 
in  degrees.  Knowing  the  external  pressure  coefficient,  one 
can  calculate  the  correction  necessary  to  reduce  the  readings 
taken  with  the  thermometer  under  any  known  external  pressure 
to  what  they  would  have  been  under  the  standard  pressure. 

Again,  wlien  the  horizontal  position  is  adopted  as  the  standard 
one — as  is  done  at  the  Bureau  International  and  the  Beichs<i> 
anstalt — a  correction  is  necessary  when  the  thermometer  ig 
read  in  the  v.ertical  position,  to  allow  for  the  influence  of  the 
increased  internal  pressure.  This  pressure  expands  the  bulb 
and  compresses'  its  contents,  both  effects  contributing  to  lower 
the  reading.  If  we  treat  the  internal  pressure  as  uniformly 
distributed,  and  proportional  to  the  length  of  the  mercury 
column  measured  from  the  centre  of  the  bulb,  we  can,  by 
observing  the  difference  in  the  readings  of  a  •  thermometer 
when  vertical  and  when  horizontal  at  any  one  temperature^ 
calculate  an  "  internal  pressure  coefficient/'  This  njay  con- 
veniently be  the  ratio  of  the  observed  rise  of  reading  in 
degrees — when  the  thermometer  is  transferred  from  the  ver^^ 
tical  to  the  horizontal  position — ^to  the  length  of  the  mercury 
colunm  measured  in  millimetres.  •  Knowing  this  internal 
pressure  coefficient,  one  can  calculate  a  table  giving  the  cor- 
rection for  internal  pressure  to  be  applied  to  any  reading 
taken  with  the  thermometer  vertical. 

•  B.  A.  Report,  1881,  p.  641. 

t  American  Journal  of  Science,  vol.  xii.  1831. 
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Applying  the  mathematical  theory  of  elasticity,  Gnillanme* 
has  deduced  a  very  simple  relation  between  the  external  and 
internal  pressure  coefficients,  measnred  of  course  in  the  same 
units.  Calling  these  coefficients  /3«  and  fit  respectively^  as 
Guillaume  does,  this  relation  may  be  written 

where  c  is  proportional  to  the  difference  between  the  com- 
pressibility of  mercury  and  that  of  the  particular  glass  of 
which  the  thermometer  is  made.  Thus  in  all  thermometers 
of  the  same  glass  Pi—^e  should  be  constant.  Taking  the 
units  recommended  above,  viz.  rise  of  1°  in  reading  and  1  mm. 
of  mercury  pressure,  the  results  deduced  at  the  Bureau 
International  *  and  the  Beichsanstalt  t  are  as  follows : — 

Glass.  (/3<-^,)xl07. 

Verre  dur 154$ 

Jena  glass  16"'.     .     .     .     1-lH 
„         „     59"'.     ...     138 

§27.  In  determining  ;8«  the  thermometer,  immersed  in  a 
liquid,  is  exposed  to  various  air  pressures,  from  an  atmosphere 
downwards  §.  The  fact  that  the  changes  of  pressure  tend  to 
affect  the  temperature  of  the  liquid  is  pointed  out  in  the 
publications  of  the  Beichsanstalt  ||,  and  it  is  apparently  re- 
commended that  water — preferably  near  4°  C. — should  be 
used  rather  than  glycerine  or  mercury  If. 

Obsecrations  of  the  thermometer  alternately  in  the  vertical 
and  horizontal  positions,  at  any  convenient  temperature, 
supply  the  means  of  calculating  I3i.  The  Sevres-pattern 
hypsometer  is  specially  adapted  for  this  purpose.  The  experi- 
mental determination  of  /8i,  however,  is  not  so  easy  as  it  looks. 
In  a  horizontal  thermometer  the  end  of  the  mercury  column 
loses  its  symmetrical  shape — especially  in  a  large  bore — and 
the  reading  becomes  uncertain.  There  is  also  apt  to  be  trouble 
through  the  capillary  effect.  Capillarity  causes  a  pressure  on 
the  mercury  and  bulb.     Unless  this  is  constant,  which  ceases 

•  Tbermomitrief  Tag.  102-lOS. 

t   Wiss.  Abhandl,  vol.  i.  p.  70  (1894). 

X  Schuster  andOannon)  Fhil.  Trans.  1895,  p.  486,  take  1  cm.  of  mercurj- 

{iTessure  for  the  luiit  instead  of  1  mm.,  living  154  X  10~^  for  the  Bureau 
ntemational's  value  of  /3j— /3«  in  ven'e  dur.    Schuster  and  Gannon  appar- 
ently think  141  would  be  more  exact  than  154. 
$  See  Guillaume's  ThermonUtrie,  p.  103. 
ji    W%9S.  Abhandl,  vol.  ii.  1895,  pp.  7-8. 

^  See  Lord  Kelvin's  '  Mathematical  and  Physical  Papers,'  vol.  ill. 
pp.  286-289 ;  also  Joule,  Phil.  Trans.  1859,  pp.  133-186. 
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to  be  the  case  when  the  meuiscns  changes  shape,  its  infiaence 
cannot  be  neglected. 

Regarding  the  experimental  determination  of  ;8t  as  some- 
what uncertain,  Gnillaume  *  recommends  that  it  be  dednced 
from  the  observed  value  of  ;8»,  employing  the  theoretical 
connexion  between  the  two  coefficients. 

The  capillarity  difficulty  is  dwelt  on  in  the  Beichsanstalt's 
publications  f  ;  but,  notwithstanding,  the  plan  recommended 
is  to  attach  equal  weights  to  experimentally  determined 
values  ;8/,  /8/  of  the  two  coefficients,  and  to  calculate  values 
/8,  and  /8<  by  means  of  these  and  the  theoretical  value  of 
/Srf— /8».  For  instance,  in  a  oerre  dur  thermometer  we  should 
have 

/3e=i(/3/+/8/--0000154), 

A  =  i(/8/4-/3/-h-0000154). 

A  table  |  of  observed  and  calculated  values  in  various  ther- 
mometers of  different  patterns  shows  a  pretty  close  agreement 
between  the  mean  observed  difference  ^/-^jS/  and  the 
theoretical ;  but  in  individual  cases  the  observed  difference 
varies  from  45x10-^  to  250x10-7.  The  explanation 
favoured  is  apparently  the  uncertainty  in  the  capillary  effect. 

Personally,  I  am  disposed  to  think  that  too  much  reliance 
is  placed  on  the  supposed  constancy  of  pi^-^e  in  all  thermo- 
meters of  the  same  glass.  The  supposed  relation  is  exact 
under  two  restrictions,  absolute  homogeneonsuess  in  the 
glass,  and  uniformity  in  the  distribution  of  the  external  and 
internal  pressures  over  their  respective  surfaces,  inclusive 
of  bulb,  stem,  and  any  auxiliary  chambers.  Under  these 
circumstances  a  simple  proof  of  the  relation  has  been  given 
by  myself  §,  and  independently  by  Schuster  and  Gannon  ||. 
The  supposed  uniformity  of  pressure  is,  however,  non-existent, 
in  the  case  more  especially  of  the  internal  pressure,  and  the 
means  of  allowing  for  this  in  the  theoretical  investigation 
have  not  yet  been  devised. 

In  applying  the  internal  pressure-correction  allowance  is 
made  at  the  Keichsanstalt  IF  for  the  diminution  in  the  density 
of  the  mercury-column  as  the  tem  perature  rises.  Guillaume  *  * 
omits  this,  on  the  ground  that  the  elasticity  of  the  glass  also 

♦  Loc,  cU.  p.  108. 

t   W%a»,  AbhandL  vol.  i.  1894,  p.  80. 
J  L.  c.  p.  79. 

§  PhiL  Mag.  Oct.  1894,  p.  871. 
II  Phil.  Trans.  A.,  1895,  p.  436. 
i[   Wiss,  Abhandl.  YolA.  im4,  ^.  68. 

••  Thermomitrie,  p.  107,  alao  Thermomktre*  Etalons,  p.  18  (Bureau's 
Travaiix  et  MemoireSj  vol.  x.  1894). 
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changes  with  the  temperature,  and  that^  at  least  in  the  ease 
of  verre  dur^  the  two  influences  nearly  neutralize  one  another. 
The  limits  of  temperature  within  which  this  happy  arrange- 
ment prevails  are,  I  suspect,  somewhat  uncertain.  At 
temperatures  above  100°  C,  1  suspect  the  uncertainties 
proceeding  from  the  above  sources  and  from  the  capillarity 
are  appreciable.  Internal  pressure-corrections  of  the  order 
0^*1  0.  are  by  no  means  unprecedented^  so  that  when  accuracy 
of  the  oixler  O^'OOl  C.  is  aimed  at,  an  error  of  even  2  or  3  per 
cent,  in  the  value  of  pi  begins  to  tell. 

§  28.  By  adopting  the  vertical  as  the  standard  position,  the 
practice  followed  at  Kew  Observatory,  the  necessity  for  an 
internal  pressure-correction  can  usually  be  avoided,  at  least 
for  accuracy  of  the  order  0°*01  C.  As  already  pointed  out, 
when  the  stem  is  vertical  the  reduction  of  the  reading,  like 
its  two  contributory  causes  expansion  of  the  bulb  and  com- 
pression of  the  mercury,  is  proportionul,  at  least  as  a  first 
approximation,  to  the  length  of  the  mercury-column  measured 
from  the  middle  of  the  bulb  ;  but  in  an  ordinary  thermometer, 
increment  of  stem-length  is  sufficiently  nearly  proportional 
to  increment  of  reading.  Hence  at  any  temperature  t  the 
depression  due   to   internal  pressure   is,   in   stem-divisions, 

where  p  and  q  are  constants  for  the  thermometer. 

Thus  to  make  a  Bureau  International  thermometer  register 
correctly  in  the  vertical  position  we  need  only  lower  the 
freezing-point  mark  q  divisions  below  the  position  answering 
to  a  horizontal  reading,  and  shorten  each  degree-division  by  \/p 
of  itself.  This  obviously  comes  to  the  same  thing  as  marking 
the  freezing-  and  boiling-points  with  the  thermometer  vertical 
and  subdividing  the  fundamental  interval  in  the  usual  way. 

This  fact  has  been  pointed  out  by  Prof.  Schuster  and 
Mr.  Gannon  * ;  it  was  arrived  at  independently  by  myself 
and  embodied  in  a  report  on  thermometry  made  some  years 
ago  to  the  Kew  Observatory  Committee. 

When  an  ordinary  Kew  thermometer  is  used  in  the 
horizontal  position  a  subtractive  correction  must  be  applied 
to  obtain  the  true  temperature.  Exceptions  to  this  rule  exist 
in  the  shape  of  meteorological  maximum  and  minimum 
thermometers,  which  it  is  the  custom  to  employ  in  a  hori- 
zontal position.  To  prevent  possible  misconception,  the 
certificates  issued  state  explicitly  to  which  of  the  two  positions 
the  table  of  corrections  applies. 

•  Phil.  Trans.  A.,  1806,  p.  434. 
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If  the  stem  of  a  thermometer  were  of  very  unequal  bore, 
and  consequently  its  degree-divisions  of  very  unequal  length, 
the  adoption  of  the  vertical  as  the  standard  position  would 
not  eliminate  the  internal  pressure-correction  satisfactorily. 
It  is  rare,  however,  even  in  the  commonest  commercial  tubes 
to  encounter  cases  where  this  need  be  taken  into  account  for 
accuracy  of  the  order  0°'01  C. 

§  29.  There  are,  however,  thermometers — some  of  the  most 
approved  patterns — ^for  which  the  ordinary  Kew  method  of 
avoiding  an  internal  pressure-correction  fails.  It  is  becoming 
increasingly  common  to  have  one  or  more  auxiliary  chambers 
blown  on  stems  of  thermometers,  with  the  object  of  including 
one  or  both  fundamental  points  in  the  scale  without  making 
the  stem  inconveniently  long.  Now  the  difference  between  the 
mercury-pressures  in  the  bulb  for  two  readings,  one  occurring 
above,  the  other  below  an  auxiliary  chamber,  is  no  longer 
proportional  to  the  difference  in  the  temperatures.  Thus  the 
determination  of  the  fundamental  points  in  the  vertical 
position,  and  the  subdivision  of  the  stem  into  equal  volumes, 
each  one-hundredth  of  the  fundamental  interval,  fails  to 
render  readings  in  the  vertical  position  correct  measures  of 
temperature.  The  remedy  is  easy  enough^  at  least  theoreti- 
cally, as  the  following  investigation  shows  : — 

Let  the  degree-divisions  immediately  below  and  immediately 
above  an  auxiliary  chamber  be  respectively  ti  and  t^^  while 
the  interval  between  the  two  divisions  equals  the  length  of  t 
degree-divisions,  instead  of  tfti  divisions  as  it  would  in  an 
ordinary  thermometer.     For  shortness  let 

in  other  words  let  r^  denote  the  number  of  degree-divisions 
by  which  the  stem  is  shortened  through  the  existence  of  the 
cnamber. 

Let  "  depression  "  temporarily  signify  lowering  of  reading 
as  the  thermometer,  its  temperature  remaining  constant, 
changes  from  the  horizontal  to  the  vertical  position  ;  also  let 
A  represent  the  depression  at  the  ice-point,  and  h  the  de- 
pression due  t^  a  column  of  mercury  equal  in  length  to  a 
degree-division. 

Above  the  chamber  at  a  reading  i,  which  ma^'  exceed 
100^  C, 

depression=A  +  S(<— /)  ; 

below  the  chamber  at  a  reading  /,  which  may  be  below  zero, 

depression = A  +  S/« 
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The  depression,  being  A  at  the  freezing-  and  A  +  S(100— t') 
at  the  boiling-point,  woald  require  to  be  given  throughout  by 

if  the  adoption  of  the  vertical  position  alone  \vere  to  suffice. 
Thus  above  the  chamber  the  depression  actually  found  would 
be  too  small  by 

S{(f/100)(100-T')-(<-TO}^8T'(100-0/100; 

while  below  the  chamber  it  would  be  too  large  by 

StVIOO. 

Consequently  we  can  accomplish  our  object  by  simply 
shortening  each  degree-division,  whether  above  or  below  the 
chamber,  oy  St^/100  of  its  natural  length  («.  e.  the  length  of 
stem  whose  volume  would  be  one-hundredth  of  the  funda- 
mental interval).  This  is  equivalent  to  the  following  rule  : — 
Determine  the  freezing-  and  boiling-points  in  the  vertical 
position  ;  calculate  from  a  calibration  where  the  divisions 
t\  and  ^2  immediateh'  below  and  above  the  chamber  would 
come  in  the  usual  way,  but  mark  the  former  point  lower  by 
Sfy/100  and  the  latter  higher  by  S(100-<2)t7100  than 
according  to  the  calculation  ;  subdivide  the  stem  between  the 
divisions  0  and  ^i,  t^  and  100,  into  equal  volumes. 

This  instruction  supposes  £  to  be  known.  To  determine  it 
observe  the  difference  D  in  the  boiling-point  readings  obtained 
with  the  thermometer  vertical  and  honzontal,  then 

S=Dh-(to  +  100-t'), 

where  t'  has  its  previous  meaning,  while  Tq  is  the  number  of 
degree-divisions  between  the  centre  of  the  bulb  and  the  zero- 
point.  It  must  be  remembered  that  the  correction  is  a  small 
one,  so  that  we  may  safely  use  in  our  calculation  of  S  the 
values  obtained  for  Tq  and  r  when  the  correction  is  neglected. 

In  practice,  for  moderate  accuracy,  the  simplest  plan  would 
be  to  mark  off  two  points  one  slightly  below,  the  other 
slightly  above  the  chamber,  by  comparison  with  an  ordinary 
standard  thermometer  of  the  same  kind  of  glass,  both  ther- 
mometers being  vertical.  Subdividing  the  two  portions  of 
stem  included  between  these  marked  points  and  the  respective 
fundamental  points  into  equal  volumes,  we  attain  our  object. 

If  a  chamber  existed  above  the  100°  C.  mark,  the  only 
change  required  would  be  a  raising  of  all  the  degree-divisions 
iibove  the  chamber — relative  to  the  positions  calculated  in 
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the  ordinary  way  from  calibration — by  a  constant  amount 
St",  where  o  has  its  previous  meaning,  while  t^'  is  the  number 
of  degree-lengths  by  which  the  stem  is  shortened  through 
the  existence  of  the  chamber. 

In  all  possible  combinations  of  auxiliary  chambers  the 
degree-spaces  must  be  equal  in  volume  throughout  the  entire 
stem,  if  the  scale  is  to  be  that  natural  to  the  glass. 

§  30.  In  all  ordinary  mercury-thermometers  some  trace  of 
air  *  exists,  and  if  this  collects  m  the  stem  when  the  thermo- 
meter is  exposed  to  a  high  temperature  the  mercury-column 
is  apt  to  break.  Partly  to  prevent  this,  and  partly  to  increase 
the  range,  limited  by  the  boiling-point  of  mercury,  it  is 
becoming  common  to  introduce  nitrogen  or  carbonic-acid  gas 
above  the  mercurj-,  sometimes  under  very  considerable 
pressure.  In  such  thermometers  the  internal  pressure  from 
the  gas  may  much  exceed  that  arising  from  the  weight  of  the 
mercury-column.  If  there  were  a  chamber  at  the  top  of 
the  tube  similar  in  size  to  the  thermometer's  bulb,  and  if  this 
chamber  and  its  gaseous  contents  remained  at  a  constant 
temperature,  the  internal  pressure  contributed  by  the  gas 
would  increase  very  approximately  directly  as  the  length  of 
the  mercury-column.  Thus,  supposing  the  tube  calibrated 
before  the  introduction  of  tJie  gas,  the  experimental  deter- 
mination of  two  fixed  temperatures  and  the  subdivision  of  the 
tube  into  equal  volumes  would  supply,  at  least  theoretically, 
an  independent  standard  thermometer.  In  practice,  however, 
the  top  chamber  is  usually  of  restricted  size^  and  its  tempera- 
ture tends  to  rise  with  that  of  the  thermometer.  For  both 
reasons  the  gaseous  pressure  may  become  dangerously  large 
when  the  thermometer  is  recording  near  the  top  of  its  scale. 

In  practice  it  is  advisable  to  regard  a  gas-filled  thermo- 
meter as  deriving  its  authority  from  a  direct  comparison  with 
an  ordinary  standard.  And  the  conditions  of  this  comparison 
should  approximate  as  closely  as  possible  to  the  circumstances 
under  wnich  the  thermometer  is  to  be  used. 

Under  ordinary  conditions  the  external  pressure- correction 
is  of  trifling  importance  relative  to  the  internal  pressure- 
correction.  Variations  of  barometric  pressure  at  sea-level 
may  give  rise  to  corrections  of  a  few  thousandths  of  a  degree, 
and  similar  consequences  may  follow  from  immersion  in  a 
water-bath.  In  a  heavy  liquid,  however,  such  as  mercury, 
a  comparatively  shallow  immersion  produces  efiects  which 
cannot  be  disregarded  even  for  accuracy  to  0°'01  C, 

•  In  the  Reichsunstalt's  Wiss.  Abhofidl.  vol.  i.  p.  71,  there  is  a 
reference  to  a  supposed  influence  of  the  small  trace  oi  air  or  vapour  in 
ordinary  thermometers  on  the  internal  pressure. 
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The  chanp;e  of  external  pressure  in  balloon  ascents  or  in 
hiountain-climbing  merits  some  consideration.  At  20,000  feet 
above  the  sea,  for  instance,  neglect  of  this  change  might  lead 
to  an  error  of  0°*1  F.  in  the  calcalated  boiling-point  of  a 
thermometer,  and  thence  to  an  oyerestimate  of  some  50  feet 
in  the  height. 

A  more  important  case  arises  in  the  measurement  of  deep- 
water  temperatures.  For  this  purpose  it  is  customary  to  use 
a  special  pattern  of  "deep-sea'  thermometer,  in  which 
complete  protection  from  external  pressure  is  aimed  at. 
Occasionally,  however,  one  meets  with  instances  in  which 
ordinary  unprotected  thermometers  have  been  used  to  take 
readings  in  deep  wells.  In  one  case  which  came  under  my 
notice  the  consequent  error  amounted  to  no  less  than  15^  ]?. 
Analogous  results  would  follow  the  exposure  of  an  ordinary 
thermometer  to  high  gaseous  pressures. 

Einergent  Column. 

§31.  Elementary  theory  assumes  all  the  glass  and  mercury 
of  a  thermometer  to  be  at  one  temperature.  Even  in  well- 
stirred  baths  in  physical  laboratories  this  is  rather  an  ideal 
state  of  matters.  In  ordinary  use  there  is  often  an  appreciable, 
sometimes  a  long,  mercury-column  exposed  to  a  temperature 
differing  from  that  of  the  bulb.  This  is  especially  true  of 
thermometers  employed  to  measure  the  temperature  of  a 
liquid,  which  is  largely  in  excess  of  the  temperature  of  the 
surrounding  air.  In  such  a  case,  if  a  long  mercury-column 
be  emergent,  the  thermometer,  if  correct,  will  read  considerably 
below  the  true  temperature  of  the  liquid.  A  direct  mathe- 
matical calculation  of  the  correction,  supposing  even  that  all 
the  physical  data  were  known,  would  hardly  be  feasible, 
unless  one  simplified  the  problem  by  making  jetsom  of  many 
of  the  difficulties.  If  we  suppose  the  immersed  part  of  the 
thermometer  unatlected  by  the  existence  of  the  emergent 
part,  and  assume  the  whole  emergent  part,  glass  and  mercury, 
to  be  at  one  temperature,  an  approximate  formula  for  the 
correction  is  easily  obtained. 

Suppose  that  the  liquid  reaches  to  the  division  ti  on  the 
stem,  that  t  is  the  temperature  read  and  tf  the  temperature 
assigned  to  the  emergent  column  ;  and  use  the  notation  of  §2, 
X  l^ing  the  correction  required.  The  emergent  mercury 
would  at  0°  C.  have  the  volume 

l  +  a/  +  a,^'^+   ... 
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and  when  it  and  the  corresponding  part  of  the  stem  are  raised 
in  temperature  from  t^  to  t  the  volame  increases  to 

Thus 

=t?o(<+a?-^i)(H-ai^  +  a2««+  .  .) ; 
whence 

_  (<~<i)(<-O{Ai-ai  +  (A2-a3)(<  +  <0+  .  .} 
^  (l  +  ai«  +  aj^*+  .  .)(1  +  Ai«'+  .  .) 

As  a  first  approximation,  with  the  notation  of  (4), 

^=^i(«~0(/-0* (27) 

As  already  stated,  Bi  is  approximately  the  reciprocal  of 
the  number  of  degree  volumes  included  in  the  bulb  up  to 
the  zero  mark.  It  is  a  constant  for  any  particular  kind  of 
glass,  and  in  all  ordinary  kinds  of  glass  it  is  a  little  less  than 
1/6000.  Knowing  the  glass,  we  should  at  once  know  the 
correction  provided  we  knew  f. 

In  reality,  of  course,  the  emergent  column  varies  in 
temperature  from  base  to  summit,  so  that  if  must  be  regarded 
as  its  mean  temperature.  To  determine  /'  directly,  the 
Reichsanstalt  employ  a  "  Faden-thermometer,"  placed  appar- 
ently with  its  very  elongated  bulb  closely  adjacent  to  the 
emergent  column.  Taking  the  reading  of  this  auxiliary 
thermometer  for  /',  and  replacing  ei  in  (27)  by  1/6100,  they 
claim,  as  already  slated,  to  obtain  with  thermometers  of  Jena 
glass  59*"  coiTected  temperature-readings  which  are  consistent 
to  0°-l  C.  even  up  to  500°  C.  This  practice  of  the  Reichs- 
anstalt seems  a  development  of  an  idea  which  originated 
with  Begnault  t. 

The  uieoretical  aspects  of  the  case  are  discussed  by 
Guillaume  f,  who  refers  to  the  work  of  Regnault,  Mousson, 
Wiillner,  Holzmann,  Thorpe,  Mills,  and  Thiesen. 

§  32.  In  comparing  hign-range  thermometers  at  the  Eew 
Observatory  I  have  used  a  formula 

^=C(/-/i)(/-0 (28) 

*  This  formula  supi^lies  a  correction  to  the  reading  of  a  maximum 
thermometer  taken  wnen  the  surrounding  temperature  is  ^',  if  ^  — ^, 
represent  the  number  of  degrees  in  the  detached  column.  (QT.  Leyst, 
Rep.fiir  Meteoroloffie,  vol.  xiv.  1891.) 

t  Relation  des  Expiriences,  vol.  i.  p.  225. 

X  ThermomHrie,  pp.  188-193. 
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of  the  same  type  as  (27),  but  have  taken  for  /'  the  temper- 
ature of  the  room,  and  determined  C  for  each  thermometer 
by  special  experiment.  These  experiments  have  been  made 
in  two  ways  : — 

1.  The  lowering  in  the  boiling-point  reading  caused  by 
increasing  the  length  of  mercury-column  emergent  from 
the  hypsometer  has  been  observed  for  several  lengths  of 
column  *. 

2,  The  thermometer  has  been  attached  to  a  platinum 
resistance  pyrometer,  so  that  the  centres  of  the  bulb  and 
resistance- coil  are  at  the  same  level  in  a  well-stirred  bath  of 
fusible  metal.  Then  two  series  of  simultaneous  readings 
have  been  taken  of  the  two  instruments,  the  immersions  in 
the  two  series  being  different.  If  we  assume  that  the 
difference  of  emergence  has  not  affected  the  readings  of  the 
platinum  pyrometer,  whose  coil  is  completely  immersed  in 
both  series  of  experiments,  one  has  obviously  the  means  of 
calculating  C. 

The  first  of  the  above  methods  enables  one  to  check  the 
adequacy  of  the  formula  for  a  series  of  values  of  t^  at  a 
specified  value  of  t ;  the  latter  enables  one  to  test  it  readily 
for  a  series  of  values  of  t.  The  second  method  is  by  no 
means  very  difficult  in  practice  when  one  is  content  with 
accuracy  of  the  order  0°*1  C.  in  the  readings,  and  some 
promising  results  have  been  obtained  by  means  of  it.  There 
are  several  possible  pitfalls,  however,  which  want  fuller 
investigation. 

When  the  resistance-coil  of  a  platinum  pyrometer  is  at 
a  high  temperature,  there  can  hardly  fail  to  be  an  appreciable 
transfer  of  heat  op  the  tube,  both  by  air  convection  currents 
and  conduction  along  the  metal  leads,  tending  of  course  to 
depress  the  reading  of  the  pyrometer,  and  conceivably  this 
depression  may  vary  sensibly  when  the  length  of  stem 
immersed  above  the  platinum  spiral  is  altered.  Again  at 
high  temperatures  there  is  sometimes  difficulty  in  securing  a 
sufficiently  slow  steady  rise  of  temperature,  so  that  sensible 
error  may  arise  from  a  difference  in  the  lag  of  instruments 
so  different  in  type  as  mercury  apd  platinum  resistance 
thermometers. 

The  apparatus  employed  in  the  second  method  was  kindly 
lent  to  the  Kew  Observatory  by  Mr.  C.  T.  Heycock  anJi 
Mr.  F.  H.  Neville,  who  likewise  gave  me  the  benefit  of  their 
varied  experience  in  comparing  thermometers  by  means 
of  it, 

*  Cf,  Mills,  Trans.  l\,  B.  E.  vql.  xxix.  1880,  j).  56?, 
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The  values  obtained  for  0  in  formula  (28)  at  Kew  Ob- 
servatory have  varied  from  one  thermometer  to  another.  A 
good  deal  seems  to  depend  on  the  fineness  of  the  bore  and 
the  thickness  of  the  enveloping  glass.  Even  with  a  given 
thermometer  so  much  depends  on  the  conditions  to  which 
its  stem  is  exposed,  that  corrections,  whether  from  a  general 
formula  or  from  direct  experiment  under  one  definite  set  of 
conditions,  are  of  uncertain  value.  If  corrections  are  to  be 
deduced  from  a  particular  experiment,  the  conditions  ought 
to  be  made  as  similar  as  possible  to  those  in  which  the 
thermometer  will  normally  be  employed.  The  nature  of  the 
ventilation  over  the  surface  of  the  hot  liquid  seems  to 
have  a  large  influence  on  the  temperature  of  the  emergent 
column  and  also,  one  would  suspect,  on  the  height  of 
the  point  where  the  emergent  column  has  its  mean  tem-r 
perature. 

WehK%  Method  of  Graduation, 

§  33.  Forty  years  ago,  when  Mr.  John  Welsh,  F.R.S.,  was 
Superintendent  of  Kew  Observatory,  the  accurate  pointing 
of  thermometers  at  temperatures  within  40°  or  50°  F.  of  the 
normal  boiling-point  of  water  presented  serious  difficulties  to 
makers.  At  the  same  time  thermometers  with  such  a  range 
as  172°  F.  to  212°  F.  were  considerably  in  demand  for 
estimating  heights  of  mountains  &c.  by  hypsometric  obser- 
vations. It  was  probably  this  combination  of  circmnstances 
that  led  Mr.  Welsh  to  initiate  the  method  to  which  his  name 
is  here  attached.  The  only  description  of  the  method 
published  by  Welsh,  so  far  as  I  know,  is  a  brief  note  entitled 
"  Instructions  for  the  Graduation  of  Boiling-point  Thermo- 
meters, intended  for  the  Measurement  of  Heights/'  B.A. 
Report  for  1856,  Transactions  of  Sections,  p.  49. 

In  this  he  gives  only  numerical  results  for  a  particular 
case.  Briefly  stated,  the  method  consists  in  comparing  the 
thermometer  with  a  st&ndard,  not  in  its  final  state,  but  in 
a  preliminary  state  whep  it  contains  a  larger  (quantity  of 
mercury. 

In  the  particular  case  described  by  Welsh,  the  excess  of 
mercury  in  the  preliminarv  state  is  such  that  the  thermo- 
meter reads  212°  F.  when  the  real  temperature  is  82**  F.,  the 
extra  mercury,  filling  130  Fahrenheit  degree-divisions,  being 
thrown  off^  between  the  preliminary  and  final  states.  Data 
applicable  to  the  range  172°  to  212*^  F,  in  the  final  state  are 
obtained  from  a  comparison  in  the  initial  state  between  the 
temperatures  42°  and  82°  F. 

Fhil.  May.  S.  5.  Yol.  45.  No.  275.  Apnl  1898.      Z 
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As  evidence  that  Welsh  did  not  confine  his  attention  to 
this  particular  case,  I  may  mention  that  he  supplied  at  least 
one  London  optician  with  data  applicable  to  any  length  of 
redundant  column,  and  that  since  his  time  a  considerable 
variety  of  thermometers  of  the  type  have  been  sent  to  Kew 
Observatory  for  verification. 

The  method  has  gradually  extended  to  thermometers 
intended  for  other  than  hypsometric  purposes.  Thus  before 
referring  further  to  Welsh  s  particular  case,  it  is  convenient 
to  discuss  the  general  theory. 

§  34.  In  the  final  state  suppose  that  at  0°  C.  the  internal 
volume  of  the  thermometer  up  to  the  division  0  (or  where 
that  division  would  come  if  it  existed)  is  Vq,  while  100  vq  is 
then  the  volume  between  the  divisions  0  and  100.  Sup^«e 
also  that  the  mercury  thrown  over  when  measured  at  0"  C. 
occupied  t  scale-divisions. 

In  the  preliminary  state  suppose  the  thermometer  reads 
Z+T+i  when  the  hydrogen  temperature  is  /,  then  in  the 
notation  of  (1)  and  (2) 

(Vo+t?oT)(l  +  Ai/  +  A^2^,^  ,)^ 

{Vo  +  roT  +  ro(<  +  i)}(l4-ai/  +  a3^«  +  .  .), 

where  Vo/Vo  is  given  by  (4). 
Eliminating  Vo/Vq,  and  for 
with  suffixes  1  and  2,  we  get  on  reduction 

5=.r  +  y, (29) 

where 

..=  ^(100-0(l+ai^  +  a,^')-^{^^^^^^ 

«'=T<(«,H-^20/(i  +  «i^  +  %^*)-     •     •     .     (30) 

Referring  to  (8)  we  see  that  x  is  simply  the  departure  at 
temperature  t  of  the  natural  scale  of  the  glass  of  the  thermo- 
meter from  the  hydrogen  scale.  Thus  if  we  compared  the 
thermometer  in  its  preliminary  state  with  an  ordinary 
standard  thermometer  of  the  same  glass,  we  should  find  its 
reading  to  exceed  that  of  the  standard  by  r  +  a!. 

The  excess  of  reading  thus  consists  of  a  constant  part  r 
which  should  equal  the  number  of  degree-lengths  (measured 
at  0®  C.)  to  be  thrown  over,  and  of  a  variable  part  of  given 
by  (30). 

The  data  already  laid  down  as  to  the  magnitudes  of  the 
constants  of  expansion  point  to  the  conclusion  that  so  long 
as  t  and  t,  in  the  centigrade  scale,  are  less  than  100,  it  will 


Eliminating  Vo/Vq,  and  for  brevity  retaining  only  constants 
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generally  suffice  for  accuracy  of  the  order  0°*05  C.  to 
replace  (30)  by 

af=^ert, (31) 

where  e  is  the  mean  value  between  0^  and  100°  of  the  co- 
efficient of  expansion  of  the  mercury  relatiye  to  the  glass  of 
the  thermometer. 

Our  calculation  assumed  the  thermometer  to  read  correctly 
in  \\s  final  state,  and  our  conclusion  shows  that  in  order  that 
this  may  be  the  case  it  should  in  the  preliminary  state 
read  r  degrees  too  high  in  ice,  and  show  an  error  increasing 
er  per  degree  as  we  pass  up  the  scale.  In  other  words,  in 
the  preliminary  state  its  scale  must  be  too  short  for  the 
quantity  of  mercury  then  present  by  100^  scale-divisions  in 
100  ;  the  quantity  lOOer  may  be  conveniently  called  the 
percentage  contraction. 

For  the  mean  coefficient  of  expansion  of  mercury  between 
0°  and  1C0°  0.  Stewart  and  Gee  *  give  '0001815.  What  the 
mean  coefficient  of  expansion  for  the  glass  in  English  thermo- 
meters may  be  is  somewhat  uncertain,  but  it  is  unlikely  to 
differ  much  from  the  value  '000025,  given  by  Stewart  and 
Gee  (/.  c.  p.  120)  for  the  mean  from  nine  different  kinds 
of  glass. 

Taking  these  values  provisionally  we  have 

^=•000156  t, 
100£»T='0156xT. 

In  Welsh's  example  t=72'2,  in  centigrade  degrees,  whence 

100^=1-13. 

The  instruction  to  the  optician  in  this  case  would  thus  be : 
make  the  scale  1'13  per  cent,  too  contrncted  for  the  quantity 
of  mercury  originally  present ;  or,  more  simply,  tell  him  that 
the  following  table  of  relations  applies  : — 

True  temperature  (Fahrenheit)        42^  52«>  62<»  T2^        82® 
Reading  of  thermometer  in  pre- 
liminary Btate 171-55     181(50     191-77     20189      2i2. 

For  simplicity  it  should  be  noticed  that  all  we  have  to 
consider  is  the  absolute  value  of  er  in  (31),  so  long  as  we 
measure  ^  and  t  on  the  same  scale,  whether  centigrade  or 
Fahrenheit.  In  other  words  the  suitable  contraction  of 
scale  depends  only  on  the  amount  of  mercury  thrown  oft. 
The  mistake,    however,   of  supposing   that   throwing    over 

•  *  Elementary  Practical  Physics,'  vol.  i.  p.  118. 
t  For  verre  dur  and  69'"  the  values -000168  and  0001646  respectively 
are  found  at  the  Reichsanatalt  ( Wiss.  Abhandl.  vol.  ii.  pp.  0,  17;. 
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100°  C.  on  a  centigrade  thermometer  is  equivalent  to  throwing 
over  100°  F.  on  a  Fahrenheit  thermometer  is  one  against 
"which  experience  shows  me  a  warning  is  necessary.  The 
contraction  of  scale  required  in  the  former  case  is  of  course 
9/5  times  that  required  in  the  latter. 

Welsh's  figures,  as  a  matter  of  fact,  differ  slightly  from 
those  given  above,  in  a  systematic  way ;  he  has  201*87  for 
example  in  place  of  201-89,  and  171-48  in  place  of  171-55. 
The  cause  of  this  discrepancy  was,  I  suspect,  his  neglecting 
any  expansion  in  the  glass,  for  his  figures  are  deducible  from 
(31)  by  takinc  -000180  as  the  value  of  e.  The  B.A.  figures 
in  fact  accord  with  the  rule  "  contract  the  scale  by  1  per 
cent,  for  each  100  degrees  (Fahrenheit)  of  mercury  to  be 
thrown  over,"  which  I  know  Welsh  to  have  actually  laid 
down. 

§  35.  In  discussing  the  theory  of  Welsh's  method  we  sup- 
posed the  surplus  mercury  to  be  measured  at  0°  C,  as  this 
shows  most  simply  its  relation  to  what  remains.  In  the 
actual  operation  it  is  hardly  possible  to  have  mercury  and 

J  lass  at  0^  C,  and  it  is  usually  inconvenient  to  keep  the 
etached  column  in  the  tube  and  measure  it  at  0^  C.  before 
throwing  it  off.  Welsh's  own  idea  for  boiling-point  thermo- 
meters was  simply  to  put  the  thermometers  in  steam  and 
throw  off  the  quantity  of  mercury  required  to  make  them 
give  the  correct  boiling-point  reading.  Supposing  this  not 
exactly  accomplished,  he  directed  that  the  error  observed  at 
212°  F.  in  the  final  state  should  be  regarded  as  a  constant 
zero  error,  being  combined  of  course  with  the  calibration 
errors  detected  by  the  comparison  with  the  standard  thermo- 
meter in  the  preliminary  state. 

This  is  certainly  satisfactory  in  short-range  thermometers 
such  as  Welsh  had  in  view.  For  example,  to  introduce  an 
error  varying  by  0^*01  C.  throughout  a  range  of  25°  C.  there 
would  require  to  be  a  mistake  of  about  2^  scale-divisions  in 
the  length  of  the  mercury-column  thrown  over,  and  this  is  at 
least  ten  times  as  great  as  is  at  all  likely  in  the  hands  of  a 
competent  workman. 

§  36.  The  modern  extension  of  Welsh's  method  to  hifi;h- 
range  thermometers  is  no  doubt  exposed  to  greater  uncer- 
tainty. Suppose,  for  instance,  we  wish  the  thermometer  in 
its  final  state  to  cover  the  range  200°  C.  to  350°  C.  approxi- 
mately. In  the  preliminary  state  the  thermometer  inav 
cover  say  from  0°  C.  to  150°  C. — the  accuracy  of  the  scale 
throughout  the  upper  50°  being  determined  by  calibration 
with  a  mercury-column  w^hose  value  is  observed  at  the  lower 
part  of  the  scale,  where  direct  comparison  with  a  standard 
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thormometer  is  possible.  The  simplest  way  to  break  off  the 
necessary  mercury-column  is  to  heat  the  bulb  with  a  spirit- 
lamp  so  as  to  force  a  long  column  into  the  tube.  After  it  is 
broKen  off  and  measured  it  must  be  run  into  the  top  chamber, 
and  a  second  column  must  be  broken  off  in  the  same  way,  so 
as  to  get  the  complete  quantity,  200  divisions  long,  that  is 
required. 

The  possible  cumulation  of  errors  of  measurement  may  be 
trifling  when  the  operator  is  skilled :  but  the  very  consider- 
able heating  of  the  bulb  and  mercury  renders  it  appreciably 
uncertain  what  is  the  true  length  of  the  m  ercuiy-column  at 
0    C 

For  definiteness  and  generality  let  us  suppose  that  the 
mercury  thrown  off  fills  t  stem-divisions  when  mercury  and 
glass  are  at  a  temperature  of  T  (on  the  hydrogen  scale), 
instead  of  r  divisions  at  0^  as  was  intended.  Then  in  its 
final  state  the  thermometer  when  at  0*^  has  a  volume  of 
mercury  too  great  by 


I  +  A1T  +  A2P  +  . 


Consequently  at  temperature  t  the  thermometer  will  read  y 
degrees  higher  than  a  standard  of  its  own  glass,  where 

-  T       gi  +  g2T  +  ...        1  +  A|<  +  A2<«  +  ... 
'^"'^    l  +  AiT  +  A,T''  +  ...    H-ai«  +  a2<2  +  ...  •      ^"^^^ 

Suppose,  for  instance,  in  the  case  t=200,  recently  selected, 
that  T  is  100®  C,  corresponding  to  an  error  of  about  1^  per 
cent,  in  the  quantity  of  mercury  thrown  off.  Using  the 
mean  values  of  expansion  coefficients  between  0°  and  100°  C. 
instead  of  the  series — which  is  quite  good  enough  for  our 
present  purpose — we  get  approximately,  in  degrees  centi- 
grade 

2^  =  3-lO(l  +  'OOO156  0. 

This  makes  the  error  vary  throughout  the  entire  range  of 
150°  C.  only  between  3°-20  C.  and  3°-25  C. 

Accuracy  to  0°*05  0.  is,  I  suspect,  at  present  a  high  ideal 
in  mercury  thermometers  used  above  200°  C.  Thus  even  in 
the  above  case  it  is  doubtful  whether  we  can  improve  on 
Welsh's  direction  to  treat  the  difference  observed  at  some 
standard  point  as  a  constant  zero  correction. 

If,  however,  the  observed  error  rose  to  4°  or  5°  0.  we 
should  certainly  expose  ourselves  to  errors  of  the  order  0°"1  C. 
if  we  followed  this  direction. 
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A  direct  determination  of  the  error  at  some  one  tempera- 
ture in  the  final  state  is  all  the  more  necessary  because  the 
operation  of  knocking  off  the  mercury-column,  involving 
severe  heating  of  the  bulb»  may  leave  a  slight  permanent 
effect. 

It  IS  important  to  notice,  in  the  case  of  any  such  high- 
range  thermometer  as  that  just  described,  that  the  method 
assumes  the  thermometer  to  be  of  the  same  kind  of  glass  as 
the  standard  with  which  it  was  compared  in  the  preliminar}" 
state,  and  that  the  readings  of  the  thermometer  in  its  final 
stated — corrected  for  errors  of  calibration  and  of  volume  of 
mercury  thrown  off — are  temperatures  on  the  natural  scale  of 
a  standard  thermometer  of  this  particular  kind  of  glass.  The 
readings  have  no  direct  relationship  to  the  hydrogen  or  any 
other  gas-thermometer  scale,  and  temperatures  measured 
near  the  top  of  the  ranse  must  possess  an  uncertain  value 
unless  the  natural  scale  they  relate  to  has  been  studied. 

If  the  high-range  thermometer  and  the  standard  it  is  com« 
pared  with  are  of  different  kinds  of  glass,  and  still  more  if 
the  thermometer  has  its  bulb  of  one  kind  of  glass  and  its  stem 
of  another,  the  interpretation  of  its  readings  would  require 
further  consideration. 

§  37.  As  related  to  Welsh's  method,  I  would  mention  an 
ingenious  way  of  obtaining  e,  the  mean  coefficient  of  expansion 
of  mercury  in  glass  between  0**  and  100^  C,  described  on 
pp.  102-104  of  uiQ  Reichsanstalt's  Wiss.  Abhandl.  vol.  i.  It 
consists  in  observing  the  fundamental  interval  in  a  thermo- 
meter's normal  state^  and  also  after  a  series  of  threads  of 
mercury  of  different  lengths  have  been  detached  and  run  into 
a  top  chamber.  For  instance,  let /,/i,/j,/g  represent  the 
observed  fundamental  intervals  iu  the  original  state;  and  after 
detachment  of  threads  of  50,  100,  and  150  degrees  respec- 
tively. Then,  n  denoting  the  number  of  degree  volumes  in 
the  bulb  up  to  the  zero  mark,  we  have 

100e=//n=/i/(n-50)=^/(/i-100)=/V(n-15O). 

Thence  we  can  deduce  e  and  n  by  least  squares  or  otherwise. 
Obviously  the  method  need  not  be  restricted  to  the  range  0^ 
to  100^  C. 

Comparison  of  Thennometric  Methods, 

§  38.  It  remains  for  us  to  consider  briefly  the  relative 
defects  and  advantages  of  the  ordinary  British  methods  of 
thermometry  and  the  more  refijied  methods  of  the  Bureau 
International.  In  favour  of  the  latter  is  the  strong  argument 
that  when  a  ven^e  dur  thermometer  verified  at  toe  Bureau 
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International  is  used  in  a  carefully  prescribed  way,  one  can 
deduce  the  corresponding  temperature  on  the  scale  of  the 
hydrogen  thermometer  (at  least  throughout  the  range  —20^0. 
to  100°  C.)  to  a  very  high  degree  of  accuracy.  In  a  physical 
laboratory  the  probable  error  may  be  as  small  as  ±0°002  C, 
or  possibly  even  ±0^001  C.  It  may  also  be  urged  that  the 
redaction  of  the  thennometer  readings  by  moans  of  the  tables 
supplied  by  the  Bureau  International  requires  no  higher 
aritnmetical  powers  than  every  well  educated  man  should 
possess. 

On  the  other  hand,  it  must  be  conceded  that  the  existence 
of  lengthy  tables  is  an  evil,  however  necessary,  both  on  account 
of  the  very  appreciable  labour  their  application  entails,  and 
on  account  of  the  large  increase  their  calculation  makes  to 
the  prime  cost  of  the  instrument.  The  fact  that  for  high 
accuracy  an  ice  reading  is  desirable  after  every  temperature 
observation  is  also  a  drawback.  Very  considerable  skill  is 
required  when  the  preceding  temperature  is  high,  the  risk  of 
breaking  the  thermometer  being  appreciable,  and  the  frequent 
preparation  of  ice  is  both  troublesome  and  expensive.  The 
conditions  under  which  it  is  safe  to  dispense  with  an  ice 
observation  and  use  the  Bureau's  table  of  depressed  freezing- 
points  for  verre  dur,  are  somewhat  uncertain.  The  use  of  the 
table  is  presumably  satisfactory  when  the  temperature  has 
been  stationary  for  a  long  time*,  or  has  been  made  to  rise 
very  slowly.  But  how  slow  the  rise  must  be,  or  what  is  to 
be  done  when  the  temperature  falls  or  oscillates^  appears  by 
no  means  clear.  Again,  if  the  thermometer  has  oeen  at  a 
temperature  approaching  100°  C.  one  cannot  safely  plunge  it 
straight  into  ice.  The  time  required  adequately  to  immerse 
it  varies  with  the  skill  and  audacity  of  the  operator.  Mean-* 
time  the  thermometer  is  probably  changing  its  condition, 
with  a  rapidity  which  may  depend  on  the  time  of  its  exposure 
to  the  high  temperature  and  its  previous  history.  At  really 
high  temperatures,  150°  C.  and  upwards,  increasing  difficulties 
can  hardlv  fail  to  oppose  the  successful  use  of  the  depressed 
zero  method,  unless  the  glass  employed  be  extremely  little 
affected  by  sudden  physical  changes. 

In  favour  of  the  customary  methods  of  using  English  glass 
thermometers  there  are  certain  advantages.  The  necessity 
for  an  internal  pressure  correction,  as  we  have  seen,  is  avoided 

«  Schubter  and  Gannon  (Phil.  Trans,  for  1895,  p.  429)  conclude  that 
2j  hours  exposure  of  a  verre  dur  thermometer  to  a  temperature  of 
22^^  C.  was  insulficient  to  produce  the  full  depression  of  sere.  Th^ 
subkequent  ice-reading  was,  tney  think,  as  much  as  0^*002  C.  too  high^ 
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bj  adopting  the  vertical  as  the  standard  position.  The  actual 
readings  of  a  correctly  divided  thermometer,  after  allowance 
is  made  for  any  secular  change  of  zero,  are  likely  to  give  at 
ordinary  atmospheric  temperatures — where  nearly  all  very 
exact  absolute  measurements  are  made — results  agreeing  with 
those  of  the  hydrogen  thermometer  to  within  QP'l  C.  To 
those  physicists  and  chemists  who  are  accustomed  to  record 
temperatures  to  0°'001  C,  or  even  0°'0001  C,  this  may  seem 
a  paltry  claim :  but  it  does  not  seem  so  to  many  scientific 
men  whose  interests  extend  beyond  the  temperature  of  the 
thermometer  to  that  of  its  surroundings.  For  many  purposes, 
including  even  some  investigations  of  high  scientific  import- 
ance, the  measurement  of  temperatures  to  0°001  0.  is  just  as 
futile  as  the  use  of  10  figure  logarithms  in  handling  data  in 
which  the  fourth  significant  figure  is  uncertain. 

On  the  other  hand,  there  unquestionably  exist  physical  and 
chemical  investigations,  tending  to  increase  in  number,  in 
which  the  absolute  determination  of  temperatures  with  the 
highest  possible  precision  is  of  fundamental  importance.  For 
these,  in  the  mean  time,  English  glass  thermometers  and 
ordinary  British  methods  are  not  suitable.  However  good 
the  workmanship,  and  however  accurate  the  calibration^  there 
exist  the  following  defects  : — 

1.  Ice  readings  correspondinff  to  infinitely  prolonged  ex- 
posure to  0°  0.  are  not  practically  obtainable ;  aiid  ordinary 
ice  readings  being  affected  to  some  extent  by  the  previous 
temperature  are  not  strictly  comparable.. 

2.  So  long  as  changes  of  3^  inches  of  mercury  in  baro- 
metric pressure  are  possible,  and  occasions  arise  for  the  im- 
mersion of  thermometers  in  heavy  liquids^  corrections  for 
external  pressure  cannot  always  be  avoided. 

3.  Unless  frequently  subjected  to  temperature-cycles  of 
considerable  range,  an  ordinary  English  glass  thermometer  is 
opt  to  be  influenced  for  days,  it  may  be  weeks,  by  exposure 
to  any  temperature  much  over  120°  F. 

4.  For  accuracy  of  an  order  higher  than  O^'l  F.  it  is 
<5ertainly  unsafe  to  assume  the  natural  scale  of  an  English 
glass  thermometer  identical  with  that  of  the  hydrogen  or 
nitrogen  thermometer,  ever  for  the  restricted  range  22°  F. 
to  212**  F. 

5.  Whether  through  variety  in  the  constitution  of  the  glass 
or  differences  in  its  treatment,  the  natural  scales  of  ordinary 
English  glass  thermometers  do  not  appear  sufficiently  ac- 
cordant to  render  practicable  the  use  of  any  general  table  of 
reductions  to  a  standard  scale  of  temperature. 

For  leave  to  publish  particulars  of  experiments  made  at 
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Kew  Observatory  1  am  indebted  to  the  Kew  Observatory 
Committee,  To  one  of  its  members,  Mr.  W.  N.  Shaw,  F.R.S., 
I  am  indebted  for  a  vaiiety  of  suggestions  which  have  added 
to  the  lucidity  and  completeness  of  the  paper.     For  any  ex- 

1)ressions  of  opinion,  and  for  the  accuracy  of  the  facta,  1  am, 
lowever,  personally  exclusively  responsible. 


XXXVI.   Radiation  Phenomena  in  tlie  Magnetic  Field, 
By  Thomas  Preston,  M.A.* 

[Plate  XXIII.] 

IN  March  1807,  Dr.  P.  Zeeman  announced  in  the  pages  of 
'■'  this  Magazine  the  importiint  discovery  that  the  bright 
linos  of  the  spectra  become  sensibly  modified  in  appearance 
and  constitution  when  the  source  of  light  is  placed  in  a 
strong  magnetic  field.  This  effect  has  often  been  sought  for 
both  by  men  who  have  published  the  results  of  their  investi- 
gations as  well  as  by  many  who  have  not,  but  it  is  only  now, 
thanks  to  the  work  of  Dr.  Zeeman,  that  the  scientific  world 
has  become  convinced  of  its  existence  and  nature. 

Considerable  difficulty  attends  the  experimental  invostiga- 
tion  of  this  effect  owing  to  its  smallness,  and  it  is  only  when 
a  very  strong  magnetic  field  is  used  in  combination  with 
high  dispereion  that  it  can  be  placed  distinctly  in  evidence. 
Its  investigation,  however,  has  been  greatly  assisted  by  the 
present  advanced  state  of  electromagnetic  theory,  which 
ppinted  out  what  the  essential  features  of  the  phenomenon 
were  which  should  be  looked  for.  Thus,  the  theory  informed 
us  that  each  bright  line  of  a  line-spectrum  should  be  con- 
verted into  a  doublet,  or  a  triplet,  according  as  the  source  of 
light  is  viewed  along,  or  across,  the  lines  of  magnetic  force, 
and  further,  that  each  member  of  a  doublet  should  be 
circularly  polarized,  whereas  each  member  of  a  triplet  should 
be  plane  polarized,  the  plane  of  polarization  of  the  central 
line  being  at  right  angles  to  that  of  the  two  side  lines. 

This  information  proved  of  special  importance  to  the 
experimental  inquiry  owing  to  the  fact  that  a  bright  spectral 
line  is  not  a  matnematical  line,  but,  on  the  contrary,  possesses 
a  finite  width,  so  that  in  order  to  observe  the  triplet  effect 
the  resolution  must  be  ereat  enough  to  separate  the  lateral 
components  from  each  other  by  a  distance  greater  than  the 
width  of  the  spectral  line  in  question.  For  resolutions  less 
than  this  the  central  member  of  the  triplet  overlaps  the 
Literal  components,  and  the  effect  presented  to  the  eye  is 
•  Communicated  by  the  Author. 
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what  appears  to  be  merely  a  broadening  of  the  bright  line  by 
the  magnetic  field.  Once  we  know,  however,  that  the 
central  line  is  polarized  in  a  plane  at  right  angles  to  that  of 
the  two  side  lines  we  can,  by  suitably  interposing  a  Nicol's 
prism,  obliterate  the  central  constituent  and  leave  the  two 
side  lines  of  the  triplet  unextinguished.  The  overlapping  is 
thus  removed  and  the  triplet  constitution,  as  distinguished 
from  a  mere  broadening,  of  the  affected  line  becomes  to 
some  extent  revealed  even  though  the  magnetic  field  has  not 
been  strong  enough  to  completely  separate  the  constituent** 
of  the  triplet  from  each  other. 

It  is  much  more  satisfactory,  however,  to  push  the  resolu- 
tion to  such  a  point  that  each  member  of  the  triplet  stands 
revealed  and  isolated  from  the  others,  so  that  their  general 
character  may  be  studied  separately.  In  fact,  until  this  has 
been  effected,  we  cannot  assert  that  a  line  can  be  resolved 
into  three  others  by  the  magnetic  field.  The  observations 
mentioned  above  with  the  nicol  are  consistent  with  tripling, 
but  they  do  not  absolutely  prove  it.  With  the  object  of 
doing  this,  if  possible,  and  also  with  the  ulterior  object  of 
making  a  general  survey  of  the  spectra  of  various  substances, 
in  order  to  determine  if  the  spectra  of  different  substances 
were  equally  or  similarly  aff^ected,  or  if  the  various  spectral 
lines  of  a  single  substance  were  equally  or  differently  affected, 
I  gladly  availed  myself  of  the  opportunity  afforded  me  of 
using  the  excellent  Rowland's  concave  grating  mounted  in 
the  physical  laboratory  of  the  Royal  University  of  Ireland*. 
This  instrument  is  of  the  usual  type,  having  a  radius  of 
21 '5  ft.,  and  ruled  with  about  14,438  lines  to  the  inch.  It  is 
fitted  with  a  camera-box,  which  tikes  a  photographic  plate 
50  cm.  long  and  6  cm.  broad,  so  that  a  length  of  the  spectrum 
equal  to  half  a  metre  approximately  can  be  photographed  at 
a  single  exposure. 

As  a  consequence,  1  naturally  decided  to  study  the 
phenomena  by  means  of  photography  as  well  as  by  eye 
observation,  for  the  latter,  besides  being  appliciible  in  the 
visible  portion  of  the  spectrum  alone,  lends  itself  somewhat 
to  the  personal  bias  of  the  observer  in  the  case  of  small  and 
doubtful  effects.  The  photograi)hic  plate,  on  the  other  hand, 
gives  a  faithful  record  of  the  phenomena  as  they  actually 
exist  in  the  image  focussed  upon  it,  and  this  record  can  be 
examined  at  leisure.  Moreover,  as  a  considerable  length  of 
the  spectrum  can  be  photographed  at  a  single  exposure,  the 

*  A  description  of  the  mounting  of  this  instrument  hy  Di*.  W.  £. 
Adenev  Hud  Mr.  James  Carson  is  published  in  the  Prcc.  Roy.  Dub.  Soc. 
February  1898. 
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e£Pecio  produced  on  many  lines,  under  exactly  the  same  cir- 
cumstances, can  be  compared  with  precision.  Still  it  is  to 
be  remembered  that  the  photographic  plate  is  not  capable  of 
reproducing  detail  beyond  a  certain  order  of  fineness,  and, 
further,  that  the  negative  is  of  the  nature  of  an  integral  and 
reproduces  the  sum  total  of  all  the  effects  produced  on  it 
during  the  time  of  exposure.  For  this  reason,  if  the  image 
.varies,  owing  to  variations  going  on  in  the  source  of  light, 
or  elsewhere,  during  the  time  of  exposure,  the  photographic 
.negative  will  be  the  muddled  integral  of  these  various  imnges> 
and  may  not  in  the  end  be  similar  to  any  one  of  the  various 
images  which  produced  it.  Fcmt  this  reason,  the  examination 
of  fte  visible  portion  of  the  spectrum  by  means  of  the  eye 
cannot  be  dispensed  with,  as  will  appear  from  what  follows. 

In  the  case  of  a  phenomenon  which  exhibits  itself  as  a 
very  small  effect,  and  one  which  it  is  difiicult  to  obtain  and 
observe,  it  is  natural  that  some  doubt  should  exist  at  first  as 
io  what  it  is  that  actually  is  presented  to  the  observer,  and 
that  discrepancies  should  occur  in  the  statements  of  different 
observers  regarding  the  phenomenon  now  under  consideration 
is  not  surpnsing.  Thus,  while  Dr.  Zeeman  distinctly  states 
that  he  obtained  a  tripling  of  the  spectral  lines  when  the 
source  of  light  is  view^  across  the  lines  of  magnetic  force, 
and  a  donblmg  when  it  is  viewed  along  the  lines  of  force ; 
yet  these  effects  were  obtained  only  after  the  theory  of  the 
phenomena  pointed  in  this  direction,  and  other  reliable 
observers  investigating  the  same  lines  have  given  expression 
to  the  opinion  that  when  viewed  across  the  lines  of  force  a 
doubling  (like  a  reversal)  or  a  broadening  combined  with  a 
doubling  occurred.  So  far  as  I  am  aware,  all  these  observers 
have  failed  to  obtain  distinct  triplets  when  the  light  is 
viewed  across  the  lines  of  force,  that  is,  they  have  not 
succeeded  in  separating  the  constituents  sufficiently  to  enable 
them  to  decide  what  the  exact  composition  of  the  modified 
spectral  line  is.  By  placing  a  Nicot's  prism  in  the  path  of 
tne  light  it  has  been  determined  that  the  central  part  of  the 
modified  line  is  nlane  polarized,  and  that  the  edges  are  also 
phne  polarized,  but  in  a  plane  at  right  angles  to  the  plane 
of  polarization  of  the  middle  part.  Thus  with  the  nicol  in 
one  position  the  middle  may  be  cut  out,  leaving  the  two 
border  lines,  and  with  the  nicol  tamed  through  a  right  auffle 
the  two  border  lines  may  be  removed,  leaving  the  middle 
portion  alone.  It  is  to  be  remarked,  however,  that  observa- 
tions of  this  nature,  although  they  are  in  accordance  uHith 
the  supposition  that  the  modified  line  is  a  triplet,  yet  they 
do  not  absolutely  prove  tripling  pure  and  simple.     For  this 
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purpose  it  is  necessary  to  obtain  high  resolving  power  and  a 
magnetic  field  strong  enough  to  separate  completely  the 
constituent  parts  of  tne  modified  line^  so  that  each  can  be 
observed  separately,  without  the  complications  attending  the 
overlapping  of  the  others. 

With  the  ordinary  U-shaped  electromagnet  at  my  disposal 
I  had  considerable  difficulty  at  firet  in  obtaining  any  effect 
whatsoever,  even  a  broadening  of  the  spectral  lines.  How- 
ever, by  pushing  the  pole-pieces  very  close  together  and 
working  with  a  very  short  spark  as  the  source  of  light,  I 
was  able  to  obtain  not  only  a  distinct  broadening  but  ulti- 
mately a  complete  separation  of  the  constituents  of  the 
affected  line — ^in  the  case  of  certain  lines — so  that  the  photo- 
graphic negative  showed  them  as  distinct  triplets  with  each 
component  sharp  and  clear  when  viewed  through  any  ordinary 
hand  magnifying-glass.  Finally,  with  a  more  powerful 
magnet  of  the  same  U-shaped  type,  kindly  lent  to  me  by 
the  Rt.  Rev.  Monsignor  Molloy,  I  was  able  to  obtain  photo- 
graphs which  showed  triplets  visible  to  the  naked  eye  without 
any  magnification  whatever. 

With  this  apparatus  I  have  made  a  general  survey  of  the 
spectra  of  various  substances,  from  the  lowest  visible  to  the 
highest  ultra-violet,  and  the  various  effects  which  I  have  so 
far  observed  I  shall  now  briefly  describe. 

General  Types  of  Effect  observed. 

If  we  take  the  case  of  a  single  substance,  say  cadmium  or 
zinc,  the  most  casual  observation  is  sufficient  to  show  that  the 
effect  produced  varies  considerably  for  the  different  spectral 
lines ;  for  while  some  lines  are  clearly  separated  into  distinct 
triplets,  others  are  not  so  resolved,  but  show  on  the  photo- 
graphic plate  as  "  quartets  '^  or  "  doublets,"  the  source  being 
viewed  across  the  lines  of  force,  u  e.  while  some  lines  show  as 
sharp  triplets,  others  (if  we  wish  to  express  it  so)  show  as 
triplets  in  which  the  middle  line  is  replaced  by  two  fainter 
lines,  while  others  appear  to"^  have  lost  the  middle  line 
completely.  Further,  some  lines  on  the  same  plate,  that  is, 
photographed  under  exactly  the  same  conditions,  show  only  a 
very  small  broadening ;  but  in  no  case  have  I  found  a  line 
which  could  with  certainty  be  said  to  be  absolutely  unaffected 
by  the  magnetic  field. 

Thus,  vvnile  some  lines  are  largely  affected,  others  (and 
these  may  be  of  not  very  different  wave-length)  are  scarcely 
affected  at  all.  With  a  stronger  magnetic  field,  however,  I 
hope  to  resolve  these  latter,  and  so  obtain  the  data  necessary 
to  a  full  comparison  of  the  effects  produced  on  all  the  spectral 
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lines,  and  so  be  able  to  attack  the  problem  of  throwing  the 
lines  into  groups  and  series,  periodic  or  otherwise,  subject  to 
some  general  law.  Although  the  photographs  which  I  have 
already  obtained  throw  out  some  hints  as  to  the  direction  in 
which  such  a  law  is  to  be  looked  for,  yet  nothing  can  be  suffi- 
ciently decided  till  a  careful  survey  has  been  made  and  every 
line  resolved  and  measured. 

The  Plate  accompanying  this  paper  (PI.  XXIII.)  has  been 
reproduced  from  a  portion  of  a  negative  showing  the  lines  of 
cadmium  and  zinc  taken  simultaneously.  For  this  purpose  an 
electric  spark  from  an  induction-coil  was  passed  between  two 
electrodes,  one  of  cadmium  and  one  of  zinc,  so  that  the  lines  of 
the  two  metals  as  affected  by  the  magnetic  field  were  photo- 
graphed under  precisely  the  same  conditions.  The  lines  shown 
are  the  blue  (4800)  and  the  violet  (4678)  lines  of  cadmium 
together  with  the  adjacent  lines  (4811,  4722,  and  4G80)  of 
zinc.  The  Plate  show*s  the  various  lines  unaffected,  that  is, 
when  the  magnet  is  unexcited.  as  well  as  the  effects  produced 
by  the  magnetic  field.  The  bottom  row  AA  shows  all  the  lines 
converted  into  doublets  when  the  source  of  light  is  viewed 
along  the  lines  of  force.  The  next  row  BB  shows  the  lines 
unaffected,  i,  e.  with  no  magnetic  field. 

The  next  row  CC  shows  the  appearance  presented  when 
the  source  is  viewed  across  the  lines  of  force,  and  it  may 
be  here  observed  that  while  the  line  4678  of  cadmium  and 
the  adjacent  line  4680  \f  zinc  are  both  converted  into 
triplets,  the  line  4722  of  zinc  and  the  celebrated  blue  cadmium 
line  4800  are  not  so  resolved  (in  appearance) ,  but  show  as  a 
species  of  quartets  in  which  most  of  the  light  is  concentrated 
in  the  side  lines.  Finally,  the  line  4811  of  zinc  shows  as 
nothing  very  definite,  but  may  in  this  picture  be  described  as 
a  hazy  doublet.  It  is  to  bo  remarked,  however,  that  many 
lines  show  as  perfectly  distinct  doublets  when  viewed  across 
the  lines  of  force,  doublets  which  are  scarcely  rendered  any 
clearer  by  the  intei*position  of  a  nicol. 

The  two  rows  at  the  top  of  the  plate  show  the  polarization 
of  the  affected  lines.  In  these  a  nicol  has  been  inserted  in  the 
path  of  the  beam  of  light.  In  the  top  row  EE  the  nicol  is 
placed  with  its  principal  plane  parallel  to  the  lines  of  force, 
and  in  the  other  row  Du  with  its  principal  plane  at  right 
angles  to  the  linos  of  force.  The  polarization  of  the  con- 
stituents is  thus  shown  to  be  complete  and  in  two  rectangular 
planes. 

The  foregoing  are  the  appearances  presented  on  the  photo- 
graphic plate.  In  addition  to  these  there  are  two  other 
moaifications  depending  on  i\  fineness  of  detail  not  as  yet 
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recorded  on  the  photographic  plate,  but  which  presents  itself 
with  great  distinctness  to  the  naked^eye  when  the  lines  are 
viewed  through  a  welUfocussed  eyepiece.  One  of  these 
modifications  occurs  in  the  case  of  lines  which  photograph 
as  doublets  when  the  source  of  light  is  viewed  across  the  lines 
of  force,  and  may  be  described  by  saying  that  the  aflfected 
line  is  a  modified  triplet  in  which  the  central  line  is  absent, 
and  in  which  at  the  same  time  each  of  the  side  lines  is 
reversed.  Thus  the  appearance  presented  to  the  eye  is  that 
of  two  paii-s  of  lines  rather  than  a  doublet  or  triplet.  The 
other  modification  of  note  is  that  in  which  each  constituent  of 
the  triplet  shows  ns  a  pair  of  lines,  or,  in  other  words,  the 
whole  appears  not  as  a  triplet,  but  as  a  sextet  of  fine  equally 
spaced  well-marked  and  sharp  lines. 

All^  the  modifications  so  far  observed,  when  the  source  of 
light  is  viewed  across  the  lines  of  force,  are  illustrated  by  the 
accompanying  woodcut.     Thus  in  fig.  1  we  have  the  normal 


triplet,  such  as  is  presented  by  the  violet  line  of  cadmium  4678 
and  the  vast  majority  of  other  lines.  Then  we  have  in  fig.  2 
the  weak  middled  "  quartet"  in  which  nearly  all  the  light  is 
concentrated  in  the  two  side  lines.  Next  we  have  in  fig.  3 
the  doublet  in  which  the  central  line  has  completely  disappeared. 
Next  in  fig.  4  we  have  the  double  doublet,  or  two  pairs  of  fine 
lines,  and  finally  in  fig.  5  the  sextet  or  three  pairs  of  equally 
spaced  sharp  lines. 

The  Sodium  Lines. 

It  is  interesting  to  remark  that  the  two  D-lines  of  sodium 
do  not  belong  to  the  class  which  show  as  triplets  in  the  mag- 
netic field.  Owing  to  the  ease  with  which  tnese  lines  reverse 
and  to  the  constant  variations  going  on  in  the  vapour-density 
in  the  spark  obtained  from  a  solution  of  the  salt,  it  is  not  easy 
to  obtain  the  sodium  lines  in  a  steady  state  for  any  length  of 
time.  But  when  the  sodium  salt  is  contained  in  small  quantity 
in  the  solution  the  lines  may  be  obtained  sharp  and  fairly 
steady.  Under  these  circumstances  one  of  the  sodium  lines 
D^  shows  as  a  sextet  (fig.  5)  of  fine  sharp  equally-spaced  linea 
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of  which  the  two  border-b'nes  are  somewhat  nebalous  oa  their 
outside  edges.  The  other  line  D,  is  of  the  double  doublet 
type  (fig.  4),  and  shows  as  two  pairs  of  sharp  lines.  It  is  thus 
seen  that  the  sodium  lines  and  tne  blue  cadmium  line  4800  do 
not  show  as  normal  triplets  ;  and  it  is  probably  for  this  reason 
that  different  observers  have  differed  in  their  accounts  as  to 
the  effects  observed  in  the  case  of  these  lines*.  Difficulties 
no  doubt  encumber  the  observation  of  the  true  effect  in  the 
case  of  the  sodium  lines  by  reason  of  the  ease  with  which  they 
become  reversed.  If  the  sodium  «ilt  is  preseut  in  any  consi- 
derable quantity,  there  is  constant  sputtering  and  reversal 
of  the  lines  which  completely  masks  the  true  effect. 

Explanation  of  the  Various  Appearances, 

All  the  modifications  of  the  normal  triplet  described  above 
may  be  sufficiently  accounted  for  by  the  supposition  that 
reversal,  or  more  or  less  complete  absorption,  takes  place  in 
the  case  of  one  or  more  of  the  constituents  of  the  triplet. 
Thus,  if  the  middle  line  of  the  triplet  (1)  becomes  reversed, 
i,  e.  has  its  middle  absorbed,  we  are  furnished  with  the  weak 
middled  quartet  (2);^  and  if  the  middle  line  becomes  com- 
pletely absorbed  in  the  layers  of  colder  vapour  surrounding 
the  spark,  then  we  have  the  doublet  (3).  While  if,  in 
addition,  the  side  lines  of  (3)  become  reversed,  we  have  the 
double  doublet  (4) ;  and,  finally,  if  each  line  of  the  triplet  (1) 
becomes  reversed,  we  have  the  sextet  (5). 

Although  the  hvpothesis  of  reversal  or  absorption  accounts 
easily  for  the  number  of  the  constituents  in  the  modified  lines, 
yet  it  must  be  remarked  that  the  appearance  of  these  modifi-^ 
cations  is  not  that  which  is  usually  associated  with  reversal. 
The  constituents  are  not  sharp  on  one  side  and  nebulous  on 
the  other,  but  are  sharp  and  well  defined  on  both  sides  ;  nor 
do  the  original  lines  when  unaffected  by  the  magnetic  field, 
that  is  when  photographed  in  the  free  field,  show  any  sign  of 
reversal.  For  this  reason,  in  order  to  test  this  matter,  I  have 
spent  much  time  in  taking  photographs  under  various  con- 
ditions in  regard  to  length  of  exposure  and  vapour-density  in 
spark,  but  so  far  without  any  conclusive  result.  On  the 
whole,  however,  the  weight  of  evidence  lends  itself  to  tho 
supposition  that  all  these  variations  of  the  normal  triplet  type 
are  produced  by  absorption  in  the  vapour  of  the  spark. 

An  interesting  point  to  be  remembered  in  this  connexion 
is  that  the  spectral  lines  may  be  more  or  less  complex  in  their 

*  See  Fievez,  Bull,  de  PAcad,  Roy,  deSehique,  3rd  aeries,  vol.  ix. 
p  881  (1886) ;  Lodge  and  Davies,  *  Nature/  voL  Ivi.  p.  237  (18i>7) :  Zeeman, 
i>hil.  Mag.  vol.  xliv.  p.  66  (1897),  &c. 


Digitized  by 


Google 


332  Mr.  T.  Preston  on  Radiation  Phenomena 

own  constitution,  and  an  important  investigation  bearing  on 
this  subject  has  already  been  made  by  Prof.  A.  A.  Michelson*, 
who  has  shown  that  the  D-lines  of  sodium  and  the  green  and 
blue  lines  of  cadmium  (with  others)  are  reallj'  complex  in 
constitution.  Now  these  lines  are  amongst  those  whicn  show 
deviations  from  the  normal  triplet  type,  and  it  is  consequently 
of  importance  to  determine  if  this  complexity  of  structure 
gives  rise  to  the  deviations  from  the  normal  triplet,  or  if,  on 
the  other  hand,  the  deviations  as  well  as  the  complexity  of 
structure  observed  by  Michelson  are  due  to  a  common  cause, 
namely  intermittent  reversal.  For  example,  if  a  bright  line  is 
not  simple  but  really  a  close  doublet,  then  in  the  magnetic  field 
each  member  of  this  doublet  will  give  rise  to  a  corresponding 
triplet.  These  triplets,  however,  will  overlap  and  appear  as 
one  triplet  in  the  field  of  view.  Yet  it  is  possible  to  conceive 
a  state  of  affairs  such  that,  by  the  action  of  the  magnetic  field, 
one  or  more  of  the  members  of  one  triplet  shall  be  opposite  in 
phase  to  the  corresponding  member  of  the  other  triplet. 
Under  such  circumstances  the  overlapping  lines  will  "  inter- 
fere "  and  produce  doublets.  Thus  if  the  central  lines  alone 
are  opi)Osite  in  phase  they  will  obliterate  each  other  where 
they  overlap,  and  the  weak-middled  quartet  will  be  produced 
as  in  the  case  of  the  blue  cadmium  line,  and  so  on. 

It  is  to  be  remembered,  however,  that  the  conditions  in  the 
magnetic  field  are  not  the  same  as  in  the  free  field,  for  in  the 
former  the  spark  is  violently  blown  about,  and  this  may  lead 
to  a  sharpness  on  both  sides  of  the  reversed  lines  not  obtain- 
able in  the  free  field,  and  thus  account  for  the  fact  that  the 
modifications  described  above  do  liot  look  like  ordinary 
reversals. 

Viewed  from  the  theoretical  standpoint,  however,  we  have 
no  reason  to  demand  that  all,  or  indeed  necessarily  any,  of 
the  spectral  lines  should  be  resolved  into  sharp  triplets  when 
the  source  of  light  is  viewed  across  the  lines  of  magnetic  force. 
For,  in  order  tnat  a  spectral  line  should  exhibit  itself  as  a 
characteristic  triplet  under  the  influence  of  the  magnetic  field, 
it  is  necessary  that  the  freedom  of  vibration  should  be  equal 
in  all  directions,  and  in  this  case  the  intensity  of  each  rect- 
angular component  will  be  the  same.  Hence  the  middle  line 
of  the  triplet  will  contain  as  much  light  as  the  two  side  lines 
taken  together.  If,  however,  the  vibrations  are  not  equally 
free  in  all  directions  the  foregoing  result  will  not  hold,  and  it 
becomes  possible  to  have  a  triplet  with  a  weak  middle  line  or 

•  A.  A.  Michelson,  'Brit.  Assoc.  Keport,*  1832,  and  riiil.  Maj?. 
vol.  xxxiv.  p.  280  (1802).  I  have  to  thank  Trof.  G.  F.  FitzGerald  for 
attracting  my  attention  to  this  point. 
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without  a  middle  line,  in  which  case  it  shows  as  a  doublet. 
For  example,  if  the  vibration  is  restricted  to  one  plane,  and 
if  this  plane  sets  itself  at  right  angles  to  the  lines  of  magnetic 
force  under  the  influence  of  the  magnetic  field,  then  the 
component  of  the  yibration  in  the  direction  of  the  lines  of 
force  will  be  zero,  and  the  middle  line  will  vanish  from  the 
triplet.  If,  on  the  other  hand,  the  complete  vibration  should 
set  itself  parallel  to  the  lines  of  force,  then  the  side  lines  of 
the  triplet  would  vanish,  or,  in  other  words,  the  spectral  line 
would  be  unaffected  by  the  magnetic  field.  It  is  clear,  there- 
fore, that  the  study  of  the  way  in  which  the  spectral  lines  are 
affected  by  the  magnetic  field  is  likely  to  throw  light  on  the 
character  of  the  molecular  vibrations. 

The  Magnetic  Substances, 

The  substances  which  one  would  expect  to  present  peculiari- 
ties in  this  way  are  iron  and  nickel,  which,  if  they  retain  any  of 
their  magnetic  properties  at  the  high  temperature  of  the  spark 
produced  between  the  terminals  of  an  induction-coil,  should 
exhibit  some  characteristic  behaviour  in  the  magnetic  field. 
I  was  led  to  expect,  indeed,  that  many,  if  not  all,  of  the  iron 
lines  would  be  resolved  into  doublets  rather  than  triplets  when 
the  spark  is  viewed  across  the  field.  I  found  it  no  easy  matter, 
however,  with  the  magnetic  field  at  my  disposal  to  resolve  the 
iron  lines  into  anything  :  in  the  first  place  because  the  effect 
is  much  smaller  (about  one-half)  for  iron  than  for  the 
4678  line  of  cadmium  or  zinc  ;  and  in  the  second  place, 
because  it  is  not  possible  to  work  with  the  pole-pieces  of  the 
magnet  so  close  together  when  the  spark  is  passed  from  a 
solution-  of  a  salt  as  when  it  is  passed  between  small  metal 
electrodes.  Bui  ia  the  case  of  a  highly-magnetic  substance 
like  iron,  the  metal  becomes  almost  unmanageable  in  a  powers 
ful  magnetic  field,  and  so  it  happened  that  in  my  first  attempts 
I  was  not  successful  in  resolving  the  iron  lines  into  either 
doublets  or  triplets ;  yet,  even  at  this  stage,  I  observed  two  or 
three  lines  converted  into  what  I  considered  doublets.  Finally, 
I  succeeded  in  resolving  the  vast  majority  of  the  lines  of  iron 
by  enclosing  pieces  of  iron  wire  in  small  glass  tubes,  so  that 
the  ends  of  the  wire  protruded  slightly  from  the  glass  where 
the  spark  occurred.  The  pole-pieces  were  then  pushed  up  io 
touch  the  glass  jackets,  and  the  spark  was  thus  obtained  in  a 
vary  strong  field,  in  fact  in  a  field  strong  enough  to  resolve 
the  majority  of  the  iron  lines  into  distinct  triplets,  showing 
that  these  vibrations  possess  freedom  in  the  magnetic  field 
(at  the  temperature  of  the  spark) ;  but,  in  addition  to  this^ 
Phil.  Mag.  S.  5.  Vol.  45.  No.  275.  April  1898.     2  A 
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other  lines  are  observed  as  distinct  doublets,  and  the  appear- 
ance of  these  doublets  is  not  that  usually  associated  with  a 
reversal.  In  addition  there  are  other  lines  in  the  spectrum 
of  iron  which  are  scarcely  affected,  if  at  all,  by  the  field  at  my 
disposal. 

Similar  remarks  apply  to  the  magnetic  metal  nickel,  but  it 
is  not  to  be  understood  that  these  occasional  doublets  are  in 
any  way  characteristic  of  the  magnetic  metals,  for  they  occur 
with  considerable  frequency  in  the  spectra  of  many  other 
substances'^,  such  for  example  as  barium,  platinum,  rhodium, 
Ac.,  &c. 

Gases, 

The  investigation  of  the  spectra  of  gases  in  the  magnetic 
field  is  a  department  of  this  inquiry  which  would  naturally 
be  looked  forward  to  with  considerable  interest,  and  it  is  per- 
haps disappointing  to  have  to  record  that,  so  far,  I  have  not 
been  able  to  detect  any  sensational  behaviour  on  their  part  in 
the  magnetic  field. 

Observations  were  made  on  the  spectra  of  gases  under  small 

fressure  contained  in  *' vacuum"  tubes.  The  tubes  which 
had  at  my  disposal,  however,  8howed-fl9"ij|]|||^right  enough 
for  observation  except  the  hydrogen  lines/ancMgese  were 
bright  and  sharp  when  the  magnet  was  unexcited.  ^nliiif^  the 
magnet  was  excited,  however,  they  became  faint  and  nebufays 
showing  a  scattering  of  the  lignt  and  broadening  such 
might  be  produced  by  increase  of  pressure,  both  to  the  eye 
and  on  the  photographic  plate.  In  addition,  the  necessity  for 
placing  the  vacuum-tube  between  the  pole-pieces  reduced  the 
strength  of  the  magnetic  field,  and  whether  from  this  or  other 
causes  I  was  unable  to  observe  triplication  pure  and  simple  rS 
the  lines  in  any  case. 

When  the  electric  spark  is  passed  between  electrodes  in 
air,  the  air  lines  were  photographed  as  well  as  the  lines 
characteristic  of  the  electrodes,  and  in  all  cases  attention  was 
paid  to  the  effect  produced  on  the  air  lines  as  well  as  those  of  the 
metals.  In  every  case  the  air  lines  showed  distinct  broadening, 
but  in  no  case  were  they  resolved  into  triplets.  This  resolu- 
tion indeed  could  hardly  be  expected  except  in  a  very  powerful 
field,  owing  to  the  considerable  width  and  nebulous  character 
of  tie  air  lines.  Nevertheless,  by  placing  a  nicol  in  the  path 
of  the  light  so  as  to  remove  the  central  member  of  the  triplet, 

*  I  am  indebted  to  FrofeMor  W.  N.  Hartley  who  generously  placed 
at  my  eenrice  specimens  of  several  rare  substances  in  a  pure  state,  and  to 
Dr.  W.  £.  Adeney  I  am  further  indebted  for  much  friendly  assistance  in 
promoting  the  laboratory  work. 
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distinct  doublets  have  been  obtained  on  the  photographic  plat«, 
showing  that  the  gases  are  subject  to  the  influence  of  the 
magnetic  field,  but  in  no  exceptionally  marked  degree.  The 
photographs  which  1  have  already  taken,  indeed,  show  a  re- 
solution of  the  violet  air  lines  which  is  only  about  two-thirds 
that  produced  on  the  violet  lines  of  zinc  and  cadmium. 

The  study  of  these  substances  has  consequently  been  post- 
poned till  a  stronger  magnetic  field  is  obtained,  which  I  trust 
to  have  soon  at  my  disposal. 

Measurements. 

Although  from  time  to  time  measurements  have  been  made 
on  various  photographic  plates,  in  order  to  compare  the  effects 
produced  on  difi^rent  lines  and  ditfereut  substances,  yet,  so 
far,  no  systematic  attempt  has  been  made  at  exact  quantita- 
tive determination,  for  it  did  not  appear  possible  to  turn  such 
work  to  good  account  until  the  resolution  of  all  the  lines  had 
been  effected  in  a  measurable  form,  or  at  least  until  the  further 
resolution  (which  it  is  hoped  may  be  soon  obtained)  has  been 
eflfected. 

In  the  meantime,  however,  the  following  numbers  will  show 
the  general  trend  of  the  eflfect  in  the  case  of  a  few  conspicuous 
lines.  The  strength  of  the  magnetic  field  was  not  accurately 
determined,  and  indeed  was  of  little  importance  for  our  present 
purpose,  but  it  may  be  taken  at  something  over  20,000  C.G.S. 
units  roughly.  One  millimetre  on  the  photographic  negative 
corresponds  to  2*6  Angstrom-units. 

In  tfie  case  of  cadmium  we  have  : — 


Distence  between  side  lines 

Wftve-length. 

of  triplet  in 

■^If  luillim.  approx. 

5086 

29 

4800 

41 

4678 

43-5 

4413 

23 

3613 

17 

3610 

17 

Iq  the  case  of  zinc  we 

find:— 

Distance  between  side  lines 

Wave-length. 

of  triplet  in 

t\jf  millim.  approx. 

4810-7 

29 

4722 

39 

4680 

43 

4058 

18 

3683 

17 
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These  numbers,  althongh  they  possess  only  a  rough  aocur- 
racy,  are  yet  sufficient  to  show  that  for  both  these  metals  the 
effect  at  first  increases  as  the  wave-length  diminishes,  and,  in 
a  parallel  manner,  after  rising  to  a  maximum,  gradually 
diminishes.  The  measurements  were  made  on  a  photograph 
taken  from  a  spark  passing  between  a  cadmium  electrode  and 
a  zinc  electrode,  so  that  the  lines  of  both  substances  were 
taken  under  exactly  the  same  circumstances.  They  there* 
fore  represent  the  effects  produced  on  these  two  substances 
by  the  same  magnetic  field. 

Other  substances  were  studied  in  the  same  way  with  one 
electrode  of  cadmium  or  zinc,  so  that  the  effects  produced  by 
the  same  field  could  be  compared. 

For  example,  in  the  case  of  tin  and  zinc  (one  electrode  of 
each),  when  the  violet  line  of  zinc  4680  showed  a  widening 
of  42,  in  the  units  used  above,  the  tin  lines  4^25  and  3801 
showed  widenings  amounting  to  21  and  13  respectively. 
Thus  the  resolution  for  tin  is  about  half  as  much  *  as  for  zinc 
or  cadmium. 

Similar  results  apply  to  other  metals.  For  example, 
measurements  made  on  the  spectrum  of  platinum  gave  a 
separation  ranging  from  30  downwards.  The  magnetic 
metals  iron  and  nickel  gave  separations  varying  from  18 
downwards,  and  rhodium  gave  similar  results. 

Many  other  substances  have  been  examined,  but  no  further 
novelty  is  exhibited  by  them.  The  above  are  mentioned 
merely  as  typical  elements.  For  splendour  and  variety  of 
effect  throughout  the  whole  range  of  the  spectrum,  the  sub- 
stances calcium  and  barium  are  noteworthy. 

These  results  do  not  point  to  any  parallel  between  the 
magnetic  effect  and  the  pressure-effect  investigated  by  Messrs. 
Humphreys  f  and  Mohler. 

It  has  not  been  considered  necessary  to  refer  to  the  theo- 
retical explanation  of  this  magnetic  influence  on  the  spectral 
lines,  as  Dr.  J.  Larmor  t  has  already  furnished  a  completely 
satisfactory  explanation  of  the  typical  phenomena  on  the  basis 

*  [Dr.  Zeeman  obtains  an  effect  for  the  tin  line  4585  which  Is  much 
greater  than  the  gp-eatest  obtained  for  either  zinc  or  cadmium,  but  this 
must  be  either  a  misprint  or  a  mistake.  The  line  4525  gives  a  well- 
marked  sharp  triplet,  and  lends  itself  to  accurate  measurement,  but  the 
line  4585  is  diffuse  on  both  sides  and  merely  becomes  more  diffuse  when 
subjected  to  the  msffnetic  field.  Hence,  although  considerably  broadened, 
it  does  not  lend  itself  to  measurement,  even  when  a  nicol  is  interposed. 
This  diffusive  broadening  occurs  in  many  other  cases  where  the  lines 
have  the  character  of  air  lines. — GT.  Zeeman,  Phil.  Mag.,  Feb.  1898.] 

t  '  Astrophvsical  Journal,*  1807. 

t  Phil.  Mag.  xUv.  p.  603  (1897). 
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of  the  electromagnetic  theory.  Indeed  all  the  main  facts 
were  sufficiently  accounted  for  by  Dr.  Zeeman  *  as  deductions 
from  the  theory  of  Lorenz.  The  foregoing  measurements, 
however,  when  taken  into  consideration  with  the  formula 
deduced  theoretically  throw  important  light  on  the  quantities 
involved  in  the  theoretical  calculation.  Thus  if  T  be  the 
periodic  time  corresponding  to  any  spectral  line,  and  if  ST  be 
the  diflPerence  in  period  between  the  side  lines  of  a  triplet 
produced  by  a  magnetic  field  of  strength  H,  then  the  formula 
yielded  by  theory  is,  in  electrom«agnetic  units, 

8T_  ^H 

where  e  is  the  ionic  charge  and  m  the  inertia.  Expressed  in 
terms  of  the  wave«length  this  becomes 

where  v  is  the  velocity  of  light. 

Kow  the  foregoing  measurements  show  that  SX  does  not 
vary  as  X*,  nor  apparently  according  to  any  simple  law,  so 
that  at  present  the  ratio  of  ^  to  yti  has  to  be  determined  as  a 
function  of  X  for  each  substance,  and  accordingly  we  must 
write 

where  the  form  of  the  function  remains  to  be  determined. 

It  is  possible,  however,  that  the  lines  of  any  one  substance 
may  be  thrown  into  groups  for  each  of  which  SK  varies  as 
X',  and  each  of  these  groups  might  be  produced  by  the  motion 
of  a  single  ion.  The  number  of  such  groups  in  a  given 
spectrum  would  then  determine  the  number  of  different  kinds 
of  ions  in  the  atom  or  molecule. 

Homologous  relations  may  also  exist  between  the  groups 
in  different  spectra,  but  nil  this  still  remains  for  complete 
investigation. 

Appendix. 
The  following  extract  t  cannot  fail  to  be  of  considerable 

*  Zeeman,  Phil.  Mag.  loe.  eit. 

t  M.  Oh.  flevez  (Astronome  k  rObsenratoire  Royal  de  Bruxelles), 
Bulletiiu  de  fAcadSnUe  RoydU  de  Belgtque^  8rd  s^rio,  tome  ix.  p.  881 
(1885).  See  also  in  the  same  volume,  p.  327,  the  report  on  this  work  by 
M.  Stas. 
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interest  as  it  gives  in  his  own  words  an  account  of  the  experi- 
ments made  in  1885  by  M.  Fievez  in  studying  the  inflaence 
of  a  strong  magnetic  field  on  the  spectrum  of  a  source  of  light 

S laced  in  it.  Dr.  Zeeman  has  already  noticed  the  work  of 
f.  Fievez^  and  he  rather  inclines  to  the  opinion  that  the 
eflFects  observed  bj'  the  latter,  and  described  in  the  extract 
below,  were  spurious  and  not  the  true  magnetic  effect. 
Considering  the  unstable  character  of  the  sodium  hues,  I  am 
strongly  of  opinion  that  M.  Fievez  was  dealiojg  -with  the  real 
magnetic  widening,  and  that  he  obtained  the  effect  on  a  toler- 
ably large  scale.  The  effects,  indeed,  as  described  by  him, 
are  quite  true  to  nature  when  special  precautions  are  not 
taken  against  reversals.  The  real  point  of  importance  is  the 
broadening  always  observed.  No  doubt  if  he  had  known 
the  theory  the  whole  question  would  have  been  settled  in 
1885  :— 

"  L'installation  spectroscopique  de  PObservatoire,  disposant 
d'un  appareil  dispersif  de  trte  grande  puissance  et  d'un  electro- 
aimant  Faraday,  construction  liuhmkorff,  pouvant  ^tre  active 
par  un  courant  de  50  amperes  d'intensit^,  a  permis  d'aborder 
ce  probl^me. 

"  La  flamme  oxyhydrique  d'un  petit  chalumeau^tait  dirig^e 
horizontalement  sur  un  charbon  sod6  plac^  entre  les  arma- 
tures coniques  de  I'^lectro-aimant,  distantes  I'une  de  I'autre 
do  10  millimetres.  Une  image  de  la  flamme  ^tait  projet^ 
sur  la  fente  du  spectroscope  par  un  objectif  double.  La 
quantity  d'oxyg^ne  introduite  dans  cette  flamme  permettait  de 
regler  la  temperature  de  fa^on  k  donner  aux  raies  spectrales 
Di  et  Dj  I'apparence  voulue. 

"  Dans  ces  conditions,  les  raies  sodiques  Di  et  D^  ^tant 
d'abord  peu  larges  et  non  renvers^s  avant  le  passage  du 
courant  d'aimantation,  deviennent  imm^diatement  plus  hriU 
lantes,  plus  tongues  et  plus  larges  aussitot  que  I'^lectro-aimant 
est  mis  en  activite. 

"  Si  les  raies  brilluntes  Di  et  Dj  sont  ddji  ^largies,  T^lectro- 
aimant  etant  inactif,  elles  deviennent  plus  larges  encore  et 
se  renverseni  (c'est-i-dire  qu'  une  raie  noire  parait  au  milieu 
de  la  raie  brillante  ^largie)  pendant  le  passage  du  courant 
d'aimantation. 

"  Si  les  raies  sontd^jaelargies  et  renversees,  P^largissement 
de  la  raie  brillante  et  de  la  raie  noire  devient  beaucoup  plus 
considerable. 

"  Ces  phenomenes,  qui  disparaissent  instantanfment  lors  de 
Vinterruption  du  courant^  peuvent  fitre  observes,  mais  avec 
moins  d  intensity,  sur  la  raie  rouge  du  potassium,  du  lithium, 
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sur  la  raie  verte  da  thallium,  &c.^  lorsqu'  une  minime  quantity 
de  ces  m^taux  ou  d^un  de  leurs  sels  est  plac^  ear  le  support 
de  cbarbon. 

^^Enfin,  les  armatures  coniques  de  F^Iectro-aimant  ^tant 
remplac^es  par  les  armatures  meplates,  de  mani^re  que  toute 
la  longueur  de  la  flamme  sodique  soit  comprise  entre  ces 
armatures,  les  raies  Di  et  D^,  pr^lablement  renvers^es  et 
^largies,  pr^sentent  un  double  renversement  (c*est-i-dire  I'ap- 
parition  d'ane  raie  brillanto  au  milieu  de  la  raie  noire  ^largie), 
lorsque  T^Iectro-aimant  est  en  activity.'' 


XXXVII.  Determination  of  the  Frequency  of  Alternating 
Currents.    By  Carl  Kinsley,  ALE.^  A.MJ* 

IN  using  alternating  currents  experimentallj  it  is  necessary 
to  know  their  periodicity.  The  most  simple  and  direct 
methods  of  measuring  self-ind notion,  mutual  induction,  and 
capacity  require  this  determination.  While  working  on 
another  subject  I  found  that  this  could  be  done  with  great 
accuracy  by  means  of  a  vibrating  air- column.  If  a  telephone 
receiver  is  used  on  an  alternating  current  circuit,  it  will 
give  a  musical  note  whose  fundamental — first  harmonic — 
will  have  the  same  number  of  vibrations  that  the  alternating 
current  has  periods.  When  the  telephone  is  placed  in  front 
of  a  tube  of  the  right  length  this  note  will  be  reinforced.  If 
we  can  compute  the  velocity  of  sound  in  the  air  in  the  tube 
and  can  determine  the  wave-length  of  the  sound,  the  number 
of  vibrations  or  periods  per  second  follows  immediately ; 

V 

where       n= number  of  periods, 

X=the  wave-length  of  the  note, 
V^=the  velocity  of  the  sound. 

Thus  experimentally  it  is  necessary  to  determine  merely 
the  length  of  the  tube  for  the  condition  of  maximum  reson- 
ance. 

The  receiver  should  be  a  powerful  one  and  placed  at  least 
•41  diam.  from  the  tube.  The  tube  should  be  of  uniform 
diameter  and  the  piston  fit  easily  ;  then  all  the  adjustments 
can  be  made  by  hand. 

•  Communicated  by  the  Author. 
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Tnbes  3  cm.  and  larger  do  not  need  any  tubes 
leading  to  the  ear.  Use  tnbes  with  smooth 
inside  snrface,  such  as  glass  or  drawn  brass. 

In  most  alternating  current  work  it  has  been 
found  by  nnmerons  observers  *  that  the  E.M.F. 
and  cnrrent  may  be  considered  a  simple  function 
of  the  number  of  alternations  : 

i=Iisinco^ 

where     t= instantaneous  value  of  current, 
Ii= maximum  value  of  current, 
a>=27rny 
tstime  since  the  current  was  zero. 

This  is  substantially  true  under  normal  working 
conditions^  and  may  be  assumed  for  alternating 
current  computations. 

The  actual  curve,  however,  may  be  stricUy  con- 
sidered as  the  resultant  of  many  pure  sine-curves 
whose  periods  are  multiples  of  the  first  harmonic : 

t  =  Ii  sin  tot  +  Ij,  sin  2i» (^ + a)  -f-  Ij  sin  3i»(<  +  6)  +  Ac. 

where  t,  <»,  and  t  are  as  already  used^ 
Ii  is  the  maximum  value  of  the  first  harmonic, 

A3 

a  and  h  are  the  differences  between  the  values 
of  t  for  the  fundamental  and  the  corresponding 
values  for  the  overtones. 

As  is  stated  above,  all  terms  but  the  first  term 
are  usually  neglected. 

The  telephone  diaphragm  will  therefore  give  a 
composite  note  containing  not  only  the  &nda« 
mental  but  all  the  higher  harmonics  that  may  be 
present  t* 

A  quantitive  determination  of  the  harmonics 
present  has  not  yet  been  made,  and  for  the  present 

*  ReasonB  for  oonsidering  the  above  equation  correct: 
8.  P.  Thompson/  Djnamo  electric  Machineiy/  6th  edition, 
p.  663 ;  Bodes,  Elect.  Rev.  vol.  xzxix.  p.  846 ;  Bedell,  <  The 
Principles  of  the  Transformer,' p.  69.  Curves  determined 
from  machines — among  others :  bedell,  Miller,  and  Wanier, 
Am.  Hist.  Elect.  Enff.  vol.  x.  p.  600 ;  Fleming,  J.  A.,  Sect 
Bev.  vol.  xzzix.  pp.  91, 122,  &c 

t  Dr.  Steinmetz,  in  *  Theory  and  Calculation  of  Altern- 
ating Current  Phenomena,'  finds  that  only  the  odd 
harmonics  need  be  considered.  Houston  and  Kennelly,  Elect. 
World,  vol.  xxiii.  p.  36,  are  of  the  same  opinion. 


)y 

n 

9) 

second 

*f 

jy 

» 

9) 

third 

J9 

Resonance 
Tube. 


Digitized  by 


Google 


the  Frequency  of  Alternating  Currents.         341 

purpose  it  is  sufBcient  to  state  that  in  the  many  cases  examined 
all  of  the  harmonics  are  found.  This  holds  up  to  a  periodicity 
of  ]  200  per  sec,  which  is  in  some  cases  the  36th  harmonic. 
It  is  therefore  plain  that  any  or  all  of  the  overtones  may  be 
used  in  the  determination  of  the  period  of  the  fundamental. 
The  relation  between  the  self-induction  and  capacity  of  the 
circuit  sometimes  gives  particular  prominence  to  one  of  the 
overtones,  which  may  be  either  an  odd  or  an  even  harmonic. 
This  note  mav  then  be  used  most  advantageously  during 
the  progress  of  the  experiments  with  the  alternating  currents. 
The  period  of  the  note  can  be  easily  gotten  from  the 
accompanying  tables. 

Use  of  the  Tables. 

Open  tubes  act  as  though  they  were  0*41  d*  longer  than 
their  real  length. 

Then  the  first  length  of  the  tube  giving  maximum  resonance 
will  be  Z=p-0-4l  rf=iX-0-41  rf, 

where  Zs  actual  length  of  tube, 

p= equivalent  length, 
cZ= diameter  of  the  tube, 
\= wave-length  of  the  sound. 

Table  II.  is  computed  for  the  diameter  of  tube  of  4  cm. 
and  so  the  correction  to  be  added  to  I  will  not  be  constant. 

Add  the  correction  eotten  from  Table  I.  to  the  observed 
value  of  /,  and  in  the  column  for  the  temperature  of  the  tube 
find  the  frequency  corresponding  to  the  length.  Divide 
this  periodicity  by  the  number  of  the  harmonic,  and  the 
periodicity  of  the  fundamental  will  be  the  result. 

The  frequency  of  the  fundamental  will  be  the  greatest 
common  divisor  of  the  frequencies  of  successive  harmonics. 
Having  gotten  by  trial  the  number  of  the  harmonic  most 
advantageous  to  use,  that  harmonic  alone  may  hereafter  be 
used. 

As  an  illustration  a  typical  case  will  be  given : 

Let  <sr  temperature  of  the  tube, 

c=  correction  gotten  from  Table  I. 
n,  lis,  n|,  &c.  periodicity  of  fundamental,  second  har- 
monic, third,  Ac. 

d=5cm.  <=20**C. 

(1)  Z=21'68,    i?=2-02,    p«23'70,    n,-360-00, 

(2)  Z-1830,    i?=2-02,    p=:20-32,    w,=420-2. 

By  inspection  No.  (1)  is  found  to  be  the  sixth  harmonic, 
and  No.  (2)  the  seventh.  The  fundamental  which  is  the 
highest  common  divisor  is  then  60*0. 

•  Lord  Rayl^h, '  Theory  of  Sound/  vol,  ii.  p.  205. 
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A  slight  difference  might  be  caused  by  the  change  in 
period  which  is  continnally  occurring  under  usnal  conditions. 
If  now  No.  1  should  be  read  again  it  might  give 

(3)         Z=2l-72,     c=2-02,    p=23-74,     n«=359'4. 
Then  the  fundamental  would  be  n=59*9. 

Table  I. 
Correction  to  be  added  to  observed  length. 


Obaeryed 
length. 

Diameter  of  tubes  in  cm. 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

6 

•46 

•84 

1-24 

1-61 

20i 

2-45 

286 

7 

•48 

•85 

fi 

11 

tf 

tf 

2^85 

8 

•50 

•85 

„ 

II 

ft 

ft 

ft 

9 

•62 

•86 

If 

ft 

ff 

2-44 

ft 

10 

•54 

86 

»» 

It 

ft 

ft 

2-84 

11 

•56 

•87 

1-25 

It 

ft 

ti 

ft 

12 

•58 

•87 

»i 

tt 

„ 

ft 

If 

13 

•60 

•88 

»i 

ft 

2-03 

243 

283 

14 

•62 

•89 

11 

n 

ff 

ff 

ft 

15 

•64 

'89 

1-26 

tf 

If 

ft 

If 

16 

•66 

•90 

i» 

ff 

ft 

If 

2-82 

17 

•68 

•91 

>f 

ft 

If 

2-42 

ft 

18 

•71 

•92 

•1 

ft 

2-02 

ff 

ft 

19 

•73 

•93 

1-27 

If 

ff 

tf 

2-81 

20 

•76 

•94 

It 

If 

It 

If 

„ 

21 

78 

•94 

»i 

tt 

If 

2-41 

If 

22 

•81 

•95 

ft 

»t 

tt 

If 

2-80 

23 

•84 

•96 

1-28 

tf 

201 

ft 

ft 

24 

•87 

•97 

tt 

ft 

tt 

ft 

tt 

25 

•90 

•98 

i» 

ft 

„ 

2-40 

2-79 

26 

•93 

•99 

1-29 

ft 

tt 

ft 

if 

27 

•96 

1-00 

ft 

„ 

It 

ft 

ff 

28 

•99 

lOl 

»t 

ft 

2-00 

ff 

2-78 

29 

102 

1^ 

130 

tf 

tf 

2-39 

If 

30 

1-05 

1-03 

ft 

It 

ft 

ft 

tf 

31 

108 

1-04 

it 

it 

If 

11 

2-77 

32 

Ml 

105 

1-31 

tt 

1^99 

2-38 

ft 

33 

115 

1^06 

tt 

„ 

ft 

If 

2-76 

34 

M8 

1-07 

1-32 

ft 

„ 

„ 

ft 

35 

1-21 

108 

If 

ft 

2-37 
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Computation  of  t/te  Tables. 
We  have  seen  that 

and  so  we  must  know  the  velocity  of  soaud  in  air  in  the  tube. 
According  to  KirchhoflTs  *  equation 

where  Vo=the  velocity  of  sound  in  the  tube  at  0°  temp,  and 
0  vapour-pressure. 
a=the  velocity  of  sound  in  free  air  at  0°  temp,  and 

0  vapour-pressure. 
yj=a  constant   depending   on  the  inside   surface  of 
the  tube. 

Use  a= 330-9,  y= -00799. 

The  equation  has  been  experimentally  established  and  the 
constants  gotten  by  Dr.  Low  t- 

The  velocities  for  any  atmospheric  condition  can  be  gotten 
from  the  equation 


^*=vV- 


+<** 


"8B 


where  «= "003665, 

p  SB  vapour-pressure, 
B= barometric  pressure. 

The  length  of  the  tube,  plus  correction  for  open  end,  will 
thus  be 


i_?£ 
8B 


"('"^VirS 


SB 

f 3;; • 

In  this  equation  the  constants  known  are 

a =330" 9  metres  per  sec., 

y=-00799, 

a=-003665; 

*  Pogg.  Ann,  vol.  cxxxiv.  p.  177. 
t  Dr.  Low,  Phil.  Mag.  Sept.  1804. 
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Tablb  II. — Frequency  of 


Temperature  of  the 

tube,  t 

Oo. 

5<^. 

10«. 

13°. 

15«. 

17°. 

18°. 

190. 

20°. 

7 

11781 

1189-2 

12000 

1206-5 

12110 

1216-4 

1217-5 

1219-8 

12220 

8 

1030-7 

1010-4 

1050-0 

1055-5 

1059-4 

1063-2 

1065-0 

1067-0 

10690 

9 

9160 

924-6 

933-0 

9880 

941-4 

9447 

946-5 

948-2 

9500 

10 

824-2 

831-9 

839-5 

839-5 

847-1 

850-1 

851-6 

853-2 

854-8 

11 

749-2 

766-2 

763-1 

763-1 

770-0 

7727 

774-2 

776-6 

7770 

12 

686-6 

693-0 

699-4 

699-4 

7057 

708-2 

709-5 

710-8 

712-2 

13 

633-6 

639-6 

645-4 

645-4 

651-3 

6537 

654-9 

666-1 

667-3 

14 

588*2 

593-8 

599-2 

599-2 

604-6 

606-8 

607-9 

609-0 

610-2 

d 

15 

5490 

554-1 

559-2 

559-2 

564-2 

666-2 

667-2 

568-2 

569-4 

16 

514-6 

519-4 

524-2 

524-2 

528-9 

530-6 

531-6 

532-6 

5337 

1 

17 

484-2 

488-7 

493-2 

4932 

4977 

499-4 

600-2 

501-2 

602-2 

8 

18 

457-2 

461-5 

465-8 

465-8 

470-0 

471-6 

472-5 

473-4 

474-2 

1 

19 

4331 

437-1 

441-2 

441-2 

445-2 

446-8 

447-6 

448-4 

449-2 

1 

20 

411-4 

415-2 

4190 

421-3 

422-8 

4244 

4261 

425-9 

4267 

•s 

21 

3917 

395-4 

399-0 

401-2 

4027 

404-1 

404-8 

4056 

406-3 

1 

22 

374-5 

377-4 

880-8 

8H2-8 

384-3 

8857 

8865 

887-1 

387-8 

J 

23 

357-6 

3610 

364-3 

366-2 

367-6 

3687 

369-6 

87012 

870-9 

1 

24 

342-7 

345-9 

349-1 

360-9 

362-2 

353-5 

354-1 

8547 

855-4 

1 

25 

328-7 

8321 

335-0 

336-9 

3381 

8893 

340O 

346-0 

341-2 

26 

316-2 

319-2 

322-1 

323-8 

825-0 

326-2 

326-8 

3274 

3280 

27 

304-5 

307-8 

310-2 

311-9 

3130 

3141 

3147 

315-3 

815-8 

28 

293-6 

296-3 

299-0 

8007 

301-8 

802-8 

803-4 

804-0 

804-5 

29 

283-4 

286-1 

288-7 

290-3 

291-3 

292-4 

293-0 

298-5 

2940 

30 

274-0 

276-6 

279-1 

260-6 

281-6 

282-6 

283-1 

2830 

284-1 

31 

2651 

267-6 

270-0 

271-5 

2725 

2735 

274-0 

274-6 

2750 

82 

2568 

259-2 

261-6 

263-0 

2689 

264-9 

266-8 

266-8 

266-3 

83 

2490 

251-3 

253-6 

2550 

255-9 

256-8 

257-8 

2677 

258-2 

34 

2416 

2439 

246-2 

247-5 

248-4 

249-2 

249-7 

260-1 

260-6 

1 

;  36 

! 

234-7 

286-9 

239-1 

240-4 

2412 

2421 

2426 

2430 

243-4 
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Temperat 

ure  of  the  tube,  t. 

21°. 

220. 

23°. 

24°. 

25*. 

26°. 

27°. 

28°. 

30°. 

1224*2 

1226-5 

12287 

1231-0 

1233-0 

1235-4 

1237-6 

1239-8 

12441 

1071-0 

10730 

1074-8 

1076-7 

10787 

10807 

1082-6 

1084-6 

1068-6 

951-6 

953-4 

9551 

956-9 

9587 

960-4 

962-1 

9640 

967-6 

856-3 

858-0 

859-5 

861-0 

862-6 

864-2 

865-8 

867-4 

870-5 

778-4 

779-8 

781-2 

782-5 

7840 

785-5 

786-9 

788-2 

7910 

713-5 

714-8 

7160 

717-4 

7186 

720-0 

721-4 

7227 

7260 

658-5 

659-7 

660-9 

662-1 

663-2 

6646 

6667 

666-9 

669-4 

611S 

612-4 

613-5 

614-6 

6157 

616-9 

618-0 

619-2 

621-4 

570-3 

571-4 

572-4 

573-5 

574-6 

575-5 

576-6 

6770 

6790 

534-5 

535-5 

536-5 

537-5 

638-5 

539-5 

640-5 

541-6 

6430 

503-0 

604-0 

504-9 

505-8 

506-8 

5077 

6080 

509-6 

5110 

4750 

475-9 

476-8 

477-6 

4786 

479-5 

480-3 

4812 

4830 

450-0 

450-8 

451-6 

452-4 

463-3 

454-0 

454-8 

4650 

467-4 

4274 

428-2 

4290 

429-8 

430-6 

431-3 

432-1 

4329 

4344 

4071 

407-8 

408-5 

409-3 

4100 

4107 

411-5 

412-2 

4180 

388-5 

389-2 

389-9 

390-6 

391-3 

3920 

3927 

393-4 

3940 

871-6 

872-2 

372-9 

373-6 

374-3 

375-0 

3767 

376-4 

3777 

856-0 

3567 

357-4 

858-0 

3587 

359-4 

3600 

3607 

3620 

342-8 

342-5 

3481 

3437 

344-3 

344-9 

346*5 

846-2 

3474 

328-6 

329-2 

329-8 

330-4 

331-0 

331-6 

332-2 

3320 

S340 

316-4 

317-0 

317-6 

318-1 

3187 

319-3 

319-9 

320-5 

3210 

3051 

305-6 

306-2 

306-8 

307-3 

307-9 

308-5 

309O 

810-2 

294-5 

295-1 

295-6 

296-1 

2967 

297-2 

2977 

2980 

2990 

2847 

285-2 

2857 

286-2 

2867 

287-2 

287-8 

288-3 

2890 

275-5 

2760 

276-5 

2770 

2775 

278-0 

2785 

2790 

280O 

266-8 

267-3 

267-8 

268-3 

268-8 

2693 

269-8 

270-2 

271-2 

258-7 

259-1 

259-6 

260-1 

260-6 

261-1 

2616 

2620 

2620 

2510 

251-5 

2520 

252-4 

2529 

253-4 

2638 

2540 

256-2 

213-8 

2443 

244-8 

245-2 

2457 

246-1 

24G-6 

2470 

2480 
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and  the  constants  assumed  are 

g=j^  saturation  for  the  different  temperatures, 
=  760  mm,  of  mercury, 
d=r4  cm.  in  Table  II. 

Since  d  is  assumed  to  be  4  cm.  in  Table  II.  the  quantity 
to  be  added  to  I  will  be  0'41  ^=1*64  for  every  note  when  a 
tube  of  that  diameter  is  used. 

For  other  tubes  the  correction  will  vary  for  different  Is 
due  to  the  changing  Yq  for  the  different  tubes.  Table  I. 
gives  this  correction  for  all  tubes  apt  to  be  used. 

The  error  in  reading  /  is  very  small  and  need  be  only  a 
fraction  of  a  millimetre  in  any  case. 

The  greatest  possible  error  due  to  the  assumption  of 
J  saturation  will  be,  at  20°  C,  only  -f  \  per  cent,  when  p  is 
100  per  cent,  of  saturation  and  —  |  per  cent,  for  zero  vapour 
in  the  air. 

Consequently  for  engineering  measurements  the  error  will 
be  less  than  that  due  to  other  instruments,  and  so  may  be 
neglected.  The  adjustment  for  maximum  resonance  can  be 
made  with  greater  rapidity  than  that  with  which  a  Siemens 
dynamometer  or  a  Thomson  balance  can  be  used.  This  makes 
it  possible  to  use  an  ordinary  alternating  current  circuit  for 
accurate  experimental  work. 

The  tube  that  will  be  found  most  durable,  uniform,  and 
convenient  will  be  a  drawn  brass  tube  4  cm.  in  diameter. 

The  writer  has  very  carefully  compared  glass  and  drawn 
brass  tubes,  and  finds  that  y  is  the  same  for  each.  He  has 
also  measured  the  velocities  of  sound  using  a  chronograph  to 
determine  n,  and  finds  that  the  value  for  a  already  given  can 
be  used  without  sensible  error. 

The  uniform  internal  diameter  of  the  brass  tube  makes  it 
much  more  convenient  for  use,  as  a  dry  piston  can  be  employed. 

The  natural  period  of  the  diaphragm  in  every  telephone  on 
the  market  is  too  high  to  affect  in  any  sensible  way  the 
harmonics  due  to  the  alternating  current. 

A  number  of  other  methods  have  been  proposed*  that 
depend  on  the  resonance  of  iron  wire  or  strips  set  into 
vibration  by  the  alternating  current. 

Besides  the  impossibility  of  making,  with  either,  really 
accurate  adjustments  for  maximum  resonance — which  is 
independent  of  the  accuracy  of  the  gearing — it  is  necessary 
to  standardize  the  instrument,  and  that  will  be  found 
impossible  to  do  with  accuracy  except  in  a  very  well-equipped 
laboratory. 

»  Campbell,  Phil.  Mag.,  Aiig.  1890. 
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Method  for  Determining  the  Velocity  of  Sound. 

The  velocity  of  soand  in  air  has  been  determined  by  many 
observers  both  in  the  free  air  and  in  air  confined  in  tabes. 
The  early  experimenters  *,  of  whom  Moll,  Von  Beek,  and 
Kuytenbronwer  in  1823  did  exceptionally  careful  work,  nsed 
composite  sonnds  in  free  air.  It  was  suggested  by  Le  Ruux  f, 
that  the  temperature  measurements  were  incorrect.  This 
view  is  supported  by  the  observations  of  Nansen,  who  found 
that  the  temperatures  gotten  on  the  surface  were  at  variance 
with  that  taken  in  his  **  crow's  nest.''  Therefore,  the  tem- 
perature measurements  of  Parry  and  Foster  J  certainly  did 
not  give  the  true  temperature  of  the  path  of  the  sound.  In 
1868  M.  y.  Regnault§  reported  measurements  taken  both 
in  free  air  and  in  tubes  which  cast  so  much  doubt  on  the 
earlier  measurements  that  the  whole  subject  was  reopened. 

Since  then,  H.  Scheebli  ||  and  Dr.  Low  1[,  using  pure 
notes,  have  found,  from  the  positions  of  maxima  in  resonating 
tubes,  the  wave-length  of  sound.  Dr.  Low's  relative  results 
are  particularly  good  ;  but  his  method  of  standardizing  his 
tuning-forks  and  of  determining  the  vapour-pressure  of  the 
air  in  the  tubes  is  unfortunately  not  above  criticism.  His 
values  for  a  and  y  mast,  however^  be  very  nearly  correct  and 
so  they  were  used  in  the  preceding  tables. 

The  writer  would  suggest  that  the  use  of  a  telephone  as 
the  sounding-body  with  the  periodicity  determined  directly 
from  the  motor  generator  by  means  of  a  chronograph  would 
be  a  most  satisfactory  method  of  producing  the  notes  desired. 
The  telephone  may  be  enclosed  if  Ught  gases  are  to  be  used. 
Drawn  tubing  with  a  dry  piston  would  obviate  all  difficulty 
of  determining  vapour-pressure. 

Washington  Univftreity, 
St.  Louis,  Mo.,  U.S.A. 


*  See  paper  by  Le  Conte,  Phil.  Mag.,  Jan.  1864. 

t  Comptes  Eendus,  p.  392,  1867. 

t  Phil.  Trans,  p.  97, 1828. 

i  Comptes  BenduSf  p.  209, 1868. 

ii  Pogg.  Ann.  p.  303,  1869. 

%  PhU.  Mag.  Sept.  1894. 
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XXXVIII.  Radiation  in  a  Mapietic  Field. 
By  A.  A.  MiOHBLSON  *. 

FURTHER  analysis  of  the  radiations  emitted  in  a  magnetic 
field  shows  that  the  phenomenon  is  mnch  more  complex 
than  was  supposed.  An  examination  of  the  separate  com- 
ponents of  tne  ^'  triplet  '^  brings  oat  the  fact  that  in  general 
these  are  multiple  lines. 

The  laws  maj  be  summarized  as  follows : — 

A. 

1.  All  spectral  lines  are  tripled  when  the  radiations  emanate 
in  a  magnetic  field. 

2.  The  separation  is  proportional  to  the  strength  of  field 
and  is  approximately  tne  same  for  all  colours  and  for  all 
substances. 

3.  Viewed  in  a  plane  perpendicular  to  the  maraetic  field, 
the  outer  lines  are  polarized  parallel  to  the  fieui,  and  the 
central  line  is  polarized  at  right  angles  with  the  field. 

4.  Viewed  in  a  direction  parallel  with  the  magnetic  field, 
the  central  line  vanishes^  wnile  the  outer  ones  are  circularly 
polarized ;  the  shorter  waves  in  the  direction  of  the  magne- 
tizing current,  the  longer  waves  in  the  opposite  sense. 

To  these  laws  (which  were  verified  by  the  examination  of  a 
dozen  or  more  Unes)  the  following  must  now  be  added  : — 

B. 

1.  The  '^  middle  line  '^  is  a  symmetrical  triple,  the  distance 
between  the  components  being  one-fourth  that  of  the  '^  outer 
lines/'  and  hence  also  proportional  to  the  strength  of  field. 

2.  The  relative  intensity  of  the  components  varies  for  dif- 
ferent substances  and  for  different  lines  of  the  same  substance ; 
and  accordingly  the  group  may  appear  as  a  single  line  or  a 
double  or  a  tnple. 

3.  The  "outer  lines"  are  unsymmetrical,  but  are  sym- 
metrically placed  with  respect  to  the  "  middle  line.''  The 
distance  between  the  components  is  usually  one-fourth  that 
between  the  ^'  outer  lines,''  but  is  in  some  cases  one-sixth. 

4.  The  intensity  of  the  components  varies  for  difierent 
spectral  lines,  and  these  variations  do  not  always  correspond 
to  those  of  the  "  central  line.''  The  outer  groups  may  accor- 
dingly appear  as  single  or  double  or  triple  or  multiple  lines. 

Fig.  1  represents  a  plan  of  the  arrangement  of  apparatus 
'^  Communicated  by  the  Authur. 
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employed  in  the  investigation.  S  is  the  source  of  light,  either 
a  small  hand-blowpipe  with  a  bead  of  the  substance  to  be 
examined  in  the  flame,  or  a  vacuum-tube^  which  is  usually 
placed  in  a  metal  box  (for  heating)  of  such  form  as  to  permit 
a  close  approach  of  the  pole-pieces  P  of  an  electromagnet. 
One  of  these  is  bored  out  to  permit  examination  of  the  axial 
ray.  The  light  from  S  undergoes  a  preliminary  analysis  by 
the  spectroscopic  train  (two  bisulphide  prisms),  the  radiation 
to  be  investigated  being  isolated  by  the  slit  s.  It  then  enters 
the  interferometer,  one  of  the  mirrors  of  which,  M,  is  move- 
able on  ways  so  accurately  ground  that  no  readjustment  is 
necessary  in  any  pirt  of  its  path  ;  that  is,  the  mirror  remains 
so  nearly  parallel  with  itself  that  the  interference-fringes 
(concentric  circles)  are  alwavs  as  clear,  as  possible.  The 
emergent  beam  then  passes  through  the  analyser  N  to  the 
observing  telescope. 

The  clearness  or  "  visibility  "  of  the  interference-fringes  is 
estimated  at  positions  of  the  mirror  M  corresponding  to  in- 
crements of  toe  difference  of  path  of  1,  2,  or  5  mm.  according 
to  the  nature  of  the  curve.  This,  it  must  be  admitted,  leaves 
much  to  be  desired  in  the  way  of  precision,  and  in  some  cases 
there  may  be  corrections  of  as  much  as  20  per  cent.,  to  reduce 
the  observations  to  the  value  they  should  have^  namely. 


V  = 


Ii-I 


9 


Ii+I,' 

where  Ii  is  the  maximum  intensity  and  I2  the  minimum 
for  adjacent  fringes.  Doubtless  much  more  accurate  readings 
could  be  obtained  by  the  use  of  a  double  quartz  lens  *  for 
comparison ;  but  the  process  is  so  much  more  tedious  and 
troublesome  that  the  form  of  the  curve  is  liable  to  alter  on 
account  of  changes  in  the  source  during  the  observations. 
The  case  is  somewhat  analogous  to  making  eye-estimates  of 
stelhir  magnitudes,  which  are  but  little  inferior  to  photometric 
determinations  and  much  less  troublesome.  In  anv  case  it  is 
always  easy  to  distinguish  ascending  and  descendmg  slopes, 
and  maxima  and  mmima  can  be  located  with  very  great 
accuracy,  and  this  is  usually  quite  sufficient  to  permit  a  fairly 
accurate  deduction  of  the  distribution  of  light  in  the  spectrum. 
It  haB  been  shown  f  that  with  the  definition  of  visibility  just 
given,  i(  tf^<f>{x)  is  the  intensity-curve  of  the  spectrum, 


in  which 


pv=  vc^+s^ 

P  =  J 0  (x)  da,     C  =  j* 0  {x)  cos  kjc  rf.r, 
♦  Phil.  Mag.,  Sept.  1892.  t  IWd. 
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and 

S  =KJ  ^  (^)  sin  kx  dx, 

the  integration  extending  over  the  whole  spectram. 
But  by  Fourier^s  formula 

^(a?)  =  i     Ggos  kxdk-^i     ^%mkxdk; 

so  that  if  0  and  S  are  both  known^  0(ar)  can  be  determined. 
In  general  this  is  not  the  case  unless  another  relation  between 
C  and  S  is  given.  Such  a  relation  is  furnished  by  the  ''  phase 
curve/'  which  gives  the  displacement  of  the  fringes  from  the 
position  they  would  have  occupied  had  the  source  been  homo- 
geneous.    If  h  is  this  displacement  and  6=2wS/\j  then 

C=Vco8<?     and     S=V8in^. 

In  general  the  0  curve  is  troublesome  to  obtain,  on  acconnt^ 
of  the  difficulty  in  securing  a  sufficiently  homogeneous  com- 
parison source  ;  but  in  the  present  instance  this  is  furnished 
by  the  non-magnetized  radiations  *. 

Usually,  however,  the  assumption  was  made  that  the  spec- 
trum was  symmetrical,  and  in  only  a  few  cases  was  the 
solution  verified  by  the  complete  analysis.  In  this  simpler 
form  we  have  ^=0,  S=0,  and  C=V,  whence 


^(^)  =  j^ 


y  cos  ka  dk. 


This  integral  may  frequently  be  calculated  when  Y  can  be 
expressed  in  simple  analytical  form  as  a  function  of  k.  In 
general  this  is  not  the  case,  and  it  was  for  the  solution  of 
such  problems  that  the  harmonic  analyser  f  was  devised. 
The  curve  V=/(i)  is  *'fed''  to  the  machine,  which  then 
draws  the  curve  y=^(^),  the  whole  operation  taking  but  a 
few  minutes. 

It  was  found  on  completing  the  analysis  of  some  fiftv  or 
more  visibility-curves,  that  tne  resulting  spectra  could  be 
classified  under  three  types  ;  there  were  some  interesting 
variations  which  would  merit  a  separate  investigation^  but 
most  of  the  cases  could  be  identified  at  a  glance. 

The  three  types  of  visibility-curve  are  given  in  figs.  2,  3, 

*  These  are  not  always  sufficiently  simple  as  in  the  case  of  the  green 
thallium  line, 
t  Phil.  Mag.,  Jan.  1898. 
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and  4.  Those  marked  A  referring  to  observations  made  with 
the  line  of  sight  at  right  angles  with  the  magnetic  field  and 
with  the  plane  of  polarization  perpendicular  to  the  lines  of 
force  ;  while  B  correspond  to  observations  with  the  line  of 
sight  still  normal  to  the  fields  but  plane  of  polarization 
parallel  with  the  lines  of  force. 


Fig^.  2.— Type  I. 


It  was  found  that  there  was  no  appreciable  difference 
between  these  last  and  the  observations  taken  when  the  line 
of  sight  was  parallel  with  the  field  ;  but  in  this  case  it  was 
possible  to  analyse  either  one  of  the  outer  groups  separately 
by  the  use  of  the  ouarter-wave  plate,  Q,  fig.  1.  Tiiis  was 
done  in  a  few  cases,  out  no  new  result  was  obtained. 

The  abscissae  of  the  visibility-curves  are  differences  of  path 
in  millimetres,  reduced  to  a  field-strength  of  10,000  as 
determined  by  a  bismuth  spiral. 
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Fig.  5  gives  the  intensity-curves  of  the  corresponding 
spectra,  the  abscissas  being  expressed  in  tenth-metres  f. 

Following  is  a  list  of  the  radiations  examined  and  their 
classification  : — 

Merciiry   Yellow  lines.  Type  !• 

Green  line.  Type  III. 

Violet  line.  Type  II. 

Cadmium Red  line.  Type  I. 

Green  line.  Type  III. 

Blue  line.  Type  II. 

Zinc Red  line.  ^TP^  ^* 

Green  line.  Type  III. 

Blue  line.  Type  IL 

Sodium Yellow  lines.  Type  II. 

Thallium Green  line.  Type  II.  (doubtful). 

Lithium    ......     Red  line.  (Too  broad  to  determine.) 

Hydrogen Red  and  blue  lines.  (Too  broad  to  determine.) 

Helium. .......     Yellow  and  green  lines.    (Too  broad  to  determine.) 

The  following  table  shows  that  the  law  A  2  is  only  approxi- 
mately true. 

In  fact,  owing  to  the  complexity  of  the  spectra,  there  is 
considerable  latitude  in  the  choice  of  the  distance  between 
the  outer  groups.      If  this  correspond  to  the  brightest  com- 

Sments,  the  law  can  hardly  be  said  to  hold  at  all  ;  but  if  the 
stance  be  taken  between  the  centres  of  gravity  of  the  light 
areas,  a  fair  agreement  is  fonnd.  The  table  gives  separation 
in  tenth-metres  for  a  field  10,000.  The  lines  marked  with 
an  asterisk  are  less  accurate  than  the  others,  on  account  of 
broadening. 

•Hydrogen    Red 048 

•Lithium Red 060 

Cadmium     Red 0*42 

Zinc Red 0-4i 

Mercury Yellow 036 

•Sodium    YeUow 0*60 

•Helium    Green 0-37 

Mexcuiy Green 0-40 

Cadmium     Green 0*41 

Zinc Green 0-40 

•Thalliom Green,      0-86 

Cadmium     Blue 0*40 

Zinc Blue OaS 

Mercury Violet 0-33 

Taking  into  account  the  uncertainty  alluded  to,  the  results 
show  on  the  whole  a  fair  agreement,  from  which  it  may  be 
concluded  that  the  separation  is  independent  of  the  radiating 
substance  and  of  the  colour. 

It  is  possible  that  some  of  the  resemblances  in  the  preceding 

t  For  this  the  ahecissaa  of  the  curve  drawn  by  the  analyser  are 
multiplied  by  the  square  of  the  wave-length. 
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tables  are  due  to  the  fact  that  the  substances  in  question  are 
chemically  related;  and  perhaps  it  is  scarcely  justifiable 
to  generalize  from  such  a  limited  number;  and  it  may 
well  be  that  a  wide  range  of  elements  would  show  other 
peculiarities. 

I  desire  to  express  my  hearty  appreciation  of  the  efficient 
service  rendered  in  this  work  by  Mr.  C.  R.  Mann,  and 
especially  to  recognize  the  patience  and  skill  shown  in  the 
tedious  and  delicate  process  of  preparation  of  the  racuum- 
tubes,  to  which  in  great  measure  the  success  of  the  investi- 
gation is  due. 


XXXIX.  On  Discontinuities  connected  with  the  Propagation 
of  Wave-motion  along  a  Periodically  Loaded  String.  By 
Charlbs  Godfrey,  5.-4.,  Scholar  of  Trinity  College, 
Isaac  Newton  Student  in  the  University  of  Cambridge*, 

1.  rf  IHE  system  described  below  shows  rather  remarkable 

X      discontinuous  properties.     The  work  was  suggested 

by  a  passage  in  Sir  George  Stokes'  Bead  lecture,  and  formed 

part  of  an  essay  written  in  December  1896. 

A  heavy  string  of  density  p  under  tension  T  extends  from 

—00  to  +«>•      From  —  oo  to  0  it  is  free  from  loads ;  from 

0  to  +  ^  it  is  loaded  at  equal  intervals  I  with  equal  particles 

of  mass  M.   To  avoid  ambiguity  we  will  suppose  that  the  motion 

of  each  mass  is  retarded  by  a  small  viscous  force  ;  this  will 

finally  be  neglected.    We  will  investigate  the  steady  vibration 

of  the  system  when  simple  transverse  waves  are  travelling 

along  the  string  from  —  oo  .     These  impinge  on  the  system  of 

masses  ;   a  reflected  wave  is  generated   which  travels  back 

along  the  string ;  furthermore,  the  masses  are  agitated  in  a 

certain  manner. 

2.  We  will  denote  by  f  the  lateral  displacement  of  a  point 

on  the  string  between  .r=  — oo  and  j?=0.     The  velocity  of 

/T 
propagation  along  the  string  is  a/  — =v.      For  a  motion 

whose  frequency  is  given  by  e**'  we  have 

f=A/^'--'>H-B.'-('^^) (i.) 

Let  the  displacement  of  the  mass  Br  at  time  t  be  denoted  by 
yr.  For  a  point  in  the  rth  string  Br-iBr  let  the  displacement 
be  (r  9  and  let  the  distance  of  such  a  point  from  Br-i  be  ^r. 

•  Communicated  by  R.  T.  Glazebrook,  F.R.S. 
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^:b— GO  X^O 

For  the  string  B^-iBr 

f.=(p,cos'^+Q,sin!!^)«'-' 

Now  at  ^-,=0,  f,=yr-i,  and  at  X'—l,  fr=yr  ; 
.-.  P^-'=yr-i 


Xf.  X^  +  00 


^ 


yr— yr-lCOS 


fd 


Q^'=- 


sin- 


nl 


(ii.) 


(iii.) 


The  equation  of  motion  of  B„  for  r>0,  is 
Substituting  from  (ii,)  and  (iii.)  and  remembering  that  yr<x  c'-', 


vsm 


or 


.   rd 


.  rsin— ^\ 

y,>.+y,-.-2i,,(cos^+  ^2A:«i-M«'')=0..  (V.) 

The  equation  of  motion  of  B^  is 

This  gives 

Tn       /  n/\   .    Tin 


t7sm 


4;,(.yi-yocos^')+  i^^A-By»^  .  (vii.) 
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We  will  now  abbreviate  by  writing 
nl         , 

2ZT  -  ^' 

.    nl 
J     vsm  — 

cos  —  +  — SfjT—  (2Ant  —  Mw")  =  cos  (a  +  ifi)  =  cos  ^,    .     ( viii.) 

where  a  and  /3  are  real. 

,    -.           nZ       Mnt7    .    nZ  ,  #    •     #     1 

/.     cos  a  cosh  p=cos ^pfT-  sin  —  =cos  y  — A*y  sm  y,    I 


v/r  sin 


8inaEsinh^=  — 


T 


2T 
rd 

V  vk  .     , 

—  =— ^  sin*^. 


>  (i^.) 


(X.) 


With  these  substitutions,  (v.)  will  give 

y^+i — 2i/r  cos  ^ +yr-i = 0 
The  general  solution  of  this  set  of  equations  is 

Now  (ix.)  will  not  determine  the  sign  o(  fi;  we  will  always 
take  the  positive  value.  It  is  then  obvious  that  D=0  ;  other- 
wise the  motion  would  be  great  for  great  values  of  r. 

.-.    y,^G^^+^ (xi.) 

Again^  (vii.)  becomes 

B-A  =  j-^j^(yi+yo  cos^-2yo  cosd) 

= -A-7  («"*•  — cos -^l (xii.) 

sin  -^  ^  ^ '  ^      ' 

Furthermore,  at  ^ssO, 

B+A=C (xiiL) 

From  (xii.)  and  (xiii.), 


2A  =  £^  (-.-*•+.-**), 


2B  = 


siu'^ 

tC 
siu'^ 


(+^-««^i*). 


(xiv.) 
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These  are  equivalent  to 

where 

**°  '^^  :5-^ ^-^9       tan  t'  =  -S-. : — f .    (xvi.) 

^'aina— sin^'  ^  sin  a  4- sin  ^     ^       ^ 

3.  We  are  now  provided  with  a  complete  solution  of  the 
motion  ;  this  we  will  proceed  to  interpret. 

The  quantities  a  and  fi  are  determined  bj  equations  (ix.) : 

cos  a  cosh  )3=cos  ^— /i"^  sin  ^  ^  <:  sajy 

sin  a  sinh  )8=  —  »?  sin  ^.  *     •     V    •/ 

We  shall  clearly  perceive  the  drift  of  the  matter  if  we 
neglect  the  friction  and  put  k=0.  Then  either  sin  a  or 
siim  fi  vanishes  ;   the  former  or  the  latter  being  the  case 

according  as  e*  <  1  • 

If  ;s'<  1,  fissOj  and  a  wave-like  motion  will  be  propagated 
through  the  masses,  for 

I{  :^>ljl3is  finite,  while  a  is  a  multiple  of  ir.  The  equation 

y,  ssCW^^+'O-'^ 

will  represent  an  exponential  falling  off  of  motion,  consecutive 
masses  being  either  in  the  same  or  in  opposite  phases.  In 
this  case  the  deeper  masses  will  be  practically  unaffected  by 
the  incident  wave. 

In  order  to  understand  how  these  phenomena  depend  upon 
the  frequency  of  the  incident  wave,  we  must  trace  the  changes 

of  z  for  different  values  of  ^,  or  — . 

4.   Graph  o/  2:=cos  '^^fi,^  sin  ^. 
This  is  readily  constructed  on  finding  the  roots  of 

^=sO,    ;?=sl,    ««  — 1. 
For  «=0  we  have  cot'^asA*-^.      By  the  usual  graphic 
method,  we  find  that  the  roots  of  this  equation  lie  between 

0  and  -5,     IT  and  -5-,     iir  and  -5-,  Ac, 

approaching  closer  to  the  lower  limit  for  the  greater  values. 
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For  «=1  we  have 

sin  l^/sin  |^  +^^  ^*  2)  =^- 

The  factor  sin  ^  gives   '^  =  2«7r,   where  s  is  integral.      The 

other  factor  gives  roots  lyins  between  tt  and  2w,  Sir  and  47r, 
&c.     It  will  be  seen  that  they  lie  beyond  the  zeros  of  the 
corresponding  regions. 
For  <c=  —  1  we  have 

cosl^cosl^  -A*^  sin  ^J  =0. 

The  factor  cos  ^  gives  ^=  (2<j-f  l)7r.     The  other  factor  gives 

roots  between  0  and  7r,  2'7r  and  3w,  &c.  ;   and  again  lying 
beyond  the  zeros  of  the  corresponding  regions. 

Fijr.  2. 


it  is  also  clear  that  the  maxima  and  minima  become  more 
marked  as  ^  increases.  With  these  data  it  is  easy  to  see  that 
the  general  shape  of  the  curve  is  as  above. 
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From  what  has  been  already  said,  it  is  obvious  that  the 
wave  will  penetrate  the  masses  if  -^  lies  within  limits  cor- 
responding to  the  portions  AoCq,  A|Ci,  AyO}^  &c.  of  the 
curve.  If,  on  the  other  hand,  -^  belonj^  to  the  regions 
CqA,,  C1A3,  O^kij  &c.,  the  motion  will  on^  enter  to  a  small 
distance. 

5.  It  is  interesting  to  look  at  the  magnitude  of  the  different 
amplitudes  rather  more  closely.  We  3iall  lose  no  generality 
if  we  suppose  that  a  lies  between  0  and  —  27r.  On  consider- 
ing the  signs  of  sin  a  and  cos  a  as  given  by  (ix.),  we  have  the 
following  table : — 


Region. 

^  between 

sin  a. 

z  and  cos  a. 

a  between 

A„B„ 

Oandir 
0  and  IT 
K  and  2ir 
IT  and  2ir 

+ 
+ 

Oand-|. 
-^and  -ir, 
-IT  and  -y. 

-"2  *"^  -2'- 

B«A,  

A,B,  

B,A, 

Similar  limits  recur  for  the  other  reaches,  A2A4,  A^Ae, .  •  . 

6.  Regions  for  which  «*>  1. 

From  the  above  table  it  appears  that  a  is  equal  to  0 
or  —  TT  according  as '^  lies  between  2«r  and  (i^+l)**-,  or 
between  (2*— l)7r  and  isir,  JSTow,  denoting  moduli  of  com- 
plex quantities  by  straight  brackets, 

I  A*  I         I  B^  I        g^^+2ePcos'^+l 

I  CM  "    I  C«  I  "  4sinV 

the  upper  or  lower  sign  being  taken  according  as  a  is  0  or 


—  TT. 


This  expression  is  equal  to 

g^  cosh  )8T  cos '^ 
2"        ^^        ' 
But  +  cosh  /8= cos  -^  —  /A^  sin  -^ ; 

.     I  ^'  I  -    I  ?_M  -  -  ^'  /^^  r     ••  ^ 

•  •   I  CM  "    I  C»  I        "^  2  sin Vr*     '     '     ^^^"''' 

For  the  frequencies  which  are  not  propagated  we   thus 
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have  I  A  1  =  1  B  I,  i.  e.  total  reflexion,  and  it  is  clear  from  (xvi.) 
that  there  is  reversal  of  phase.  For  the  upper  limit  of  such 
a  region  of  frequency,  ^=«7r  and  C=0  (xvii.). 

7.  Region  for  which  r'<  1. 

"Here  we  shall  have  /3=0. 

.  ,«— V^  .  9a  +  ^ 

AM       «'^-2^         IBM       '^°      2 


(?  I  sinV     '       I  CM  ~     Bin^it 

But  cos  a = COS  ^ — /A*^  sin  ^, 


/.  2  sm — g-i  sm  — ^  =/Lt'^  sm  ^, 

A'  I  /iV  I  B'  I  mV  /     ...  X 

4sm'      Q  ^        *        '       4sm' — ^ 

Here  equation  (xvi.)  shows  that  the  incident,  transmitted, 
and  reflected  waves  will  be  in  different  phases. 

For  the  lower  limit  of  such  a  region  both  ^  and  a  are 
multiples  of  ir ;  further,  they  wiU  be  even  or  odd  together. 

It  therefore  appears  that  sin — s^and  sin  ^^  are  zero,  and 
C=0.     But  for  these  points  n=  -rr-  .     If  then  the  incident 

Ju 

wave  is  of  frequency  corresponding  to  any  one  of  the  natural 
nodes  of  the  intervals  of  string,  the  masses  wiU  be  entirely 
undisturbed. 

The  case  of  '^  small  b  seen  to  be  exceptional :  we  easily 
find  that 

I  AM  /A»  I  B»  I  /i' 


I  C»  I       {1-  Vl+Aip'     I  CM       {1+  Vl+M}» ' 

8.  It  may  perhaps  be  allowed  that  the  phenomena  here  dis- 
cussed have  some  mathematical  analogy  with  an  ideal  case  in 
optics.  We  may  think  of  the  incidence  of  light  from  the  free 
8Bther  upon  a  solid  of  periodic  structure.  Without  pressing 
the  analogy,  we  will  recapitulate  our  results  in  optical  phrase* 
ology  ;  this  presentation  will  have  the  advantage  of  brevity. 

Light  being  incident  upon  a  periodic  distribution  of  mole- 
cules, the  light  is  analysed  by  a  spectroscope  after  transmission 
through  a  considerable  thickness.  We  shall  find  narrow  bright 
bands,  their  lower  edges  ranged  harmonically ;  each  band  will 
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be  faint  on  the  lower  side  and  terminate  abraptly  on  the 
apper.  Their  width  diminishes  as  we  ascend  the  scale  of 
frequency.  Their  lower  edges  correspond  to  the  proper 
penods  of  the  intermolecular  spaces.  If  we  view  the  light 
reflected  we  shall  see  total  reflexion  corresponding  to  the 
frequencies  of  the  dark  bands  of  the  transmission  spectrum; 
for  these  wave-lengths  there  will  be  reversal  of  phase. 

XL.  A  Numerical  Eoaluation  oftlie  Absolute  Scale  of 
Temperature,     By  R.  A.  Lshfeldt*. 

Introduction, 

NUMEROUS  attempts  have  been  made  to  reduce  the 
readings  of  thermometers  to  the  absolute  scale,  since 
that  scale  was  first  clearly  defined  by  Thomson  and  Joule ; 
but  though  the  process  of  calculation  has  been  varied  a  good 
deal,  the  most  essential  experimental  basis  of  all  the  reductions 
is  the  same,  viz.  Thomson  and  Joule's  own  experiments  on 
the  outflow  of  gases  through  a  porous  plug.  It  is  very 
remarkable,  therefore,  that  no  one,  so  far  as  I  know,  has 
attempted  to  repeat  or  extend  those  experiments,  except  in 
one  case  studied  oy  E.  Natanson,and  that  notwithstanding  the 

freat  discrepancies  in  Thomson  and  Joule's  measurements, 
'or  hydrogen,  the  substance  which  is  probably  the  best  for 
thermometric  purposes,  there  were  twelve  expenments  carried 
out  at  about  7^  and  five  at  about  90^ ;  but  these  results  varied 
from  +0'9  to  —  O'l  1  while  the  hydrogen  was  in  no  case  even 
approximately  pure  ;  and  although  the  determination  of  ab- 
solute  temperatures  depends  upon  that  experiment,  it  has 
been  left  in  so  unsatisfactory  a  state  for  half  a  century.  Of 
the  other  data  required,  some,  such  as  the  specific  heat  and 
specific  volume  of  the  gases  used,  are  knovoi  with  sufficient 
accuracy,  since  they  enter  only  in  a  small  correction  term : 
the  most  important,  however,  is  the  coefficient  of  pressure  in 
the  case  of  a  gas  thermometer  at  constant  volume  (or  the 
coefficient  of  expansion  in  the  constant-pressure  thermometer). 
On  this  point,  and  this  only,  a  distinct  advance  has  been 
made  since  the  time  of  Regnault.  This  has  been  accom- 
plished by  Chappuis,  working  at  the  Bureau  International, 
who  has  measureci  the  coefficient  of  pressure  between  0^  and 
100^  for  hydrogen,  nitrogen,  and  carbon  dioxide,  with  all  the 
care  and  scrupulousness  that  modem  physical  methods  can 
suggest.  My  object  in  writing  this  paper  is  partly  to  take 
advantage  of  Chappuis'^s  results,  and  partly  to  draw  attention 
*  Communicated  by  the  Author. 
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to  the  fact  that  if  the  other  data  required  were  investigated 
with  equal  care  and  thoroughness,  we  could  now  know  the 
absolute  scale  as  accurately  as  we  know  the  hydrogen  or  the 
mercury  scale. 

The  problem  consists  of  two  parts :  first,  taking  the  interval 
between  the  freezing-  and  boiling-points  as  100^,  it  is  ne- 
cessary to  determine  the  absolute  temperature  corresponding 
to  one  of  those  fixed  points  ;  second,  knowing  that  value,  we 
can  proceed  to  compsire  the  absolute  scale  with  some  actual 
scale,  such  as  that  of  the  constant-volume  hydrogen  ther- 
mometer, throughout  its  range,  so  far  as  experimental  infor- 
mation extends.  On  the  first  of  these  points  no  substantial 
advance  can  as  yet  be  made  on  the  result  published  by 
Thomson  and  Joule  several  decades  ago.  The  freezing-point 
is  approximately  273^  absolute,  and  the  uncertainty  amounts 
to  one  or  two  tenths  of  a  degree  on  each  side  of  that  number. 
But  I  think  it  is  at  least  certain  that  the  higher  values 
obtained  by  some  later  German  writers  (some  as  high  as 
274°'5)  are  wrong.  On  the  second  point  very  varying  results 
have  been  found ;  but  I  think  it  is  possible  to  show  that  the 
existing  data  are  in  good  accord  with  the  comparisons  between 
the  three  gas  thermometers  made  at  the  Bureau  International. 

llieory  of  the  Method, 

In  order  to  determine  the  relation  between  the  absolute  and 
an  arbitrary  scale  of  temperature,  it  is  not  sufficient  to  know 
the  characteristic  equation  of  a  gas,  but,  as  has  recently  been 
pointed  out  afresh  by  Boltzmann  *,  calorimetric  data  are  also 
necessary;  consequently  any  reduction  that  does  not  explicitly 
make  use  of  such  data  must  do  so  implicitly.  The  form  in 
which  the  calorimetric  data  usually  occur  is  tnat  of  the  differ- 
ence between  the  two  specific  heats  of  a  gas  ;  consequently 
the  evaluation  of  the  absolute  scale  is  closely  bound  up  t^ith 
the  determination  of  the  difference,  or  the  ratio  of  the  specific 
heats.  But  all  direct  determinations  of  Ep— Ky,  by  mea- 
suring Ep  and  Ey,  or  by  measuring  Ep  and  the  ratio  7,  are, 
I  believe,  insufficiently  accurate.  The  difference  is,  however, 
nearly  equal  to  the  principal  gas  constant  (Ep— Ey=sR), 
and  it  is  the  small  outstanding  discrepancy  between  these 
two  quantities  which  is  the  subject  of  Joule  and  Thomson's 
experiments  on  the  cooling  by  free  expansion,  so  that  those 
experiments  afford  the  most  satisfactory  means  of  detof  mining 
the  difference  between  the  specific  heats. 

The  argument  runs  as  follows : — Let  a  gram  of  hydrogen 

*  Boltzmano,  Wied.  Ann.  vol.  liii.  p.  948  (1804). 
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be  heated  at  constant  volume  through  the  range  Bt  {t  being 
the  temperature  on  the  constant  volume  or  "  normal '^  scale). 
The  heat  required  is  KySt.  But  let  it  be  heated  through  the 
same  range  at  constant  pressure,  and  it  will  expand  by  an 
amount 

gy=  ('dpvfdt)St. 

It  will  consequently  do  an  amount  of  external  work  in  the 
expansion  represented  by 

p{'dpvfdt)Bt. 

Further,  internal  work  is  done  by  the  gas  (i.  e.  its  internal 
energy  is  increased)  by  an  amount  which  is  a  function  of  the 
initial  and  final  states  of  the  gas,  and  which  therefore  we  may 
find  by  any  method  in  which  the  same  expansion  is  consi- 
dered, whatever  the  external  circumstances  may  be.  We 
proceed  to  find  it  in  the  following  way. 

Lemma, — Let  one  gram  of  hydrogen  in  the  state  specified 
by  />,  r,  T  expand  by  an  amount  hv  without  doing  external 
work  and  without  acquiring  any  appreciable  kinetic  energ}*^  (as 
in  Joule  and  Thomson^s  experiment).  In  this  case  it  is  well 
known  that  the  relation  SU  +  Sf/)v)=0  holds  ;  but  as  pt7=RT 
nearly,  we  may  put  SU  +  R8T=0,  where  ST  is  the  rise  in 
temperature  that  occurs  during  the  expansion.  Next  let  the 
gas  be  cooled  at  constant  volume  to  its  original  temperature ; 
then  it  gives  out  K^ST  of  heat.  Hence  its  internal  energy  is 
less  than  at  starting  by  (Ky  +  B)3T=EpSTto  the  same  degree 
of  approximation  as  before. 

Now  according  to  Joule  and  Thomson,  £T  =—€£/>,  where 
ip  is  the  change  (increase)  of  pressure  involved  in  the  free 
expansion,  and  e  is  a  constant,  which  for  hydrogen  is  positive. 
Hence  the  gain  of  internal  energy  is  +  KpcSp.  We  wish  to 
express  this  in  terms  of  the  change  of  volume. 

But 

=  _1    8;,+    «&T 
P  P 

Hence  the  gain  of  internal  energy  may  be  written 

=  — Kp€X      ,^p  hv. 
Phil  Mdjf,  S.  5.  Vol.  45.  No.  275.  April  1898.         2  C 
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But  »  +  R€=t>(l+jt>€/T);  so  that,  as  €  is  very  small,  unless 
the  pressure  be  muco  greater  than  is  actually  used  in  ras 
thermometers  pe  will  he  less  than  1  per  cent,  of  T  (for 
T:^273'^,  say) ;  and  as  €  is  not  known  to  1  per  cent.,  we  may 
safely  neglect  the  second  term  of  the  denominator  and  write 
the  gain  of  internal  energy  =  —  K^epdv/v.  But  as  the  tem- 
perature of  the  gas  is  the  same  at  the  end  as  at  the  beginning 
cf  the  pix>cess,  its  heat  energy  is  unchanged,  and  the  quantity 
found  is  the  amount  of  internal  work  done  by  the  gas  in 
expansion. 

Reverting  to  the  main  argument^  we  find  that  when  a  gram 
of  hydrogen  is  heated  at  constant  pressure,  the  heat  required, 
being  the  sum  of  the  increase  of  heat  energy,  the  external 
work,  and  the  internal  work^  amounts  to 

K.-K..(,-^)^ ,,, 

It  is  in  terms  of  that  quantity  that  we  wish  to  find  a  relation 
between  the  absolute  temperature  T  and  the  temperature  t 
according  to  the  gas  scale.  The  relation  is  clearly  expressed 
by  Boltzmann  in  the  paper  cited  ;  and  his  argument  is  sub- 
stantially the  same  as  the  following. 

We  start  with  the  well-known  thermodynamic  relation 

^T     BT  — ^vst)^'   '   •   '    ^  ^^ 

But  as  the  specific  heats  used  in  the  preceding  paragraphs 
are  in  terms  of  the  normal  scale,  in  introducing  tnem  we  must 
multiply  the  left-hand  side  of  the  above  equation  by  &,  and 
the  rignt-hand  side  by  ST,  or 

Now  write  B/)/bT  as  (dp/bt);(dtfdT)  in  this  equation,  and 
remembering  that  STss-r-Bt,  we  get 

(K.-K,,S.=  -T(^P^"*S„ 


or 


T  Kp-Kr 


-?<, 
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which   is   directly  integrable.      Substituting    the   value  of 
Ki»— Ky,  it  becomes 

in  which  ^^  is  a  constant  for  any  given  volume^  viz.  pJ3 

where  /?„  means  the  pressure  at  the  freezing-point,  and  0  the 
coefKcient  of  pressure. 

Integrating  for  constant  v,  we  get 

logT=: g-^  log;?  +  const (ir.) 

V 

on  the  assumption  that  Kp€  is  independent  of  the  temperature. 
Hence  <o  nnd  T©  we  have 

log  (1  +  100/To)  =  xn^^  log  (piWPo)  =  iZ^^  H  (1  + 100)3).    (v.) • 

The  assumption  involved  is,  of  course,  not  strictly  true. 
€  is  a  function  of  the  temperature,  and,  according  to  Joule 
and  Thomson's  experiments,  it  may,  for  some  gases  at  least, 
be  taken  as  inversely  proportional  to  the  square  of  the  absolute 
temperature.     It  would  therefore  be  more  exact  to  express  € 

*  To  express  the  equation  (v.)  in  terms  of  powers  of  17  we  have 

vi+n+ii"... 


:(l  +  100^)l-i|  =(1+100/3) 


where  1;  is  written  for  Kpc/i?  to  save  space.    Expanding, 
T,oo/To=(l+100/3)[l-|-100^(,,-f ,,'+ . . .) 

100*/3» 
.  100*3* 

l+100/To«a+lOO^)[l+100/3(0-862 . .  .i,+O-90 . . . ,,«+.  •  O] 
=  1+100/3  [1+M63,+V35i,»...], 
1/T,=/3[1 +1-163,,+ 1-367« . . .]. 

The  term  ly*  is,  however,  of  no  consequence,  even  in  the  case  of  carbon 
dioxide. 

2C2 
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in  that  form  in  the  equation  before  integrating  r  bnt  as  €  is  so 
small,  even  for  carbon  dioxide,  and  is  known  with  so  little 
accuracy,  it  is  not  worth  while  to  do  so  ;  it  is  suflScient  to  find 
the  average  value  over  the  range  of  integration,  and  take  it  as 
constant  at  that ;  the  error  committed  is  less  than  the  errors 
in  the  experimental  data.  The  same  is  true  of  Kp ;  for  while 
it  has  been  measured  more  accurately  than  €,  ite  variations 
are  less,  indeed  practically  ml  for  hydrogen,  air,  and  nitrogen. 
The  logarithmic  form  of  the  equation  is  the  most  con- 
venient for  calculation ;  but  on  account  of  the  smallness  of 
Kp€/i;  we  find  approximately  that 

l/To=/8(l  +  /iKp€/t?), (vi.) 

where  A  is  a  numerical  constant  =1*163 ... ;  this  leads  to 
the  important  conclusion  that  /8,  the  coefficient  of  pressure, 
varies  linearly  with  1/t?,  i.  e.  with  the  density.  So  far  as  it  is 
true  that  the  cooling  efiect  on  expansion  is  proportional  to 
the  change  of  pressure,  so  far  the  result  Just  found  holds 
good ;  and  consequently,  so  far  as  the  determination  of  Tq  is 
concerned,  by  merely  assuming  the  form  of  Joule  and  Thom- 
son's result  we  may  dispense  with  its  numerical  value  if  only 
we  know  the  rate  of  variation  of  the  pressure-coefficient  witn 
the  density  (i.  e.  "dfifdp)'  This  is  analogous  to  the  deduction 
made  by  Lord  Kelvin  with  regard  to  tne  coefficient  of  ex- 
pansion*. We  shall  have  occasion  to  revert  to  this  below  fn 
considering  the  numencal  values  of  e. 

Experimental  Data. 

Coeficient  of  Pressure, — Hydrogen,  according  to  Chappuisf 
has  the  coefficient  0* 0036 6254  for  a  pressure  of  one  metre  at 
the  freezing-point.  The  chief  earlier  measurements  are  those 
of  Begnault  00036678,  Magnus  0-0036594,  Jolly  0-0036562, 
all  for  one  atmosphere  at  the  freezing-point.  It  is  impossible 
to  draw  any  conclusions  from  these  numbers  as  to  the  varia- 
tion of  the  coefficient  with  the  density  of  the  gas,  a  variation 
which  in  any  case  must  be  extremely  small.  We  shall 
therefore  take  Chappuis's  result  simply,  or 

/S=0-00366254. 

Air. — Jochmann  }  and  Weinstein  §  in  evaluating  the  ther- 

♦  Kelvin,  Bncycl  BriU.  art. "  Heat." 

t  P.  Chappuis,  Trav,  et  Mim,  de  la  comiU  int  des  paids  et  meiure$^ 
Yol.  vi. 

t  Jochmann,  SchlSmUcKs  Zeits,  v.  p.  106. 

§  Weinstein,  see  W.  Forster,  Meironomische  Beifrage.  no.  3,  Berlin, 
1881, 
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modynamio  scale  both  take  Begnault^s  0*003665  as  the  co- 
efficient of  pressure  at  the  ordinary  density ;  it  seems  to  me 
there  can  be  little  doubt  that  is  too  low.  Another  series  of 
observations  by  Regnault  himself  gives  0'0036679,  while 
Magnus  finds  0*0036678  (reduced  to  the  boiling-point  under 
76  cm.  pressure),  and  Jolly  00036695,  all  higher  than  the 
first  quoted  number.  Further,  Mendel^f  ^,  on  recalculating 
these  three  observations  and  applying  certain  corrections 
neglected  by  the  experimenters,  concluded  that  they  show  a 
much  closer  agreement  than  when  uncorrected,  thus  : — 

Regnault 0*0036694 

Magnus 700 

Jolly 702 

Mendel^ef s  reduction  is  regarded  probably  with  justice  as 
the  most  exact,  and  we  will  take,  therefore,  the  mean  result 
as  being  true  for  the  normal  density  (corresponding  to  a 
pressure  of  1  atmo  at  0°). 

The  variation  with  the  density  of  the  air  was  taken  by 
Jochmann  as  0*0000115,  the  unit  of  density  being,  as  before, 
the  density  at  normal  temperature  and  pressure.  This  re- 
presents the  set  of  measurements  taken  by  Regnault  for  the 
express  purpose ;  it  also  agrees  moderately  well  with  some 
observations  by  Melander,  quoted  in  Landolt  and  Bernstein's 
tables,  the  only  others  I  have  been  able  to  find  bearing  on  the 
point.     We  may  then  put 

/S=00036700  +  0*00001150>-1). 

Nitrogen  (atmospheric,  containing  argon).  —  Regnault 
found  0*0036682  for  one  atmo  pressure  at  the  freezing- 
point,  Chappuis  0*00367466  for  995  mm.  pressure.  We 
adopt  the  latter  value,  and  in  the  absence  of  any  more  definite 
information  take  the  same  density  variation  as  for  air. 

^=00O36710  +  O*O0O0116(p-l) 

where  p  is  the  density  expressed  in  terms  of  that  at  N.T.P. 
as  unit. 

Carbon  Dioxide, — This  gas  has  been  very  much  studied,  but 
the  results  are  more  discordant  than  for  air.  Regnault  gives 
0*0036871  and  0*0036856  as  the  result  of  two  experiments, 
Magnus  0*0036937,  Jolly  0*0037060,  all  at  normal  density, 
while  Regnault's  observations  on  the  density  variation  are 
well  represented  by  0*00004668,  the  number  adopted  by 
Jochmann.     The  values  given  here  are  not  corrected  in  the 

*  Men<}el6ef,  Ber,  d.  Deutsch.  Chem.  Oe9.  x.  p.  81. 


Digitized  by 


Google 


870       Mr.  R;  a,  Lehfeldt  on  a  Numerical  Evahiation  of 

manner  indicated  by  Mendeleef  for  air  ;  but  that  correction 
would  be  too  small  to  bring  them  into  agreement ;  while  only 
Jolly's  number  is  at  all  consistent  with  that  recently  found  at 
the  jBureau  International.     Chappuis  gives  these  values  : — 

0-00372477,  with  initial  pressure     995  mm. 
371634,  „  870     „ 

they  may  be  represented  by  the  equation 

/8=0-00370893  -f  0-00005126  {p  - 1), 

p  being,  as  before,  expressed  in  terms  of  the  density  at  N.T.P. 
as  unit.  We  may  perhaps  best  make  use  of  the  last-mentioned 
numbers,  but  it  is  remarkable  that  the  discrepancies  in  the 
measurement  of  fi  should  be  about  four  times  as  great  as  for 
air.  The  expressions  given  above  must  not,  of  course,  be 
relied  upon  either  for  large  densities  or  for  very  small. 

Spedjic  Heat. — The  specific  heat  and  specific  volume  of  the 
gases  need  only  be  known  approximately,  as  they  only  enter 
into  the  expression  for  the  absolute  temperature  in  the  small 
.correction  term.  The  well-known  experiments  of  Regnault 
and  E.  Wiedemann  afford  the  necessary  information  on  the 
specific  heat  at  constant  pressure.  The  former  used  as  unit 
of  heat  the  capacity  of  water  between  12°  and  15°,  the  latter 
-between  16°  and  24°.  Following  the  table  recently  given  by 
Griffiths, the  unit  used  by  Regnault  is  equal  to41,920,000  ergs, 
that  of  Wiedemann  41,530,000.  llie  results  are,  accordingly, 
for  hydrogen 

3-409  calories,  or  142,900,000  ergs  (Regnault), 
3-410  „  142,640,000     „     (E.  Wiedemann), 

mean  142,770,000  ergs  ;  this  quantity  is  sensibly  independent 
of  temperature  and  pressure  over  the  range  considered. 
For  air 

0-23754  caL,  or  9,958,000  ergs  (Regnault), 
0-2389        „       9,993,000    „     (Wiedemann), 

mean  9,975,000  ergs,  also  sensibly  independent  of  pressure 
and  temperature. 

For  nitrogen  (atmospheric,  containing  argon) 

0-24348  cal.,  or  10,207,000  ergs  (Regnault), 

also  independent  of  temperature  and  pressure. 

For  carbon  dioxide  the  experiments  show  the  specific  heat 
to  be  practically  independent  of  the  pressure  (for  such  pres- 
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sures  as  we  are  here  eonsiderinff),  but  to  vary  considerably 
with  the  temperature.     Thus  at  (r 

0-1870  cal.,  or  7,839,000  ergs  (Regnault)        \  ^^^^  ^  qq^  aaa 
0-1948      „       8,149,000     „     (Wiedemann) /"^^*^^>^^*'^* 


and  at  100^ 

0-2145  cal., or  8,991,000  ergs  (Regnault)      1  o  a^  o  aaa 

0-2177      „'      9,106,000     ,,   (Wifdemann)  |  °^^*°  »^0*«'<^' 

the  average  over  the  range  0**  to  100°  being  8,520,000  ergs. 
Specific  Volume. 


DcnsiU  at  0° 
and  760  mm. 

Spedflo  Tolume 

at  O^'  and  760  mm. 

at  O^' and  1000mm. 

Hydrogen  

0-0000  8087 
00012  03 
00012  57 

11 1270 
773-3 
795'6 

8457-5 
587-5 
604-7 

Air 

Nitrogen 

Carbon  dioxide... 

1 

00019  65 

608-9 

385-9 

Cooling  on  Free  Expansion. — This  quantity  also  enters 
only  in  the  correction  term,  but  it  has  not  been  determined 
with  sufficient  accuracy  even  for  that.  If  we  take  the  pro- 
bable error  of  /8  as  measured  by  Chappuis  at  2  x  10~^  (or 
1/18000  part  of  its  whole  value) — an  opinion  which  seems 
justified  by  the  close  agreement  of  his  observations  among 
themselves — then  the  cooling  €  resulting  from  a  fall  of  1 
atmosphere  in  the  pressure  should  be  measured  to  abooi 
0°*004  to  influence  tne  result  equally.  This  is  about  1/50  of 
the  value  of  €  for  air;  that  degree  of  accuracy  has  certainly 
not  been  attained,  even  for  air,  much  less  for  the  other  gases 
which  Joule  and  Thomson  studied. 

Hydrogen. — 'With  this  gas  twelve  experiments  were  made 
at  about  7^  and  five  at  about  90°.  The  mean  of  the  twelve 
at  the  low  temperature  gave  eaeO^'SOl  per  100  inches  of 
mercury  pressure  for  pure  hydrogen  ;  but  in  only  five  cases 
did  the  analysis  of  the  gas  used  show  as  much  us  90  per  cent, 
of  hydrogen — the  rest  being  air — and  these  five  experiments 
gave  €=0°*  108,  while  the  one  case  in  which  the  purity  rose 
to  98*2  per  cent,  gave  e=0°'075  for  the  pure  gas.     It  is 
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obvious  that  no  reliance  can  be  put  in  deductions  made  from 
the  mixtures  containing  much  air,  and  that  the  whole  quesdon 
is  in  a  very  unsatisfactory  state.  The  high  temperature 
measurements  gave  6=0^155,  and  the  mean  between  that 
and  0*108  reduced  to  the  atmosphere  as  unit  of  pressure  gives 
€=  +0**'039  :  which  is  the  number  used  by  Lord  Kelvin  in 
the  Encycloptedia  Brittanica  article.  It  should  be  noted, 
however,  that  this  appears  to  indicate  a  greater  effect  at  the 
higher  temperature,  contrary  to  what  was  observed  for  the 
other  gases. 

Air. — In  their  earlier  memoir,  Joule  and  Thomson* 
record  experiments  with  air  at  17°  and  at  91°,  yielding 
— 0°*259  and  — 0°'206  per  atmosphere  respectively.  In  the 
later  memoir  f  they  paid  more  attention  to  the  experimentfl 
at  high  temperatures,  so  probably  the  results  are  more  trust- 
worthy than  that  first  found  for  91°.  The  following  table  shows 
the  mean  of  the  observations  grouped  about  four  different 
temperatures,  and  also  the  value  of  e  calculated  on  the 
assumption  that  it  varies  inversely  as  the  square  of  the 
absolute  temperature : — 


MeaD 
temperature. 

No.  of 
ezperimentfl. 

.(obe.). 

1 
.(calc).           1 

^7 

8 

-0%63 

-0°261 )             1 

26 
60 

2 
6 

0-229 
0-209 

0-229 
0-196 

1 

.  per     1 
atmo. 

93 

6 

0-152 

0-163, 

The  mean  over  the  range  O""  to  100**  is  —  0°-200.  Lord 
Kelvin,  in  the  Encycl.  Britt.y  gives  the  value  —  0°-208,  which 
is  practically  the  same. 

Nitrogen.^ — The  single  experiment  made  at  7°  with  this  gas 
gave  a  cooling  of  l°-034  for  100  inches  of  mercury ;  and  two 
experiments  at  92°  gave  0576  and  0-691  respectively. 
These  numbers  are  fairly  in  agreement  with  the  assumption 
that  the  effect  varies  inversely  as  the  square  of  the  absolute 
temperature,  and  lead  to 

€o  =  —  0*'-382  per  atmo  at  0°, 


€  =  -  0°-224 


mean  between  0°  and  100°. 


For  carbon  dioxide,  Joule  and  Thomson  state  the  same 


•  Pha.  Trans.  1864. 


t  Ibid.  1862. 
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result  as  to  variation  with  the  temperature  ;  but  it  is  not  so 
well  supported  by  the  experimental  numbers.  The  observa- 
tions recorded  in  their  second  memoir,  excluding  those  in 
which  the  gas  contained  more  than  10  per  cent,  of  impurity, 
are  as  follows  : — 


Mean 
temperatare. 

No.  of 
experiments. 

1 

e  (obd.)-                  «  (cala). 

1 

1 
86 
54 
96 

2 

1 
1 
2 

-r233               -f-233^ 
1022                   1020 
•886                    -911 

•645        1            -716; 

1 

,  per 
atmo. 

The  numbers  in  the  last  column  are  calculated  from  the 
inverse  square  rule,  taking  €o  as  — 1°'293.  The  cooling 
effect  seems  to  fall  off  more  rapidly ;  I  have  therefore 
preferred  to  make  a  diagram  of  the  observed  results,  together 
with  those  published  in  the  earlier  memoir,  which  agree  with 
the  above,  and  read  off  the  value  of  e  for  each  temperature 
from  the  curve.  With  the  value  of  €q  assumed  in  the  above 
table  and  the  inverse  square  rule,  the  mean  over  the  range 
0°  and  100^  (which  is  0-732  of  the  value  at  0°)  is  -0°-956  ; 
whilst  the  value  taken  from  the  curve  is  — 0°'930.  Lord 
Kelvin,  in  the  encyclopaedia  article,  gives  — 1°*105,  without 
explaining  the  process  of  reduction  used.  1  have  not  been 
able  to  see  how  this  number  is  arrived  at. 

E.  Natanson*  has  repeated  Thomson  and  Joule's  expe- 
riment on  carbon  dioxide,  using  the  commercial  liquefied  gas 
from  a  cylinder :  he  made  all  his  experiments  at  one  tempe- 
rature, —  20^,  and  found  that  the  cooling  is  not  quite  pro- 
portional to  the  pressure,  but  may  be  represented  by 

-€=l-18  +  00126p, 

p  being  in  atmospheres.  This,  for  low  pressures,  is  in  accord- 
ance with  Joule  and  Thomsou^s  result  at  the  same  temperature. 
We  have,  however,  seen  that  there  is  an  indirect  means  of 
estimating  the  cooling  effect,  by  means  of  the  density- varia- 
tion of  the  coefficient  of  pressure,  the  relation  being 

'  ~  AKt   8p' 
•  E.  Natanson,  Wied.  Ann.  voL  xxxi.  pp.  «02-62«  (1887). 
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in  evaluating  6  in  this  way  we  have  to  remember  that  it  is 
to  be  expressed  per  1013000  dynes  per  sq.  cm.,  and  that 
the  unit  of  density  (p)  is  the  density  at  the  freezing-point  and 
one  atmospheric  pressure,  and  consequently  for  air  773'8 
times,  and  for  carbon  dioxide  5089  times  less  than  unity 
on  the  C.G.S.  system. 

The  value  of  S/3/Bp  is  not  known  for  hydrogen  or  nitrogen: 
for  air  we  have 


€  = 


273  X 1013000  X  00000115  x  773-3 


1-163x^980000 


=  0°-221  per  atmo. 


This,  which  represents  the  mean  value  of  the  range  0°  to  100°, 
is  in  good  agreement  with  the  number  found  experimentally 
(0°'200).     For  carbon  dioxide 


273  X  1013000  X  000005 12H  x^508-9 
!•]  63x8520000 


=  0°-72«  per  atmo. 


This,  it  will  be  noticed,  is  much  less  than  the  number  derived 
from  Joule  and  Thomson's  measurements,  whether  by  their 
own  reduction  or  by  mine  ;  and  if  Regnault*s  value  of  Bfi/Sp 
be  used  the  result  will  be  10  per  cent,  smaller  still.  This 
discrepancy  wants  clearing  up. 


Results  :— (i.)   Value  of  Tq. 

For  the  first  part  of  the  problem,  that  of  determining 
the  absolute  temperature  of  the  freezing-point,  we  require  to 
know  the  mean  value  of  (1  — Kpe/v)  over  the  range  0*^  to 
100°  for  such  densities  as  have  actually  been  used  in  the 
gas-thermometers.  These  values  are  shown  in  the  following 
table  : — 


Pressure  of  the 
gas  at  0°. 

l-Kp6/t;. 

1 

Bemarks. 

*                                         mm. 
HydrcMren 1000 

0-9993 
10025 

i-ooai 

1O203 
1-0160 

e  aocording  to  J.  and  T. 
Ditto. 

e  assumed  to  be  the  sftma 

as  for  air. 
e  from  curre  of  J.  and  T.'s 

measurements. 
6  from  i^/Sp  (Chappuis). 

Air 760 

f                              1 

1  Nitrogen   i            W5 

'  Carbon  dioxide...!            996 

1 

Carbon  dioxide...!            995 
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Then  from  equation  (v.)  we  find  the  following  values  of  To :— ^ 


Hydrogen 

Air 

Nitrogen   

Carbon  dioxide 
Carbon  dioxide, 


l/p. 


273-035 

272-48 

27213 


27281 
273-27 
273-20 


268-47  274-83 

268-47  273-48 

I  I 


With  regard  to  these  results  we  may  remark  that  in  each 
case  the  data  leave  something  to  be  desired.  Hydrogen,  no 
doubt,  is  the  best  thermometric  substance^  since  its  divergence 
from  a  perfect  gas  is  so  small ;  and  the  numbers  suggest  that 

Serhaps  even  taking  €=0°'039  is  an  overestimate  of  the 
ivergence.  Moreover,  as  we  shall  see  below,  there  appears 
to  be  an  anomaly  in  its  behaviour  which  makes  the  course  of 
the  hydrogen  scale  between  0°  and  100°  run  differently  from 
those  of  the  other  gases.  For  both  these  reasons,  more 
information  on  the  thermal  effect  due  to  free  expansion,  and 
its  variation  with  temperature,  is  especially  needed ;  and  it 
is  essential  that  the  experiments  should  be  made  with  pure 
hydrogen. 

The   value   for   T^   derived    from  the  air-thermometer  is 

Erobably  entitled  to  about  the  same  weight  as  that  from 
ydrogen.  It  is  the  only  gas  for  which  €  appears  to  be  satis- 
factorily determined  ;  on  tne  other  hand,  it  is  probable  that 
/3  is  a  little  higher  than  is  assumed  above  ;  for,  according  to 
Jolly,  whose  measurements  seem  to  be  more  reliable  than 
Regnault's,  air  has  a  coefficient  of  ^pressure  higher  than  that 
of  nitrogen  by  2  x  10"*  ;  this  is  all  the  more  likely  because 
it  brings  air  nearly  into  the  position  it  would  occupy  if  its 
constituent  gases  exercised  no  influence  on  one  another.  Now 
if  this  is  true,  and  Chappuis's  value  for  nitrogen  is  correct,  the 
pressure-coefficient  for  air  would  become  0*0036730  and  the 
value  of  To  derived  from  it  273"-05. 

The  determination  from  nitrogen  is  not  of  much  value  on 
account  of  the  absence  of  information  on  the  value  of  e.  Of 
the  two  values  from  carbon  dioxide,  the  first  is,  of  course, 
quite  inadmissible  ;  if  the  theory  given  in  this  paper  is  cor- 
rect, we  must  conclude  that  the  measurements  of  the  cooling 
effect  contain  some  error,  and  that  the  variation  of  the 
coefficient  of  pressure  is  more-  to  be  depended  on  in  this 
instance.   It  may  be  remarked  too,  that  if  we  take  Regnault's 
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.value  of  this  quantity  instead  of  Chappnis's,  Tq  ^ill  come  out 
much  closer  to  273°,  and  it  would  probably  be  right  to  do  so, 
since  the  experiments  of  Regnauft  covered  a  wide  range  of 
density,  whereas  only  two  densities,  near  together,  were  used 
at  the  Bureau  International.  The  numbers  derived  from 
carbon  dioxide  cannot,  however,  be  allowed  much  weight  in 
the  result,  at  present ;  a  fresh  set  of  experiments  on  the 
cooling  effect,  carried  out  with  the  pure  gas,  and  over  a 
considerable  range  of  temperature^  is  needed  to  make  the 
conclusions  trustworthy;  while  determinations  of  the  coeffi- 
cient of  pressure  for  lower  densities,  not  only  for  carbon 
dioxide  but  for  all  the  gases,  including  air,  would  give  most 
valuable  information. 

The  results,  allowing  for  such  possible  corrections  as  we 
have  jast  indicated,  seem  to  point  to  the  conclusion  that  the 
freezing-point  is  within  a  tenth  of  a  degree  of  273°  absolute. 

Besults: — (ii.)  Comparison  of  the  Th&rmodi/namic  with  Actual 

Scales. 
To  reduce  temperatures  on  a  gas  scale,  we  have  from  (iv.) 

'°«('f/T,)=^-^logi±|^,     .     .     .  (vii.) 

in  which  E^  and  e  are  to  have  their  mean  values  over  the 
range  0°  to  t^.  For  hydrogen  these  are  assumed  to  be  constant 
(for  want  of  better  information)  and  equal  to  their  values 
between  0°  and  100°,  so  tbit 

l-Kp€/v=0-9993 
as  before.     For  nitrogen  the  values  of  €  are  taken  as  those 
read  off  the  curve  of  experimental  data  for  air,  and  are  as 
follows : — 

Kp=  10,200,000  ;     t?= 608  c.c. 


1         t. 

1 

Mean  of  « 
0^  to  i\ 

]0 

'             20 

30 

-0-261 
•256 
•249 

40 

60 

70 
80 
90 

100 


242 

235 


221 
214 
207 

•200 


1-Kp€/V. 

10043 
42 
41 

40 
39 
38 

87 
36 
35 

34 
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For  carbon  dioxide  the  values  of  €  ivere  read  off  the  curve 
of  Joule  and  Thomson's  results,  and  then  reduced  in  uro- 
portion,  so  as  to  give  0*728  over  the  range  QP  to  100°,  in 
accordance  with  Chappuis's  measurements. 

v=388  c.c. 


t. 

Mean  of  e 
0°  to  (9. 

Mean  of  Kp 

1    (P  to  t^. 

1 

-  Kpf/«f. 

10 
20 
30 

-0-986 
955 
•924 

'    805xlO» 
8-10 
815 

1O206 
200 
195 

1      40 

!      50 

60 

•893 
•861 
-830 

8-20 
!    8-25 
,    831 

190 
185 
180 

70 
80 
90 

•798 
•775 
•751 

8-36 

1    8-42 

8-47 

175 
170 
165 

1     100 

i 

•728 

j    8-52 

160 

1 

The  results  of  equation  (vii.)  are  as  follows  : 


1 

T-To. 

^H. 

<N- 

^COy 

tm, 

I 

10 

1    20 

30 

9-999 
19998 
29-998 

10005 
20-009 
80-012 

10022 
20040 
30-054 

10-051   \ 

20-083 

30-101 

j    40 

1    50 

60 

39997 
49-997 
59-997 

40-014 
50-016 
60-016 

40065 
50-071 
60-070 

40-107 
60-105 
60-094 

70 

1    80 

90 

69-998 
79-998 
89-999 

ill 

70-004 
80-050 
90-030 

70078   ; 
80-056   1 
90031 

This  table  shows  the  readings  of  the  hydrogen,  nitrogen, 
carbon  dioxide,  and  the  Paris  mercury  thermometer  for  each 
ten  degrees  on  the  absolute  scale  :  the  last  column  is  obtained 
from  the  direct  comparison  of  the  mercury  with  the  hydrogen 
and  nitrogen  thermometers,  combined  with  my  reduction  of 
the  latter  to  the  absolute  scale. 

In  order  to  judge  of  the  value  of  the  results,  the  following 
table  shows,  in  parallel  columns,  the  difference  in  reading 
between  each  pair  of  gas  thermometers  (1)  as  calculated  in 
this  memoir  ;  (2)  as  observed  by  direct  comparison  at  Pari:?. 
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DiiFerences  between  Gras  Thermometers 
.  (in  thousandths  of  a  degree). 


t. 

^N- 

-<H. 

tea,- 

-tn. 

1     .CO.. 

-^K. 

calc. 

obs. 

calc. 

obe. 

1  oalc  1 

1 

obs. 

o 

'   10  ... 

+  6 

^6 

+23 

25 

1 

'  +17 

19 

20  ... 

11 

10 

42 

43 

31 

33 

30  ... 

14 

11 

56 

54 

42 

43 

1   40  ... 

17 

11 

68 

59 

51  . 

48 

I   60  ... 

19 

9 

74 

59 

56  , 

50 

60  ... 

1 

19 

5 

73 

53 

54  ; 

48 

!   70... 

17 

1 

66 

44 

49  . 

43 

;    80  ... 

15 

-  2 

52 

31 

37  , 

33 

10 

-  3 

1    '' 

16 

21 

19 

1 

The  hydrogen  and  nitrogen  scales  exhibit  a  curious  reversal 
at  80°  to  90°,  which  is  not  reproduced  in  the  calculated 
numbers ;  the  calculated  temperatures  are  consequently  a 
good  deal  in  error  there.  It  will  be  noticed  that  tne  calcu- 
lated difference  for  fco,— ^w  is  much  more  correct  than  that  for 
tco^^tji,  which  seems  to  show  that  the  anomaly  is  rather  in 
the  hydrogen  than  in  the  nitrogen  scale  ;  this  is  another 
point  which  cannot  be  cleared  up  without  further  experimental 
data.  The  greatest  diflTerence  between  the  observed  and 
calculated  numbers  is  0°'022  ;  the  mean  of  all  the  differences 
0°-008. 

CONCLUSIONH. 

In  conclusion  one  may  be  permitted  to  repeat  that : — 

(1)  The  absolute  temperature  of  the  freezing-point  is 
probably  within  a  tenth  of  a  degree  of  273°. 

(2)  The  divergences  between  the  different  gas  scales  are 
fairly  represented  by  the  theory  ;  but  it  is  not  yet  possible  to 
reduce  temperatures  to  the  absolute  scale  with  so  high  a 
degree  of  accuracy  as  it  is  possible  to  record  them  on  the 
scjue  of  the  mercury  thermometer,  or  on  the  "  normal  scale  " 
pf  the  Comite  Internationale. 

(3)  In  order  to  attain  to  that  degree  of  accuracy,  and  to 
settle  the  value  of  T„  to  0°-05 — which  seems  possible — it  is 
necessary  : — 

(a)  To  measure  the  coefficient  of  pressure  for  air  in  the 
same  manner  as  has  been  done  for  hydrogen,  nitrogen, 
and  carbon  dioxide  by  Chappuis^  and  to  extend  the 
experiments  on  all  four  gases  to  initial  pressures  lower 
than  one  metre  of  mercury — say  for  25,  50,  and  75  cm. 
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(h)  To  redetermine  the  change  of  temperature  on  free 
expansion  for  pure  hydrogen,  nitrogen,  and  carbon 
dioxide,  over  as  wide  a  temperature  as  possible,  paying 
particular  attention  to  the  question  whether  the  cooling 
effect  is  strictly  proportional  to  the  change  of  pressure, 
and  to  its  variation  with  the  temperature  :  the  experi- 
ments on  hydrogen  being  the  most  important. 


XLI.  Notices  respecting  New  Books, 

Theoretical  Mechanics^  an  Introducto)^  Treatise  on  tlie  Principles 
of  Dynamics,  with  Applications  and  numerous  Ea:amplss,  By 
A.  E,  H.  Love,  M.A,y  F.R.S.,  Fellow  and  Lecturer  of  St.  John's 
College^  Cambridge,     Cambridge,  at  the  University  Press,  1897. 

'T^HIS  well-printed  volume  issuing  from  the  Cambridge  XJniver- 
-*■  sity  Press  seems  intended  to  meet  the  wants  of  candidates  for 
scholarships  or  places  in  the  Mathematical  Tripos.  Its  contents 
consist  of  eighty-four  pages  of  "  Preliminary  "  matter,  sixty  on  **  the 
Principles  of  Dynamics,"  and  two  hundred  and  twenty-six  on 
"  Methods  and  Applications  " ;  an  *  Appendix '  of  five  pages  on 
*'  Measurement,  Umts,  and  Dimensions  " ;  finally,  an  Index. 

The  terminology  of  the  treatise  involving  the  frequent  use  of 
the  vector,  ch.  ii.  is  devoted  to  "  the  Geometry  of  Vectors  " ;  while 
Force  is  defined  (ch.  y.\  as  '^  a  vector  localized  at  a  point "  or  what 
is  represented  by  a  right  line  drawn  from  a  given  point  in  a 
determined  direction,  sense,  and  length.  Bodies  have  ^  mass '  and 
*  act '  upou  one  another ;  and,  in  the  case  of  homogeneous  bodies, 
the  ratio  of  mass  to  volume  is  the  density ;  the  limit  at  any  point 
of  course  giving  the  density  at  the  point,  where  this  is  variable. 
The  differential  coefficients  introduced  are  usually  printed  in  the 
fluxional  manner  with  dots,  as  in  Thomson  and  Tait's  treatise ; 
axes  of  coordinates  form  a  'frame.'  'Gravity'  is  the  vertical 
action  of  the  particles  of  the  Earth  on  those  of  any  body  '*  small 
enough  to  be  bandied  or  moved  by  machinery  " ;  thus,  the  neigh- 
bourhood of  the  Earth  is  a  '  field  of  force,'  and  the  acceleration 
at  any  point  in  the  field,  t.  e,  the  intensity  of  the  field,  is  at  any  place 
vertically  downwards  and  equal  to  g  ;  weight  being  "  the  resultant 
force  on  a  free  falling  body  in  the  neighbourhood  of  the  Earth, 
nmnerically  equal  to  nig.^  "  At  any  place  on  the  Earth's  surface 
the  mass  of  a  body  is  proportional  to  its  weight "  is  a  statement 
which  implies  an  ideal  Earth,  homogeneous  and  of  spherical  form. 
**  The  tendency  of  a  body,  apart  from  the  action  of  other  bodies, 
to  persist  in  its  state  of  motion  at  any  instant  is  known  as  its 
inertia  " ;  which  the  mass  can  be  taken  to  measure. 

In  an  historical  note,  at  the  conclusion  of  ch.  v.,  the  idea  of 
acceleration  is  assigned  to  GaMlei,  and  that  of  force  as  its  caufe 
to  ^^ewton,  (ff  whose  Axionmta  sive  Letfes  Motus  a  translation  is 
given ;  they  being  regarded  as  postulates  of  w  hich  the  third 
contained  what  \^as  afterwards  kno\^n  as  d'Alembert's  Principle. 
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In  the  Preface  Mr.  Love   refers    students  for  the    history  of 
dynaDiJcal  ideas  to  Mach's  Science  of  Mechanics. 

The  term  '  kinetic  reaction '  is  used  with  the  definition  '*  a 
vector  localized  in  the  line  and  with  the  sense  of  acceleration  of  a 
particle  and  of  magnitude  equal  to  the  product  of  it«  mass  and 
acceleration." 

After  a  chapter  (vi.)  of  general  theorems,  in  that  following  the 
deformability  of  bodies,  regarded  as  geometrical  surfaces  filled 
continuously  with  particles,  strain  and  stress  are  introduced ; 
as  also  '  Bodily  forces/  *  Surface  tractions,'  '  Tensions  of  strings ' 
(inextensible  or  extensible)  and  reactions  thereof  when  in  contact 
with  surfaces  ;  finally  '  Springs.' 

Ch.  viii.  is  devoted    to  the  important  subject  of  '  Work  and 
Energj'.'    A  '  conservative '  system,    the  analytical  condition  for 
it,  and  its  *  Potential  Energy '  are  explaiued.       A  collection  of 
Examples  of  the  Calculation  of  Work  is  appended.     The  subject 
being  then  resumed,  a  proof  of  the  constancy  of  the  sum  of  kinetic 
and  potential  energy  of  a  conservative  system  is  given  ;  forces  are 
distinguished  as  *  Positional  and  Motional,'  and  it  is  shown  that 
those  of  rational  mechanics  may  be  conditioned  as  always  conserva* 
tive  as  regards  positional,  but  generally  non-conservative  as  regards 
motional.    *  Power '  is  defined  as  the  rat^i  per  unit  of  time  at  which 
work   is   done  by  the  action  of  one  system  on  another.      The 
kinetic  energy   produced  by  impulses ;    the   principle  of  virtual 
work  or  'virtual  moment  of  a  localized   vector,'  the   'variation 
equation  of  motion,'  and  a  '  critical  note ' — in  which  a  conclusion 
is  arrived  at  that  "if  we  are  prepared  to  abandon  precise  definition 
and  the  purely  logical  deductive  method,  as  unsuited  to  a  science 
at  present    incompletely    known,  we  may  construct  a   physical 
theory,  indefinite  in  parts  and  incomplete  in  details,  but  neverthe- 
less available  for  co-ordinating  the  results  obtained  by  physical 
investigation,   and    capable    of    being    itself    advanced    towards 
perfection  thereby  " — conclude  the  first  half  of  the  volume.     The 
second  half  is  occupied  with  *  Methods  and  Applications,'  largely 
illustrated  by  a  copious  collection  of  examples,  some  worked  out 
in  full,  attached  to  each  chapter.      '  Motions  qf  Free  Particles  in 
given  Fields  of  Force,'  and  '  under  Constraints  and  Kesistances,' 
form  the  subjects  of  chs,  ix.  and  x.  devoted  to  the  '  Dynamics  of  a 
Particle,'      The  *  Motion  of  a  Rigid  Body  in  Two  Dimensions ' 
occupies  ch.  xi.       Iinpulse  and  Collision,  as  far  as  Impact  of 
smooth  Spheres,  necessarily  introduces  reference  (o  Elasticity, — 
reminding  us  of  Mr.  Love's  Treatise  on  that  subject,  reviewed  in 
this  Magazine  some  few  yeai*s  since.     The  Impact  of  Bigid  Bodies  in 
two  dimensions,  Initial  Movement  and  the  Motion  of  a  Chain  are  the 
subjects  of  ch.  xii. —  one  of  Examples  essentially.     A  short  chapter 
on  '  Eelative  Motion  and  Universal  Gravitation '  forms  the  last. 

From  this  abstract  of  its  contents,  it  will  be  seen  that  the 
treatise,  within  the  limits  to  which  it  is -confined,  is  quite  "  up  to. 
date " ;  and  maintains  the  Author's  character  as  a  careful  and 
competent  teacher  of  the  subjects  on  which  he  undertakes  to 
iiistruct.  J.  J.  W, 
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XLII.  On  Electromagnetic  Induction  in  Plane,  Cylindrical, 
and  Spherical  Current- Sheets,  and  its  Representation  by 
Moving  Trails  of  Images. — Parts  II.  &  III.  By  Q.  H, 
Bryan,  Sc.D.,  F.R.S* 

Part  II.  Cylindrical  Sheets. 

IN  the  Philosophical  Magazine  for  August  1894,  I  showed 
how  to  obtain  in  a  simple  way  the  surface-conditions 
satisfied  by  the  magnetic  potential  at  a  thin  sheet  of  metal  of 
finite  conductivity  of  any  form,  in  which  currents  are  induced 
by  the  motion  of  magnets  on  either  side  of  the  sheet. 

In  the  case  of  a  cylindrical  sheet  of  small  thickness  c, 
conductivity  C,  and  radius  </,  the  magnetic  potentials  Xlj  and 
Xlj  in?*ide  and  outsidt^  the  nheet  were  found  to  be  connected 
by  surface-conditions  (at  r=a)  which  may  be  written 

d  /  rfQA       d(  dil,\      R  d      d  .^      ^.  .,, 

dt{'''d^)^dtV-ar)-2d;'dr^^^^  •  <^^ 

involving  the  condition  dili/dr=d£l2/dr ;  where 

1 


R= 


27r(Jc' 


so  that  II  is  the  velocity  with  which  the  trails  of  images  in  a 
plane  sheet  of  the  same  thickness  and  conductivity  would 
move  away  from  the  sheet. 

•  Gommnnicated  by  the  Physical  Society:  read  Februfury  11, 1898, 
rhil  Mag.  S.  5.  Vol.  45,  No.  276,  May  1898,  2  0 
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For  a  spherical  sheet  we  found  in  like  manner 

involving,  as  before,  the  condition  dili/dr=dil^dr. 

Before  determining  the  images  which  represent  the  e£Fect 
of  the  currents  induced  by  the  introduction  of  a  given  pole, 
magnet,  or  current  in  the  presence  of  such  sheets,  it  will  be 
convenient  to  think,  for  a  moment,  of  the  images  which  occur 
in  hydrodynamical  problems  relating  to  the  cylinder  and 
sphere.  In  two-dimensional  fluid  motion,  the  image  of  a  line- 
source  outside  and  parallel  to  the  asis  of  a  cylinder  is  an  equal 
line-source  through  the  inverse  point  together  with  an  equal 
line-sink  through  the  centre  («.  e.  along  the  axis) ;  similarly 
the  image  of  a  line-source  inside  the  sphere  together  with  an 
equal  line-sink  along  the  axis  is  an  equal  line-source  through 
the  inverse  point.  The  image  of  a  vortex-filament  parallel  to 
the  axis  of  a  cylinder,  whether  inside  or  outside  the  qylinder,  is 
an  equal  and  opposite  vortex  through  the  inverse  point  In 
the  case  of  a  sphere,  the  image  of  a  doublet  whose  axis  passes 
through  the  centre  is  a  certain  doublet  at  the  inverse  point, 
whether  the  original  doublet  be  inside  or  outside  the  sphere. 
The  image  of  a  source  in  a  sphere,  on  the  other  hand,  is  more 
complicated,  consisting  not  only  of  a  source  but  also  of  a  sink 
extending  to  the  centre  if  the  original  source  was  outside  the 
sphere,  and  to  infinity  if  inside. 

We  may  therefore  expect  by  analogy  that  the  imnges  in  a 
spherical  sheet  due  to  the  motion  or  generation  of  magnetic 
polf^s  in  its  neighbourhood  will  be  less  simple  than  those  pro- 
duced by  ntat/nets  whose  axes  pass  through  the  centre  of  the 
sphere ;  and  such  we  shall  find  to  be  actually  the  case. 

Image  due  to  Generation  of  a  Line  of  Poles  parallel  to  the 
Axis  outside  a  Cylindrical  Sheet, 

2.  We  first  consider  the  two-dimensional  problem  in  which 
the  currents  sire  induced  i)y  the  generation  or  destruction  of 
a  linear  distribution  of  magnetism  parallel  to  the  axis  of  the 
cylinder  at  A  (fig.  1)  in  the  line  whose  polar  (cylindrical) 
coordinates  are  r=i,  6/=0,  where  b  is  greater  than  a  the 
radius  of  the  cylinder.  To  cover  all  cases  we  commence  by 
assuming  at  tiie  outset  that  the  line-density  of  this  line  of 
pole:*,  as  it  may  be  called,  \^f{t)  a  Junction  of  the  time. 

The  magnet ic  potential  of  this  distribution  at  the  point 
(r,  d)  is  therefore 

iio  (say)  =/i/(0{const. -log  V(r«-hft*-27* cose;)}, 
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where  /i,  the  magnetic  permeability  of  the  dielectric,  will  be 
taken  to  be  unity,  or  included  under /v^<). 

Fig.l. 


The  above  potential  may^  for  values  of  r  less  than  6,  be 
expanded  in  the  form 

Ho  =/(0  I  const.  -  log  6  +  2  -  ^  cos  ne;  I .      .     (3) 

Consistently  with  the  surface  condition  of  continuity  of 
magnetic  induction,  we  can  assume  for  the  potentials  of  the 
induced  currents  inside  and  outside  the  cylinder  expressions 
of  the  form 

fl'=— 2—  -;i cos n^  (inside),     ...     (4) 

n"=  2 ^  Jcos n0  (outside),       ...      (5) 

since  these    make  dm/dr=:diV'/dr  when   rssa;   here   the 
coefficients  A»  are  functions  of  the  time  t. 

Substituting  the  expressions  thus  obtained,  tlo+n'  for  Ai, 
and  Xlo  +  ^"  for  XI,  in  the  surface- conditions  (1),  we  have,  or- 
equating  coefficients  of  cosn^, 

dAn  ,     R*       ^/A^* 
-^+n-A.=/(Ogi; 

d 
•'•    dt 


the  limits  of  integration  being  t  and  —  oo  if  we  have  to  take 

iD2 
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account  of  changes  that  have  been  taking  place  from  an 
infinite  time  back. 

To  analyse  the  images,  consider  now  the  case  in  which  a 
line  of  poles  of  strength  m  is  suddenly  generated  at  A  at  the 
time  0,  so  that 

/(<)=0  when^<0, 

/(<)=m  whenf>0, 

f'{t)  vanishes  except  when  ^=0,  and  the  time-integral  of 
f'{t)  over  a  very  small  interval  containing  the  time  0  is  equal 
to  w.     We  thus  obtain 

Substituting  in  the  expressions  for  XI'  and  XI"  we  find 
1      r* 

=  -m[Iog b^^'-log  {r»+  (6e'»/»)»-2r6e««/« cos  0}*]  .  (6) 
1     fl^ 

Hence  we  have  the  following  results  :  — 

(i.)  At  points  inside  the  conductor,  the  magnetic  potential  due 
to  the  induced  currents  initially  neutralizes  that  produced  by 
the  sudden  generation  of  the  line  of  poles  at  A,  and  is  equiva- 
lent to  that  of  a  line  of  poles  (P,  fig.  1)  of  constant  strength 
— w,  starting  at  the  point  A  and  moving  away  from  the 
centre  so  that  its  distance  from  the  centre  at  time  t  is  e^^'^b. 

(ii.)  At  points  outside  the  conductor  the  magnetic  potential  is 
equivalent  to  that  of  two  lines  of  poles,  one  of  constant 
strength  —  ?»  at  0  the  centre,  and  the  other  (Q)  of  strength 
+  m,  starting  at  B  the  inverse  point  of  A  (a^/hy  0),  and  moving 
towards  the  centre  so  that  at  time  t  its  distance  from  the 
centre  is  c^^^'^a^/b.  We  observe  that  P  and  Q,  the  positions 
of  the  inside  and  outside  images,  move  so  as  always  to  remain 
inverse  points. 

The  velocities  with  which  the  images  P,  Q  move  away 
from  and  towards  0  respectively  are  R/a  times  their  distances 
from  0,  and  their  accelerations  are  W/a^  times  these  distances 
respectively. 

3.  The  current  function  at  any  point  M  of  the  cylinder  is 
given  by 

^  =  J-  (Xlj— Xl^)  +a  constant ; 
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therefore  ^  differs  by  a  constant  from 

-'^aogPM  +  logQM). 

The  arbitrary  constants  in  ^  may  be  functions  of  the  time, 
but  they  do  not  affect  the  distribution  of  currents  in  the 
cylinder,  and  therefore  need  not  be  considered.  Since  P  and 
Q  are  inverse  points 

PM:QM=0P:a=a:0Q=6«^^«:a; 

log  PM  and  log  QM  therefore  differ  by  a  term  which  may  be 
included  in  the  arbitrary  constant  of  ^,  so  that  for  determining 
the  currents  we  may  take 

^=  -  ^log  PM,    or  ,^=  -  i^log  QM, 

whichever  is  most  convenient. 

The  current  at  M  is  evidently  parallel  to  the  axis  (since  ^ 
is  independent  of  the  third  cylindrical  coordinate  z)y  and  the 
intensity  of  the  current  is  equal  to 

d^  ___       m  OP  sin  0 m  OQ  sin  0 

arf^"""2^     PM*    "     2^    QM»    ' 

Images  due  to  Generation  of  Lines  of  Poles  inside  the 
Cylindrical  Sheet. 

4.  If  we  were  to  suppose  the  currents  to  be  induced  by  a 
line  of  poles  of  strength/(i)  at  the  point  (6,  0)  where  6  <  a,  we 
should  have  to  expand  the  potential  in  descending  powers  of 
r  in  order  to  obtain  a  convergent  series  at  the  surface  of  the 
sheet.     We  should  thus  obtain  for  the  inducing  potential 

I2o=/(0  \  const.  —  logr + S  -  —  cos  w^  I . 

Now  the  portion 

/(<)  {const.  —  log  r\ 

represents  the  potential  of  a  line  of  poles  of  strength  f(t) 
along  the  axis,  for  investigating  the  effects  of  which  the 
imaffe  method  is  inconvenient.  To  remove  these  terms  we^ 
shall  suppose  the  inducing  system  to  consist  of  a  line  of  poles" 
through  the  point  (6,  0)  together  with  an  equal  and  opposite 
line  of  poles  along  the  axis:  in  other  words  of  a  line  of 
magnets  having  their  positive  poles /(<)  at  (6,  0)  and  their 
negative  poles  — /(O  ^^  ^^^  ^^^     "^he  potential  of  such  a 
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dbtribution  expands  where  r>bin  the  form 

no=/(02i^cosn^.     .     .     ,    .     .   (8) 

The  analysis  is  almost  identical  with  that  of  the  preceding 
case,  and  passing  to  the  case  when 

/{t)=0  whene<0, 
/(«)=m  wheni>0, 

the  following  results  may  he  obtained,  taking  B  (fig.  1)  to 
now  represent  the  point  {b,  0). 

(i.)  If  lines  of  poles  of  strengths  m  and  -«-m  be  instantaneously 
generated  at  B  and  the  axis  respectively,  the  images  repre- 
senting the  magnetic  potential  of  the  induced  currents  outside 
the  cylinder  after  a  time  t  are  lines  of  poles  of  strengths  —  m 
and  +wi  at  Q  and  the  axis,  where  OQ^e''^^^.  Hence  the 
total  magnetic  potential  at  outside  points  due  to  the  poles  and 
the  induced  currents  at  time  t  is  that  of  lines  of  poles  of 
strengths  +m  and  —  m  at  B  and  Q  respectively. 

(li.)  At  points  inside  the  cylinder,  the  magnetic  potential  due 
to  the  induced  currents  alone  is  that  which  would  be  produced 
by  a  line  of  poles  of  strength  +  m  at  P,  where  P  is  the 
inverse  point  of  Q,  so  that  OP=^^V/i. 

Images  due  to  Generation  of  Straight  Cui^ents  Parallel 
to  the  Axis  of  the  Cylindrical  Sheet. 

5.  The  cases  where  the  currents  are  induced  by  the  sudden 
generation  of  a  straight  current  parallel  to  the  axis  of  the 
cvlinder  probably  have  a  more  practical  physical  interest  than 
those  considered  in  the  previous  articles.  If  we  suppose 
all  the  lines  of  poles  of  strengths  ±w  of  the  preceding 
sections  to  be  replaced  by  currents  of  intensities  +1  the 
results  regarding  the  images  will  be  identically  the  same  as 
before.  To  satisfy  ourselves  that  such  is  the  case  we  have 
only  to  notice  that  while  the  magnetic  potential  of  a  line 
of  poles  of  line-density  m  at  (6,  0)  is  the  real  part  of  the 
expression 

m  log  (ref^^b), 
the  magnetic   potential  of  a   current  perpendicular  to  the 
plane  of  reference  and  of  intensity  ^m  is  the  imaginary  part 
of  the  same  expression.     Where  r<ft,  the  potential  of  the 
current  expands  therefore  in  the  series 

uid   where  r>b  the  potential  of  a  current  ^m  at  (&,  0) 
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together  with  a  return  current  — ^m  down  the  axis  expands 
in  the  series 

mz,"  —sin  w. 

These  expressions  differ  from  those  used  in  the  previous 
articles  hy  the  substitution  of  sines  for  cosines  only,  and  it 
follows  that  when  we  make  similar  changes  in  the  assumed 
expressions  for  the  potentials  of  the  induced  currents,  the 
work  of  substituting  in  the  boundary  conditions  will  be 
unaltered.  For  convenience,  however,  it  will  be  well  to  again 
stat«  the  final  conclusions,  which  are  as  follows : — 

(i.)  If  a  current  of  strength  I  be  suddenly  generated 
parallel  to  the  axis  of  the  cylinder  at  A  oiUside  the  cylinder, 
the  image  representing  the  effect  of  the  induced  currents  for 
inside  points  at  time  t  will  be  a  current  of  strength  —  1  at  P, 
and  the  images  representing  th(^ir  effect  for  outside  points 
will  be  a  current  +1  at  Q  and  a  return  current  —I  in  the 
axis,  where  OP=«'^^"OA,  and  Q  is  the  inverse  point  of  P,  so 
that  OQ=^-'''V/OA. 

(ii.)  If  a  current  of  strength  I  be  suddenly  generated  at 
B  inside  the  cylinder,  accompanied  by  a  return  current  —I 
in  the  axis,  the  image  representing  the  effect  of  the  induced 
currents  for  outside  points  will  be  a  current  I  at  P,  and  the 
images  representing  their  effect  for  inside  points  will  be  currents 
—I  at  Q,  and  I  in  the  axis,  where  0Q=6"'^'"0B,  and  P  is 
the  inverse  point  of  Q,  so  that  OP=:^*^V/OB. 

The  effect  o^ breaking  a  current  of  intensity  I  will  of  course 
be  the  same  as  that  of  superposing  a  current  —I  and  the 
images  will  be  equal  and  opposite  to  those  above  obtained. 

Images  due  to  sudden  Generation  of  Lines  of  Magnets^  and 
Moving  Poles. 

6.  It  is  now  easy  to  build  up  the  images  due  to  the  sudden 
generation  or  destruction  of  lines  of  magnets  parallel  to  the 
axis  of  the  cylinder,  the  motion  of  lines  of  poles  and  so  forth. 
The  methods  are  almost  identical  with  those  used  for  plane 
sheets,  and  it  will  be  sufficient  here  to  call  attention  to  one 
or  two  salient  features  of  the  images  in  cylindrical  sheets. 
As  in  the  previous  articles  we  shall  take  A,  B  to  be  any  two 
inverse  points  inside  and  outside  the  cylinder,  P  and  Q  two 
other  inverse  points  such  that  OP=c'^^"OA,  OQ=^"'*"OB, 
and  similar  relations  will  be  supposed  tahold  when  the  letters 
are  accented. 

(i.)  if  a  line  of  magnets  parallel  to  the  axis  at  AA'  be  gene- 
rated suddenly,  having  their  positive  poles  at  A  and  their 
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negative  poles  at  A'  (fig.  2) ,  the  image  at  time  t  for  inside  points 
will  be  tne  oppositely  magnetized  line  PP',  and  for  outside 
points  the  line  QQ'  having  its  positive  magnetism  at  Q.  From 
the  properties  of  similar  triangles  and  of  inversion,  PP  is 


Fig.  2. 


:^. >^ 


A 


parallel  and  QQ'is  antiparallel  to  AA',  also,  since  the  strengths 
of  the  poles  are  constant,  the  magnetic  moments  of  the  images 
are  to  one  another  and  to  that  of  the  inducing  system  as 
PF :  QQ'  :  A  A',  that  is  as  OP  :  OQ' :  OA  or,  in  the  limiting 
case  (when  Q  and  Q'  are  infinitely  near  together),  as  the 
distances  OP  :  OQ  :  OA. 

Hence  if  M  be  the  magnetic  moment  generated  in  AA', 
those  of  the  images  PP'  and  QQ'  at  time  t  are  —  M^'^'"'  and 
Ue-^^^ayb\  where  6=0A. 

(ii.)  Similarly,  if  a  line  of  magnets  of  moment  M  be  suddenly 
generated  at  BB'  insfde  the  cylinder,  the  images  at  time  t 
tor  outside  points  will  be  the  oppositely  magnetized  line  QQ' 
of  magnetic  moment  —  Me""^  ^,  and  for  inside  points  the 
magnetized  line  PP'  having  its  positive  poles  at  P  and  of 
magnetic  moment  Me^^^^a^fV^,  b  being  now  taken  =0B. 

7.  If  a  line  of  poles  of  strength  m  suddenly  changes  position 
from  A'  to  A  tne  effect  is  equivalent  to  the  superposition  of 
—  m  at  A'  and  +m  at  A,  and  is  thus  equivalent  to  the 
generation  of  a  line  of  magnets  in  the  direction  AA',  the 
images  of  which  have  just  been  found. 

Fig.  3  shows  the  application  of  this  method  to  construct 
the  trails  of  images  of  a  line  of  poles  revolving  uniformly 
about  the  centre  and  passing  in  succession  through  the 
positions  A^,  A2,  A3,  A4,  . . .,  at  equal  small  intervals  of  time, 
the  actual  trails  are  of  course  the  limits  of  the  series  of  moving 
poles  thus  plotted  out.  By  supposing  the  line  of  poles  to 
remain  fixed  and  the  cylinder  to  rotate,  we  get  a  kind  of 


Digitized  by 


Google 


Ptaney  Cylvndriccd^  and  Spheneal  CurrenUSheets.       389 

cylindrical  two-dimensional  Arago's  disk,  and   it  is  to  be 
noticed  that  the  trails  of  images  he  along  equiangular  spirals 

Fig.  3. 


(as  may  readily  be  verified),  the  intensity  of  magnetization 
of  the  trail  decreasing  toward  the  centre  and  increasing 
outward  and  being,  in  fact,  proportional  to  the  distance  from 
the  centre. 

Part  III.  Spherical  Sheets. 

Imaye  due  to  Generation  of  a  Small  Magnet  whose  Axis  is 
Radial  outside  a  Spherical  Sheet, 

8.  We  now  consider  the  problem  presented  by  the  currents 
induced  in  a  spherical  sheet  of  radius  a  when  a  magnet  is 
generated  at  a  distance  h  fix>m  the  centre,  the  axis  of  the 
magnet  passing  through  the  centre  of  the  sphere.  Taking 
this  axis  as  the  axis  of  zonal  spherical  harmonics^  and  starting 
in  the  first  instance  with  a  magnet  of  variable  moment  f{t) , 
(the  positive  pole  being  furthest  from  the  centre),  the  magnetic 
potential  flo  ^^  '^  point  (r,  0)  is  given  by 

"""^•^^^^ tb  ^{r'-hb^-2rbcosd) ' 
When  r<b  this  becomes 


"o=  M^,K::fr.P'(<-'>^) 


=  -/(<)  2. 


(/i+l)r»       ^ 


(i>) 


OF  TTTp 
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and  when  r>6  we  have  in  like  manner 

d  _.»=•  d     b*   -^  s       ^ 

=/(^^2:;:^p- (10) 

Considering  the  case  where  the  magnet  is  outside  the  sphere, 
we  mast  take  the  first  expression,  since  at  the  surface  of  the 
sphere  r<b. 

Let  the  potentials  due  to  the  induced  currents  at  points 
inside  and  outside  the  sphere  be  assumed  of  the  form 

ft^=2(n  +  l)A   ~^P.  (inside),      .     .     (11) 

Xl"=-2/iA«^P«     (outside),      .     .     (12) 

where  the  coeflSeients  A»  are  functions  of  the  time  t ;  the 
assumed  forms  being  such  as  to  satisfy  the  surface-condition 
im'/dr=^da"/dr. 

Substituting  the  expressions  for  the  potential,  fto  +  ^'  aJid 
Ao  +  n^^  for  ill  and  A^  in  the  surrace-conditions  (2), 

d  /  ^d[li\      d  /  ^dai\      Rd    ,d^^      ^. 
dtV'w)  =  dtV-dir)  =  -2Tr  '^Tr^^^-^O. 

we  find,  on  equating  coefficients  of  P  , 

dA.       (2n4l)R  .    ^.n,.cc-^' 


A,  =  fy  (T)e-<^^i)<'-->K/*'rfT  .  ^^; 


6*+«* 


Now  let  the  inducing  system  be  a  magnet  of  moment  M 
suddenly  generated  at  the  time  ^asO,  so  that 

/(<)=0  when<<0, 
/(0  =  M  when  t>0. 

Then  by  a  similar  artifice  to  that  used  for  the  cylindrical 
sheet,  we  have 

A,=M6-«**+««/*»  ^^. 
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Substitating  in  the  potentials  of  the  induced  cnrrents, 
we  have 

a'=MS(n+  l)«-(»-+i)iB/^  ^,  p. 


ft" M2«e-(-+')«>  ^;^,  p.. 


(13) 


(14) 


Comparing  the  first  of  these  results  with  (9)  and  the 
second  with  (10),  we  have  the  following  conclusions: — 

(i.)  At  time  t  after  the  generation  of  the  magnet,  the  potential 
due  to  the  induced  currents  is,  at  points  inside  the  sphere, 
equivalent  to  that  produced  by  a  magnet  of  moment  —  M^^A* 
at  a  distance  from  the  centre  of  ^*  "6. 

(ii.)  At  points  outside  the  sphere^  the  potential  is  equivalent 
to  that  of  a  magnet  of  moment  —  M^"^*/^*a76'  at  a  distance 
from  the  centre  of  ^"'^V/J.  The  positions  P,  Q  occupied  by 
these  images  at  time  t  are  always  inverse  points. 

It  is  easily  seen  that  the  intensities  of  the  images  at  P  and 
Q  are  to  each  other  and  to  that  of  the  inducing  magnet  as 
OPi :  OQS  :  OAi,  that  is  in  the  sesquiplicate  ratio  of  their 
distances  from  the  centre. 


Images  due  to  Oeneration  of  a  Small  Magnet  inside  a 
Spherical  Slieet. 

9.  If  6<a  or  the  magnet  is  generated  within  the  sphere,  we 
must  expand  the  potential  in  the  second  form  (10)  in  order  to 
substitute  in  the  surface-conditions.  When  this  is  done,  it 
will  be  found  that 

A,= Mr^^+i)'^^  — 
a" 

and  the  conclusions  finally  arrived  at  are  as  follows  : — 

(i.)  If  a  small  magnet  of  moment  M  be  instantaneously  gene- 
rated at  a  point  B  inside  the  sphere  at  a  distance  h  from  the 
centre,  the  axis  of  the  magnet  being  radial ;  then  the  image 
representing  the  magnetic  potential  of  the  induced  currents 
outside  the  sphere  at  time  Ms  a  magnet  of  moment  —  Mtf~^^*» 
at  a  point  Q  such  that  OC^^be'^^. 

(ii.)  At  points  inside  the  cylinder  the  potential  is  that  which 
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would  be  produced  by  a  magnet;  of  moment  —M^^^^ayb*  at 
a  distance  from  the  centre  of  ef^l^a^jb. 

As  before,  the  intensities  of  the  several  magnets  vary  as  the 
f  power  of  their  distance  from  the  centre. 

ImageB  due  to  Generation  of  Circular  Currents  cocucial  with 
a  Spherical  Slieet^  8fc. 

10.  A  circular  current  whose  axis  passes  through  the  centre 
of  the  sphere  is  equivalent  to  a  magnetic  shell  forming  a  spheri- 
cal cap  on  the  surface  of  a  concentric  sphere,  this  cap  being 
bounded  by  the  current.  It  is  thus  evident  that  the  images 
due  to  the  sudden  generation  of  such  a  current  are  also  circular 
currents,  which  move  in  the  manner  described  in  the  pre- 
ceding sections.  There  is  no  need  to  restrict  the  results  to 
circular  currents  as  the  same  arguments  are  equally  applicable 
when  the  inducing  current  flows  in  any  closed  curve  traced  on 
a  spherical  surface  concentric  with  the  sheet,  the  images  in 
this  case  being  currents  in  similar  curves.  It  remains  to  state 
the  relation  between  the  intensities  of  the  currents  in  the 
images  and  that  of  the  inducing  current. 

(i.)  Let  AA^  (fig.  4)    be  the  wire  in  which  an  inducing 

Fig.  4. 


-J\ 


\j 


current  of  intensity  I  is  suddenly  generated  outside  the  sheet. 
Then  at  time  t  the  image  for  inside  points  will  be  a  current  in 
PP'and  for  outside  points  a  current  in  QQ',  where  OP=^^''*OA 
and  OQ  =  e''*^^^a^/OA,  Suppose  the  currents  replaced  by 
their  equivalent  magnetic  shells  on  spherical  surfaces  centred 
at  0,  and  let  corresponding  elements  of  these  shells  be  taken. 
The  magnetic  moments  of  the  elements  of  PP',  QQ',  and  AA' 
are  respectively  as  OPf  :  OQf  :  OA*  ;  and  the  areas  of  these 
elements  areas  OP^ :  OQ'  :  OA*;  hence  the  strengths  of  the 
shells  are  as  OP""*  :  OQ"*  :  0A~*,  and  the  current-intensities 
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are  in  the  same  ratio.     Thns  finally,  if  V  and  V^  be  the  inten- 
sities of  the  image-currents  at  time  t  in  PP'  and  QQ^  we  have 


T/ /  OPX"*  T ^-m/2a  T 


It  will  be  noticed  that  1"  increases  as  its  circuit  QQ' 
approaches  the  centre,  while  I'  decreases  as  its  circuit  PP' 
recedes  to  infinity. 

(ii.)  Next  taking  the  inducing  current  I  to  be  suddenly 
generated  in  BB'  inside  the  sphere,  and  taking  OB  =  t, 
OQ=e-**/«&,  and  0P=^'«>aV6,  we  find  that  at  time  t,  tho 
image  representing  the  potential  of  the  induced  currents  at 
points  outside  the  sphere  is  a  current  in  QQ'  of  intensity 

and  at  points  inside  the  sphere  a  current  in  PP'  of  intensity 

a 

Images  due  to  Generation  of  Magnetic  Pole  outside  a 
Spherical  Sheet. 

11.  A  magnetic  pole  m  generated  at  time  0  outside  a  sphere 
at  the  point  r=i  where  h>a  might  be  regarded  as  equivalent 
to  a  line  of  elements  uniformly  magnetized  in  the  direction  of 
the  radius-vector  extending  along  that  radius  from  r=6  to 
infinity  ;  and  similarly  a  positive  pole  m  inside  the  sphere  at 
!•=&  when  b<a  together  with  a  negative  pole  —  m  at  the 
centre  might  be  regarded  as  equivalent  to  a  line  of  elements 
uniformly  magnetized  in  the  line  joining  these  points.  In 
this  way  the  images  might  be  obtained  by  integration. 
Practically  as  short  a  way  of  obtaining  the  result  as  any  is  by 
utilizing  the  work  of  §§  8,  9,  taking  into  account  the  difi(*r- 
ences  introduced  into  the  coefficients  of  the  various  harmonics 
when  for  the  inducing  potential  of  a  magnet  there  is  sub- 
stitnted  that  of  a  pole. 

When  the  pole  is  outside  the  sphere  the  inducing  potential 
after  its  generation  becomes 

fto«m2^,P.    {r<h) (15) 

The  coefficient  of  P«  is  —  6/(n  +  l)  of  the  corresponding  co- 
efficient for  a  magnet  of  moment  n?. 
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(i.)  Hence  we  find  for  the  potentials  of  the  induced  currents 
at  points  inside  the  sphere  at  time  t 

=  -tn^''V2«2-_^-^^  p^.      .     .     .     (16) 

This  is  the  potential  of  a  pole  of  intensity  —  tn«**^  at  a 
distance  from  the  centre  of  bi/^^^. 

(ii.)  For  points  inside  the  sphere  the  corresponding 
potential  is 


Let  p=e-*^'a'/b.    Then 


_£"  P,V  P"  P_l  t_P!!! 


24^,Pn--  2, 


V'(r«-2rpco3^+-p»)       pj^   ^/(r»-2rp'costf  +  p'») 


\/(r'-2rpcose+p*)       a         Jo  v^(r»-2rp'c< 


cos^+p'*)- 
(17) 


The  first  part  represents  the  potential  of  a  pole  of  strength 
me~*^^'a/b  at  a  distance  p  from  the  centre,  «.  e.  at  the  point 
Q  of  the  previous  sections,  and  the  second  represents  the 

Sotential  of  a  lino-distribution  of  magnetism  of  uniform  linear 
ensity  —  m^^'^^V^  extending  from  the  centre  to  Q  ;  this  being 
equal  to  the  strength  of  the  pole  divided  by  p  or  OQ,  it  follows 
that  the  total  quantity  of  magnetism  on  this  line  OQ  is  equal 
and  opposite  to  that  in  the  pole  Q  (fig.  5).  This  distribution 
of  images  is  related  to  the  image  on  the  opposite  side  in  the 
same  manner  as  the  hydrodynamic  image  of  a  source  in  a 
sphere  is  related  to  the  source,  except  in  the  matter  of  algebraic 
sign.  The  reason  for  the  resemblance  is  that  the  two  potentials 
here  have  to  make  diV/dr=sd£l'^/drat  the  surface,  while  in  the 
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hydrodynamic  prublem  the  portions  of  the  normal  velocity 
components  d(l>/dr  dae  to  the  source  and  its  image  have  to 
cancel  one  another. 

Fig.  6. 


A P 


Images  due  to  Generation  of  Magnetic  Poles  inside  a 
Spherical  Sheet. 

12.  If  a  pole  m  be  generated  inside  a  sphere  at  the  point 
r =5  where  6  <  altogether  with  an  equal  and  opposite  pole 
— m  at  the  centre,  the  inducing  potential  takes  the  form 

"o=-2::ri;SrP. ds) 

(i.)  The  induced  potential  outside  the  sphere  takes  the  form 

fl''=-.^-«/»a2^_^^i(!i_J_p, (19) 

This  is  the  potential  of  a  pole  of  intensity  —we?-'*/'**  at  a 
distance  from  the  centre  of  be'^^^y  together  with  an  equal 
and  opposite  pole  at  the  centre, 
(ii.)  The  induced  potential  inside  is 

\(  p^ss^l^a^jh^  this  becomes 
0  n     p*+' 


=»?^{x^4,P.-ij;s^-fe./}. 


(20) 


The  images  thus  consist  of  a  positive  pole  of  strength 
mef^^aih  at  a  distance  from  the  centre  p  equal  to  e^'^'^c^lh 
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together  yrith  a  line-distribation  of  magnetism  of  linear 
density  ^me^*^^^/a  extending  from  distance  p  to  infinity. 
This  linear  density  is  equal  to  the  strength  of  the  pole-image 
divided  by  its  distance  p. 

Other  Images  in  a  Spherical  Sheet. 

13.  When  the  inducing  potential  is  due  to  a  small  magnet 
whose  axis  does  not  pass  throngh  the  centre  of  the  sphere  we 
could  of  course  find  the  images  by  considering  the  positive 
and  negative  poles  separately.  If  the  axis  of  the  magnet 
makes  an  angle  a  with  the  radius-vector  the  simplest  plan 
would  be  to  replace  it  by  two  magnets  of  moment  M  cos  a. 
and  M  sin  a  along  and  perpendicular  to  tbe  radius. 

14.  The  images  due  to  a  pole  of  constant  strenath  moving 
along  the  raditts-vector  and  initially  at  rest  will  be  trails  of 
magnets  which  can  be  worked  out  by  employing  the  simpler 
images  of  §§  10  and  11.  If,  initially^  the  pole  were  suddenly 
generated,  we  should  have  to  introduce  the  more  complicated 
images  of  §  §  11  and  12,  but  this  may  be  avoided  by  considering 
the  problem  in  which  the  pole  is  supposed  to  have  remained 
at  rest  from  an  infinite  time  past  (or,  at  any  rate,  so  long  that 
all  currents  in  the  sheet  have  died  out),  and  investigating  only 
the  effects  due  to  its  motion.  As  usual^  any  small  displacement 
may  be  represented  by  putting  down  a  magnet  of  which  one 
pole  cancels  the  moving  pole  in  its  old  position,  while  the 
other  is  identical  with  the  moving  pole  in  its  new  position.  If 
the  pole  moves  in  a  direction  other  than  radial,  the  more  com- 
plicated images  of  §§  11  and  12  will  of  course  be  introduced. 

General  Conclusions. 

1.  The  phenomena  of  two-dimensional  induction  in  cylin- 
dric^il  sheets  and  of  induction  in  spherical  sheets  due  to  a 
sudden  disturbance  in  the  magnetic  field  can  be  represented 
by  moving  trails  of  images  which  are  generally  not  much 
more  complirated  than  those  obtained  with  a  pLme  sheet. 

2.  The  images  in  every  case  start  from  the  source  of  dis- 
turbance and  its  inverse,  and  move  away  from  the  sheet 
radially  with  velocities  varying  directly  as  the  distance,  the 
constant  of  variation  being  such  as  to  make  the  velocity  at 
the  surface  of  the  sheet  become  equal  to  B,  the  corresponding 
velocity  for  a  plane  sheet  of  the  same  thickness  and  conduc- 
tivity. The  image  which  initially  coincides  with  the  source  of 
disturbance  initially  neutralizes  its  effect  on  the  opposite  side 
of  the  sheet. 

3.  Where  the  source  of  disturbance  is  a  distribution  of 
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poles  or  an  unclosed  current  inside  the  sheet  it  is  necessary 
from  physical  considerations  to  place  equal  and  opposite 
poles  at  the  centre  or  to  close  the  circuit  by  axial  return 
currents,  and  this  is  also  essential  for  the  success  of  the  image 
method. 

4.  The  relations  between  the  intensity  of  the  source  of  dis- 
turbance and  those  of  the  images  will  readily  be  found  to  be 
in  every  case  expressible  in  terms  of  their  distances  from  the 
centre.  The  results  expressed  in  this  way  may  be  tabulated 
as  follows  : — 

Sheet.                       Inducing  disturbance.  Law  of  variation. 

Cylinder.         Line  of  poles  parallel  to  axis.  Constant. 

„  Current  parallel  to  axis.  „ 

„  Line  of  magnets.  x  distance. 

Sphere.  Magnet  radially  magnetized.  oc  (distance)^, 

f  Concentric  magnetic  shell.       1  «.  (distance)*. 

"  [  Current  on  concentric  sphere.  J  ^              ^ 

„  Magnetic  pole  {with  e^vception),  oc  (distance)*. 

5.  The  last-named  exceptional  case  is  that  of  a  spherical 
sheet  when  the  disturbance  is  due  to  the  generation  of  a 
pole,  and  it  is  required  to  represent  by  images  the  potential  of 
the  currents  on  the  same  side  as  the  disturbing  pole,  the 
images  thus  being  on  the  opposite  side  of  the  sheet.  Here, 
in  addition  to  the  single  pole  whose  intensity  and  position 
are  given  by  the  above  statements,  the  image  consists  of  a 
line-distribution  of  magnetism  of  opposite  sign,  extending 
from  that  pole  along  the  radius  away  from  the  sheet,  and 
having  its  line-density  equal  to  the  quantity  of  magnetism 
in  the  pole  or  image  divided  by  its  distance  from  the 
centre. 

6.  When  the  source  of  disturbance  is  in  motion,  the  trails 
of  images  can  be  built  up  sjntheticaUy  as  in  the  case  of  a 
plane  sheet.  If  the  source  of  disturbance  is  rotating  uni- 
formly about  the  centre  of  the  cylinder  or  sphere,  the 
curves  described  by  the  trails  of  images  will  be  equiangular 
spirals. 
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XLIII.  On  Volta   Electricity  of  Metals.     By  J.  Erskinb- 
'  Murray,  D.Sc.^  F.R.S.E.^  fleriot-  Watt  College^. 

I,  Introductory. 
II.  Method  of  Experiment. 

II [.  Effects  of  Diflferent  Methods  of  Cleansin;  the  Metallic  Surface.?. 
IV.  Thin  Solid  Films  of  Oxides,  Iodides,  &c. 
V.  Atmospheric  or  Time  Effects. 
VI.  Very  Thin  Liquid  Surface-Films  on  Metals. 
VII.  Thick  Liquid-Films  on  Metals.. 
VIII.  Films  Formed  from  Gases. 
IX.  Temperature  Variations. 

X.  Elimination  of  Metal-Air  Potentials  bj  Solid  Nonconducting 
Films  on  the  Metallic  Surfaces. 

I.  Introductory. 

§.  1.  nnHE  experimental  investigation  described  in  this 
X  communication  had  as  its  primary  object  the 
elucidation  and  measurement  of  the  variations  of  volta  contact 
electricity  of  a  pair  of  conductors,  due  to  changes  in  the  state 
of  t/iat  portion  of  the  surface  of  each  conductor  which  was 
separated  from  the  other  conductor  by  an  insulating  medium. 

§  2.  The  discovery  of  contact  electricity  of  dry  metals  in 
air  by  Volta  at  the  beginning  of  the  present  century,  extended 
a  quarter  of  a  century  later  by  Pfaff  to  dry  varnished  metals 
in  other  gases,  has  been  confirmed  by  many  subsequent 
experimenters.  The  reality  of  the  electrostatic  force  in  air 
near  an  interface  between  copper  and  zinc,  inferred  as  an 
obvious  consequence  from  it  by  Lord  Kelvin,  was  experi- 
mentally demonstrated  by  him  in  1861  f.  In  the  next  twenty 
•years  many  investigations  were  made,  the  more  important 
being  those  of  Hankel,  Gerland,  Clifton,  Ayrton  and  Perry, 
and  von  Zahn.  In  1881  a  paper  of  great  importance  was 
published  by  M.  Pellat  J,  and  as  the  present  paper  is,  in  some 
respects,  only  an  amplification  and  extension  of  his  work,  it 
may  be  of  advantage  to  give  a  short  resumd  of  it  before  going 
further. 

M.  Pellat's  most  important  results  appear  to  be  (1)  his 
demonstration  of  the  influence  of  the  physical  condition  of 
the  metallic  surfaces  on  their  volta-potential ;  thus  be  found 
that  a  sharply  scratched  plate  is  positive  to  a  more  smoothly 
polished  one  of  the  same  metal,  the  metals  being  washed  with 
alcohol  after  polishing  in  both  cases  and  allowed  to  dry  before 
the  measurement  of  their  potential :  (2)  his  measurements  of 

*  Communicated  by  Lord  Kehin. 
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the  temporary  variations  of  potential  dne  to  change  of  tem- 
perature of  a  copper,  iron,  or  zinc  plate :  and  (3)  his 
experiments  which  prove  the  smallness  of  the  changes  pro- 
duced in  the  poteniial-difference  of  copper  and  zinc  by 
varying  either  the  pressure  or  the  nature  of  the  gas  surround- 
ing them. 

§  2a.  I  shall  now  give  a  short  summary  of  the  results 
detailed  in  the  present  paper  : — 

(a)  Metals  covered  with  nonconducting  solid  rilma  of  wax 
or  glass,  except  at  their  point  of  contact,  give  nearly  the  same 
potential  as  the  bare  met-ils  in  air.  The  substitution  of  wax 
for  air  next  the  metal  only  causes  a  small  change  which  may 
be  in  the  same  direction  and  of  approximately  equal  amounts 
for  metals  whose  potentials  in  air  are  very  different ;  e,  g.  the 
volta-potential-difference  between  zinc  and  copper  when  both 
are  coated  with  solid  paraffin- wax  is  very  nearly  the  same  as 
that  between  bare  zinc  and  copper.  In  this  connexion  I  may 
mention  that  I  have  measurecl  the  potential  of  sodium  coated 
with  wax  and  glass,  and  find  it  to  be  about  3*56  volts  positive 
to  a  standard  gold  plate  (see  Chap.  X.). 

(J)  A  metal,  cleaned  by  careful  polishing  and  scratching 
with  emery-cloth  or  glass-paper  is  less  positive  when  its  surface 
is  in  a  sharply  scratched  condition  than  when  smoothed  or 
burnished,  tne  difference  frequently  amounting  to  2  or  '3  of 
a  volt.  This  result  is  not  in  opposition  to  that  of  M.  Pellat, 
mentioned  above,  §  2  (1),  for  tlie  conditions  were  different, 
as  his  plates  were  washed  with  alcohol  after  polishing  while 
mine  were  not  (see  Chap.  III.  and  also  §§  39  «^  seq.), 

(c)  The  temperature  variations,  between  15°  C  and  60°  C,  of 
the  volta-potential  of  many  metals  have  been  determined,  both 
for  clean  dry  metals  in  air  and  for  metals  coated  with  liquid 
or  nonconducting  solid  films  ;  and  it  has  been  found  that  they 
are  of  considerable  magnitude  in  both  cases.  The  curves 
representing  the  variation  of  potential  with  temperature 
appear  as  if  they  should  meet  at  a  point  below  —200°  C,  at 
a  potential  about  '-1  volt  positive  to  a  standard  gold  plate  at 
16°  C;  this  suggests  that  voita-potential-differences  may 
pos:jibly  vanish  at  a  very  low  temperature  (see  Chap,  IX.). 

(d)  A  liquid  film,  even  if  of  extreme  thinness,  may  cause 
a  considerable  change  in  the  potential  of  a  dry  polished  plate 
which  continues  permanent  for  many  hours  and  even  days 
afier  the  disappearance  of  the  film. 

Two  films  of  the  same  liquid  opposed  to  one  another  on  the 
surfaces  of  two  plates  of  different  metals  do  not  usually  give 
zero  potential-difference,  as  solid  conducting  films  of  one 
material   would   do,   but   give    nearly   the   same   poteotiaU 
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difference  as  the  dry  metals  on  which  they  lie  (see  Chaps.  VI. 
and  VII.). 

(e)  A  very  thin  film  of  oxide  on  a  mebd  produces  only  a 
very  small  change  in  the  potential,  and  every  increase  in 
thickness  of  the  film  is  attended  by  a  farther  change  in 
potential  until  a  limiting  value  is  reached,  which  is  that  of  a 
mass  of  the  oxide  (see  Chap.  IV.). 

(/)  Exposure  to  the  atmosphere  at  ordinary  temperatures 
does  not  as  a  rule  produce  any  rapid  change  in  volta-potential, 
especially  if  the  air  be  comparatively  dry  and  free  from  dust. 
The  ultimate  change  is  usually  in  the  negative  direction 
(see  Chap.  V.) . 

(ff)  1  have  extended  Lord  Kelvin's  experiments  on  the 
effect  of  temporary  immersion  of  a  metal  in  a  eas  to  the 
cases  of  copper,  zinc,  tin,  and  silver  in  oxygen,  ana  find  that 
copper,  zinc,  and  silver  become  temporarily  positive,  while 
tin  becomes  negative  in  consequence  of  this  treatment  (see 
Chap.  VIII.). 

The  research,  suggested  by  Lord  Kelvin,  was  carried  out 
in  the  Natural  Philosophy  Laboratory  of  Glasgow  University 
during  the  Sessions  1893-94-95,  anil  during  1895-96  in  the 
Cavendish  Laboratory  of  Cambridge  University.  My  thanks 
are  due  to  Lord  Kelvin  for  many  suggestions  and  much 
valuable  advice,  both  in  regard  to  experiments  and  to  the 
discussion  of  results  ;  and  to  Professor  J.  J.  Thomson  for 
similar  kindnesses  during  my  work  in  the  Cavendish 
Laboratory.  A  small  portion  of  this  investigation,  on  the 
effect  of  Rontgen  ^-rays  on  the  contact  electricity  of  metals, 
was  published  in  the  Proceedings  of  the  Royal  Society  for 
March  1896. 

I  have  also  to  thank  Professor  James  Holm,  M.A.*,  and 
Mr.  George  E.  Allan,  B.Sc,  for  the  part  they  took  in  the 
earlier  portion  of  the  work. 

II.  Method  of  Experiment, 

§  3.  The  measurement  of  the  natural  potentiaKdifference 
between  any  pair  of  conductors  was  usually  made,  in  air,  by 
the  null  method  described  very  briefly  by  Lord  Kelvin  in  the 
Report  of  the  British  Association  for  1880,  p.  494.  To  make 
clear  the  exact  circumstances  in  which  the  potentials  were 
measured  it  will  be  advantageous  to  describe  the  apparatus  and 
general  method  of  experiment  in  detail. 

§  4.  A  circular  disk  of  one  of  the  metals,  usually  about 
*»  When  this  was  written  last  August  my  friend  and  former  fellow- 
worker  was  Professor  of  Applied  Mathematics  in  the  S^uith-African 
CoUege,  Cape  Town.    He  died  in  October. 
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9  centim.  in  diameter  and  '2  centim.  thickness,  is  insulated 
and  in  permanent  connexion  with  the  insulated  pair  of 
quadrants  of  an  electrometer.  A  similar  plate  of  the  other 
metal  placed  parallel  to  the  firet,  at  a  distance  of  a  few  milli- 
metres from  it,  is  uninsulated  and  in  connexion  with  the 
uninsulated  pair  of  quadrants.  While  in  this  position  they 
are  temporarily  connected  with  one  another  through  a  simple 
form  of  potential-divider  in  which  a  slope  of  potential  is 
maintained  by  a  Daniell  cell,  in  the  direction  opposite  to  that 
given  by  the  experimental  plates.  The  temporaiy  connexion 
is  now  broken  and  the  plates  are  separated.  In  doing  so  the 
capacity  of  the  condenser  is  reduced,  hence  if  there  be  any 
electric  charge  on  them  it  will  be  indicated  by  a  further 
deflexion  of  the  electrometer.  This  operation  is  repeated 
with  different  values  of  the  counterpotential  until  separation 
of*  the  plates  produces  no  change  in  the  deflexion  of  the 
electrometer.  Since  it  has  annulled  the  charge,  the  counter- 
potential  must  now  be  equal  and  opposite  to  the  natural 
potential-difference. 

§  5.  During  most  of  the  experiments  a  piece  of  apparatus 
made  by  Lord  Kelvin  in  or  about  1861  was  used.  In  it  the 
plates  were  surrounded  by  a  cylindrical  zinc  case.  This  was 
made  in  two  parts  for  convenience  in  manipulation,  the  lower 
fixed  to  a  heavy  cast-iron  base  plate,  while  the  upper  stood 
upon  small  brackets  attached  to  the  top  edge  of  the  lower 
part,  its  position  being  regulated  by  a  hole-slot-and-plane 
arrangement.  Openings  in  the  siaes  of  the  upper  part 
faciUtated  the  adjustment  of  the  experimental  plates,  but  these 
were  closed  by  a  sliding  cover  during  a  measurement  of 
potential. 

The  lower  plate  was  supported  by  an  insulating  glass  stem 
which  was  kept  dry  by  means  of  pumice  and  sulphuric  acid. 
On  the  top  of  this  stem  was  a  brass  cap  screwed  to  fit  the 
sockets  which  were  soldered  to  the  backs  of  the  plates,  and 
from  the  brass  cap  a  stiff  wire  passed  out  through  a  hole  in 
the  case  and  formed  the  connexion  between  the  insulated 
plate  and  the  electrometer. 

A  piece  of  platinum  foil  was  soldered  round  a  part  of  this 
wire  to  give  a  clean  contact  for  the  temporary  connexion 
between  the  plates  through  the  potential-divider,  and  the  w^ire 
from  the  divider  had  likewise  a  platinum  end  piece. 

The  upper  plate  hung,  by  a  ring  at  the  centre  of  its  back, 
on  a  hook  at  the  lower  end  of  a  vertical  metal  rod  which 
could  be  drawn  up  so  as  to  increase  the  distance  between  the 
plates.  A  small  disk  fixed  on  the  rod  at  right  angles  to  it  just 
above  the  hook  had  three  screws  passed  through  it  and  pressed 
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against  the  plate,  holding  it  firmly  in  the  hook  ;  by  this 
means  the  upper  plate  can  be  set  parallel  to  the  lower  one  in 
a  very  short  time.  This  apparatus,  which  is  the  same  as  that 
used  by  Lord  Kelvin  u\  nis  experiments  many  years  ago, 
was  found  to  be  very  convenient,  the  arrangements  enabling 
us  to  take  out  and  replace  a  plate  very  rapidly,  a  matter  of 
great  importance  when  observing  temporary  variations,  while 
at  the  same  time  both  plates  were  firmly  attached  to  their 
supports  when  in  position. 

§  6,  The  divider,  whose  total  resistance  w%is  about  2400 
ohms,  was  made  to  divide  the  potential-difference  between  its 
outer  terminals  into  one  hundred  equal  parts.  The  potential 
applied  was  usually  that  given  by  a  Daniell  cell  of  Lord 
Kelvin's  gravity  type,  and  was  tested  frequently  by  comparison 
with  a  standard  Clark  cell,  or  by  means  of  a  standard  resistance 
and  a  current  balance. 

§  7.  The  permanent  connexions  were  as  follows  : — (1)  The 
lower  plate  to  the  insulated  pair  of  quadrants  of  the  electro- 
meter ;  (2)  The  terminals  of  the  Daniell  cell  to  the  ends  of 
the  divider  (there  was  a  reversing  plug  in  this  circuit)  ;  (3) 
One  end  of  the  divider  to  the  upper  plate  and  uninsulated 
quadrants  of  the  electrometer. 

The  temporary  connexion  (§  5)  was  from  the  sliding  con- 
tact-piece of  the  divider  to  the  lower  plate. 

§  8.  Each  experiment  was  as  a  rule  begun  by  polishing  a 
metal  plate  on  clean  glass-paper  or  emery-cloth.  Its  con- 
tact potential  with  a  standard  plate,  generally  of  electroly tically 
deposited  gold  washed  some  nours  previously  with  alcohol,  as 
used  by  M.  Pellat,  was  then  measured.  The  plate  was  next 
subjected  to  some  particular  treatment;  for  instance  it  was 
filed,  or  burnished,  or  polished  on  leather  or  paper,  or  washed 
with  water,  alcohol,  or  turpentine,  or  heated  in  air  and 
oxidized,  or  not  oxidized,  or  exposed  to  steam,  or  oxygen,  or 
fumes  of  iodine  or  hydrogen  sulphide,  or  simply  left  to  alter 
under  the  influences  of  the  atmosphere  and  its  own  molecular 
forces.  Its  potential  with  the  same  standard  plate  was  again 
measured,  and  the  change  due  to  the  treatment  its  surface 
had  undergone  noted. 

§  9.  The  metal  which  requires  to  be  joined  to  the  zinc  end 
of  the  battery,  in  order  to  eff^ect  a  balance,  will  be  called 
positive.  Thus  aluminium  is  positive  to  zinc  and  zinc  positive 
to  copper.  Also,  when  a  plate  becomes  more  positive  its 
potential  will  be  said  to  rise ;  when  more  negative,  to  fall. 
When  the  "  potential  *'  of  a  plate  is  mentioned,  without  other 
qualification,  its  contact  potential-difference  with  a  standard 
plate  (§  8)  is  meant. 
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§  10.  The  results  given  are  not  in  the  order  in  which  they 
vrere  obtained^  but  are  classified  in  such  a  way  as  to  show 
more  clearly  their  true  import,  and  those  of  many  experi- 
ments which  are  not  mentioned  in  the  text  will  be  found  in 
the  tables. 

III.  Effects  of  different  Methods  of  Cleansing  the 
Metallic  Surfaces. 

§  11.  It  seems  probable  that  the  very  conflicting  results 
obtained  by  different  experimenters  for  the  potential-diflerence 
of  any  given  pair  of  metals,  in  air,  must  be  due,  to  a  large 
extent,  to  differences  in  the  methods  by  which  the  surfaces 
have  been  prepared.  In  order  to  obtain  a  metallic  surface  as 
free  as  possible  from  all  contamination  it  is  clear  that  a  hard 
polishing  agent,  such  as  a  clean  steel  file,  or  emery-cloth,  or 
glass-paper,  must  be  used,  as  a  softer  material  leaves  more  of 
itself  on  the  plate.  A  liquid  is  quite  unsuitable,  since  every 
particle  of  the  metal  probably  retains  particles  of  the  liquid 
adhering  to  it.  Thus  the  smell  of  a  liquid  remains  long  after 
the  plate  appears  to  be  quite  dry  ;  and  it  has  been  found  that 
such  a  film  as  must  exist  to  cause  the  odour  is  quite  sufficient 
to  alter  the  potential  very  considerably. 

§  12.  In  order  to  obtain  uniformity  of  action  the  clean 
glass-paper  or  emery-cloth  used  to  polish  a  plate  was  fixed  on 
a  wooden  roller  made  to  revolve  with  a  circumferential  velocity 
of  about  100  centim.  per  second.     Care  was  taken  to  hold  the 

Elate  so  that  the  scratches,  caused  by  the  polisher,  should  all 
e  parallel.  Thus  little  or  no  grit  could  lodge  in  the  surface, 
which  would  have  occurred  had  the  scratches  crossed  one 
another.  A  record  was  kept  of  the  nature  of  the  polishing 
agent  in  every  case.  A  piece  of  glass-paper,  or  other  polisher, 
was  seldom  used  more  than  once  or  twice^  and  was  never  used 
for  any  different  metal. 

§  13.  M.  Pellat  found  that  every  change  in  the  smoothness 
of  a  surface  is  accompanied  by  a  change  in  its  contact  poten- 
tial ;  but  as  his  experiments  were  limited  to  metals  washed 
with  alcohol,  it  was  of  interest  to  extend  them  to  more  general 
cases.  Thus  a  plate  of  zinc  which  had  been  polished  on  clean 
glass-paper,  and  had  therefore  a  surface  sharply  scratched  in 
parallel  lines,  was  found  to  be 

•70  volt 

positive  to  the  standard  gold  plate.  It  was  next  burnished 
with  a  tool  of  hardened  steel,  and  with  the  same  standard 
plate  it  now  gave 

•94  volt. 
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Two  hours  later  the  same  plate  gave 

•92  volt, 

showing  that  the  effect  is  nearly  permanent.  By  burnishing 
the  plate  again  a  finer  polish  was  obtained.  With  the  same 
standard  the  potential  is  now 

1-00  volt, 
still  further  burnishing  giving 

1-02  volt. 

If  the  zinc  be  now  polished  on  glass-paner  it  returns  to  its 
original  potential.  Now  steel,  of  whicn  the  burnisher  was 
made,  is  negative  to  zinc  :  hence  this  rise  cannot  have  been 
due  to  particles  of  steel  on  the  zinc,  but  must  have  been 
caused  by  some  change  involved  in  the  smoothing  process  to 
which  the  zinc  had  been  subjected,  possibly  by  a  hardening 
of  the  surface  layer. 

§  14.  Intermediate  states  of  polish  give  intermediate  values 
of  potential.  For  instance,  if  a  zinc  plate  be  filed  it  will  not 
be  so  sharply  scratched  as  it  would  be  by  glass-paper,  and  of 
course  not  so  smooth  as  if  burnished.  Its  potential  is  also 
found  to  be  between  those  of  scratched  and  burnished  zinc. 
Each  polishing,  with  any  given  material,  was  usually  suf- 
ficiently thorough  to  efface  the  effects  of  all  previous  polishings; 
the  potential  observed  thus  depended  only  on  the  state  of 
surface  produced  by  the  polisher  used  just  before  the  ob- 
servation. The  results  of  experiments  show  that  the  smoother 
the  surface  the  more  positive  it  becomes. 

§  15.  The  generalization  given  in  §  14  is  supported  by  the 
results  of  over  one  hundred  simihir  experiments  with  a 
number  of  metals.  The  actual  results  are  given  in  Table  I. 
(pp.  406,  407);  it  will  be  well,  however,  to  discuss  some  of 
these  in  greater  detail  than  is  possible  in  tabular  form. 

§  16.  In  order  to  eliminate  the  use  of  different  polishing 
agents,  I  tried  the  effect  of  producing  diflferent  states  of 
surface  by  rubbing  the  plate  against  another  of  the  same 
metal.  Two  copper  plates  which  had  been  polished  on  glass- 
paper  gave 

(a)  +  -01  volt, 

(b)  +-04  volt, 

with  the  standard  plate.  They  were  next  gently  rubbed 
together  until  parts  of  each  were  shiny,  and  now  gave,  with 
the  same  standard, 

(a)    +-07  volt, 

(ft)   +-07  volt. 
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In  another  experiment  two  coppers  which  had  been  polished 
on  medium  emery-cloth  (Davies's  No.  IJ)  gave,  with  the 
standard  plate, 

(a)    --11  V. 

(6)    -.06  V. 

When  slightly  burnished  by  rubbing  them  together,  they 
gave 

(a)    --02  V. 

(6)   --02  V. 

Thus,  smoothing  by  mutual  friction  made  botli  more  positive. 
The  amount  of  the  change  is  not  great,  either  in  potential  or 
in  smoothness,  as  it  is  very  difficult  to  polish  copper  on  copper, 
but  the  direction  of  change  is  the  same  as  previously  found, 
namely,  a  smooth  surface  is  more  positive  than  a  sharply 
scratcoed  one. 

§  17.  On  account  of  the  difficulty  of  obtaining  a  burnished 
surface  by  simply  rubbing  two  pieces  of  the  same  metal 
together,  I  tried  another  form  of  experiment  in  which  the 
possible  effect  of  the  material  of  the  polishing  agent  is  elimi- 
nated by  using  the  same  tool  to  produce  different  states  of 
surface.  Thus  a  copper  plate  was  scratched  very  roughly 
with  a  steel  tool,  and  gave 

-•07  V. 

with  the  standard  plate,  then  burnished  slightly  with  the 
same  tool  it  gave 

-02  V. 

It  had  thus  risen  '05  v.  on  account  of  the  alteration  pro- 
duced in  smoothing  its  surface.  Thus  these  results  also  con- 
firm the  conclusion  given  in  §  14. 

§  18.  It  should  be  noticed  that  although  individual  results 
occasionally  appear  to  conflict,  the  average  value  of  the 
potential  of  any  given  metal  when  polished  with  a  certain 
agent  is  almost  always  in  proportion  to  the  smoothness  of 
the  surface  produced.  However  much  one  may  try,  it  is 
impossible  to  get  exactly  the  same  state  of  surface  over  again, 
but  by  taking  the  average  of  a  considerable  number  of  experi- 
ments with  one  polishing  agent,  a  general  value  is  got  which 
represents  the  potential  given  by  tl)e  plate  in  a  certain  state 
of  polish.  It  is  so  arranged  that  the  sharply  scratched  sur- 
faces come  at  the  head  of  the  table,  and  each  succeeding 
polishing  agent  in  the  list  produces  a  smoother  surface. 

§  19.  It  should  be  observed  that  w^ith  soft  metals  such  as 
tin,  different  polishers  produce  but  little  change  in  thecontict 
potential.      This,  though  at  first  sight  apparently  contrary  to 
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the  results  for  harder  metals,  is  really  in  accordance  with 
them,  for  different  polishers  do  not  produce  appreciably  dif- 
ferent states  of  polish  on  a  soft  metal.  This  remark  applies 
equally  to  the  fact  that  a  smaller  variation  was  observed  with 
"  high  conductivity  "  copper  than  with  the  old  copper  plate, 
as  the  old  p'ate  was  found  to  be  considerably  harder  than  the 
purer  "  high  conductivity ''  copper. 

§  20.  It  is  probable  that  the  variation  described  in  this 
chapter  is  not  directly  due  to  roughness  or  smoothness,  but 
rather  to  alteration,  either  by  change  in  the  outer  layer  of 
the  metal,  or  in  the  film  of  condensed  air  which  no  doubt 
exists  on  it,  of  the  interface  between  metal  and  air. 

IV.   Thin  Solid  Films  of  Oxides,  Iodides,  8fc. 

§  21.  Among  the  earlier  experiments  were  many  in  which 
the  changes  due  to  films  of  oxide  of  different  thicknesses 
were  studied  ;  indeed  this  was  the  primary  object  of  investi- 
gation suggested  by  Lord  Kelvin.  But  constant  difficulties 
and  ambiguities  presented  themselves,  hindering  the  inter- 
pretation of  even  the  simplest  experiments,  and  it  was  found 
necessary  to  enlarge  the  scope  of  the  research  in  order  to 
remove  or  explain  them. 

§  22.  The  experiments  detailed  below  are  among  the  most 
definite  of  those  carried  out.  They  show  large  cnanges  in 
potential  on  account  of  very  thin  films  of  oxide,  and  prove 
that  the  amount  of  change  is  dependent  on  the  thickness  of 
the  film  when  below  a  certain  limit. 

§  23.  Two  plates  of  cast  zinc,  which  had  been  carefully 
polished  on  medium  glass-paper  the  day  before,  gave  with 
one  another 

+  •02  v., 

the  upper  plate  being  positive.  The  upper  plate  was  now 
taken  out  and  heated  on  the  back  by  means  of  a  very 
small  blowpipe  flame.  Its  face  became  slightly  blistered, 
but  not  much  discoloured,  and  when  cold  it  gave  with  the 
other,  which  had  not  been  altered  in  any  way, 

-'44  v., 

the  "minus"  indicating  that  the  upper   is   now  negative. 
This  shows  a  permanent  fall  of  '46  v.  due  to  heating  in  air. 
§  24.  A  plate  of  rolled  zinc,  which  gave 
-•04  V. 

with  another  plate  of  tlie  same  material,  was  heated  as  in  the 
last  experiment  but  to  a  higher  temperature,  very  nearly  to 
its  melting-point.     Its  face  became  a  streaky  yellowish  brown, 
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slightly  purple  towards  the  centre  (the  brown  parts  turn 
purple  if  moistened).  When  cold,  compared  with  the  clean 
plate,  it  now  gave 

-•79  v., 

a  fall  of  '75  v.  Thus  this  oxidized  zinc  plate  has  practically 
the  same  potential  as  copper.  This  great  fall  of  potential 
does  not  take  place  by  exposure  to  the  atmosphere  at  ordinary 
temperatures,  unless  possibly  after  the  lapse  of  many  years, 
for  the  potential  of  zinc  plates  which  have  been  left  unpolished 
for  many  months  is  only  two  or  three  tenths  of  a  volt  below 
that  of  clean  zinc  (see  §  34) . 

§  25.  Similar  experiments  were  made  with  copper.  The 
film  of  oxide  was  gradually  increased  in  thickness  by 
repeatedly  heating  the  plate,  and  the  potential  measured  in 
each  stage  of  oxidation,  the  plate  being  cold.  There  was  a 
change  of  about  '03  v.  in  the  negative  direction  before  the 
oxide-film  became  visible,  and  further  increase  in  the  thickness 
of  the  film  was  judged  by  the  gradual  change  of  colour,  until 
the  well-known  dull  purplish  black  of  massive  copper  oxide 
was  attained.  The  potential,  measured  each  time  when  the 
plate  was  cold,  gradually  fell  until  it  reached  a  limit  of  about 
•30  volt  negative  to  a  standard  gold  plate,  which  value  may 
therefore  be  taken  as  the  potential  of  a  mass  of  copper  oxide 
at  15®  C.  It  may  be  remarked  that  there  are  good  reasons, 
which  will  be  given  in  Chap,  IX.,  for  supposing  that  oxida- 
tion does  not  commence  in  air  unless  the  temperature  of  the 
plate  be  raised  above  80^  (J. 

§  26.  A  plate  of  copper  which  had  been  polished  on  glass- 
paper  and  then  on  wash-leather  gave 

+  -20  V. 
with  a  standard  gold  plate,  and  was  next  held  in  iodine  vapour 
for  a  short  time.     It  looked  moist  at  first,  but  quickly  became 
dry.     In  this  state  it  gave 

-•34  V. 
with  the  same  standard,  a  change  of  '54  v.  in  the  negative 
direction.  The  surface  had  a  dull  colour  with  a  whitish 
"  bloom  '^  on  it,  the  tint  resembling  that  of  cleixn  copper, 
though  rather  darker.  Exposure  to  iodine  vapour  thus  makes 
the  surface  of  copper  nearly  as  negative  as  continued  ex- 
posure to  the  atujosphere  at  a  high  temperature. 

§  27.  The  potential  of  a  clean  zinc  plate  fell  about  '12  v. 
when  it  had  been  exposed  to  iodine  vapour. 

§  28.  The  iodine  compounds  formed  on  tha  metallic  surfaces 
were  not  stable,  as  the  a[)pearance  and  potential  of  the  plates 
altered  considerably  during  twenty  hours'  exposure  to  the 
atmo«i>here. 
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§  29.  The  effects  of  salphur-fumes,  hydrogen  sulphide, 
&c.,  were  tried,  but,  though  in  most  cases  considerable  changes 
were  observed,  the  results  obtained  were  not  satisfactory. 

V.  Atmosplieric  or  Time  Effects. 

§  30.  A  small  variation  of  the  potential  is  usually  found  to 
take  place  during  a  short  time  after  the  plate  has  been  polished, 
and  before  it  has  settled  down  to  a  more  or  less  permanent 
value.  This  is  partly  due  to  the  fact  that  the  plate  has  been 
slightly  warmed  during  polishing,  and  takes  some  time  to 
come  to  the  atmospheric  temperg,ture  (see  Chap.  IX.).  As 
regards  changes  which  are  not  due  to  variation  of  temperature, 
I  snail  give  some  typical  experiments  in  the  following  sections 
of  this  chapt.er. 

§  31.  Two   plates  of  "high  conductivity"   copper   were 

Eolished  on  fine  glass-paper,  and  several  experiments  by 
umishing  them  by  mutual  friction  were  then  made  (see 
§  16).  Forty-seven  minutes  after  the  original  polishing  their 
potentials  with  the  stindard  plate  were 

(a)    -f  -035  V. 
{b)   +-045V. 

The  plate  (a)  was  left  in  the  apparatus  all  night,  that  is  to 
say,  in  a  position  sheltered  from  dust,  and  in  air  partially 
dried  by  the  sulphuric  acid  in  the  lower  part  of  the  case  ;  the 
potential  next  morning,  20^  3™  after  the  measurements  given 
above,  was 

+  -045  V. 

with  the  same  standard  plate.  It  was  thus  nejirly  constant. 
The  plate  (6)  was  left  in  a  rack  in  the  laboratory  without 
special  protection,  with  the  result  that  next  morning  the 
potential,  owing  to  exposure  to  the  air  of  the  room  for  about 
20^  had  fallen  to 

-•056  v., 

a  change  of  — 'lOl  v.  The  plate  {b)  was  now  placed  in  the 
apparatus,  and  remained  nearly  constant  for  two  hours  at 
least.  Plat«  (a)  was  left  in  the  rack,  and  its  potential  fell 
•065  v.  in  about  2  hours.  It  is  thus  evident  that  at  ordinary 
temperatures  in  a  rather  dry  atmosphere,  and  in  a  place  pro- 
tected from  dust  and  light,  the  rate  of  variation  of  the  con- 
tact-potential of  copper  is  very  small ;  in  an  exposed  place, 
however,  it  is  by  no  means  negligible. 

§  32.  A  plate  of  block  tin  was  polished  on  glass-paper. 
Its  potential  varied  with  time  as  follows,  the  time  being 
counted  from  the  completion  of  the  polishing  : — 
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Hrs. 

Min. 

Volts. 

0 

22      . 

.    .     +-515 

0 

27 

.     .     +-520 

0 

46      . 

.     .     +-535 

1 

4 

.     .     +-535 

1 

23 

,    .     .     +-515 

3 

18 

.     .     +-495 

4 

6 

.     .    .     +-495 

4 

42 

.     .     .     +-495 

71 

12 

.     .     +-465 

The  plate  was  kept  in  the  apparatus  all  the  time  and  its 
potential  taken  with  a  standard  gold  plate. 

§  33.  In  another  experiment  a  tin  plate  polished  on  the 
finest  glass-paper  gave,  after  0^  15", 

+  •525  V. 
After  23"*  30"  it  gave 

+  •535  V, 

This  experiment  was  made  in  June,  while  the  previous  one 
was  made  in  December.  Hence  probably  the  greater  rate  of 
Variation  in  the  former  was  due  to  a  moister  and  less  pure 
titmosphere. 

§  34.  An  old  zinc  plate  which  had  probably  not  been 
polished  for  many  years  gave 

+  •37  V. 

with  the  standard  gold  plate.  It  was  next  polished  on  glass- 
paper,  and  gave 

+  •75  V. 

with  the  same  standard.  This  shows  that  the  ultimate  effect 
of  exposure  is  to  make  the  potential  of  zinc  fall.  I  have  found 
that  in  some  cases  this  fall  is  preceded  by  a  slight  rise,  as  in 
the  case  of  tin  (§§  32,  33);  but  the  ultimate  effect  is  in  the 
negative  direction. 

§  35.  The  potential  of  a  silver  plate  which  had  been  polished 
on  glass-paper  remained  constant  for  an  hour.  The  experi- 
ment was  not  continued  further. 

§  36.  Aluminium  becomes  gradually  negative  in  air.  In 
one  case  the  potential  fell  about  '18  v.  in  a  week.  The 
time-change  of  this  metal,  mainly  on  account  of  its  large 
temperature-variation  (see  Chap.  IX.),  is  rather  difficult  to 
determine. 

§  37.  An  iron  plate  which  had  not  been  cleansed  for  two 
months  rose  ^05  v.  when  polished.  Hence  the  effect  of 
exposure  had  been  to  make  its  potential  fall  slightly. 

§  38.  I  have  included  these  results,  for  which,  as  for  many 
others  like  them,  I  can  as  yet  give  no  definite  explanation, 
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in  the  hope  that  they  may  serve  as  a  basis  for  future  expe- 
riment and  generalization.  The  great  difficulty  in  all  such 
experiments  on  contact  electricity  is  to  define  the  circum- 
stances and,  with  them,  the  causes  of  any  given  variation. 

VI.  Very  Thin  Liquid  Filtaa  on  Metals. 

§  39.  In  the  earlier  experiments  it  was  found  that,  as  a 

rule,  copper  polished  on  glass-paper  or  emery-cloth  was  about 

•20  V.  negative   to   the  standard  alcohol-washed  gold  plate. 

On  comparing  this  value  with  M.  Pellat^s  results*  I  found 

that  his  value  for  copper  was  about  '20  positive  to  the  same 

standard.     I  at  once  determined  to  try  his  method  of  cleansing 

the  plate  so  as  to  find  if  the  difference  ('40  volt)  were  due  to 

that  alone.     For  this  purpose  a  copper  plate  was  carefully 

polished  on  glass-paper.     It  gave,  with  the  standard, 

—20  V. 

It  was  then   washed  with  alcohol  and    allowed  to  dry  in  air. 

It  now  gave  .    .^^ 

^  +'22  V. 

with  the  siune  standard.  Tbe  change  due  to  the  treatment  is 
therefore  +'42  volt,  and  continues  permanent  many  hours. 

§  40.  A  plate  of  thickly  oxidized  copper  giving,  with  the 
standard  plate,  _.94. 

gave,  after  it  had  been  washed  with  alcohol  and  allowed  to 

^'•y'  -00  V. 

a  rise  of  '24  volt. 

§  41.  A  zinc  plate,  when  cleaned  on  glass-j)Mper,  gave 
+  •61  v. 
It  was  then  washed  with  alcohol,  and  when  apparently  quite 
dry  gave  ^.9^^,^ 

remaining  constant  at  this  value  for  many  hours.  The  rise 
in  this  case  is  '33  volt. 

§  42.  The  results  of  many  similar  experiments  made  with 
alcohol  and  other  liquids  on  gold,  silver,  zinc,  copper,  iron, 
tin,  lead,  and  aluminium  will  be  found  in  Table  II.  It  is 
notable  that  in  almost  every  case  the  contact-potential  of  a 
metal  which  has  been  polished  on  a  hard  dry  material  rises  at 
least  '15  volt  in  consequence  of  alcohol  washing,  and  that 
this  change  is  nearly  permanent  for  many  hours  after  the 
plate  appears  to  be  quite  dry. 

§  43.  It  may  be  remarked  that,  as  M.  Pellat  appears  to 
have  invariably  washed  the  metal  with  alcohol  before  making 
a  measurement  of  its  potential,  his  results  do  not  apply 
•  Ann,  de  Chimie  et  de  Physique,  1881. 
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directly  to  metals  which  have  heeii  cleaned  by  means  of  a 
hard  dry  agent  only.  Even  in  the  experiment  which  he  gives 
on  pp.  79-80  of  his  paper  as  a  proof  that  alcohol- wasoing 
does  not  permanently  alter  the  potential  of  a  clean  gold  plate, 
he  appears  to  have  used  a  plate  which  had  already  been 
washed  with  alcohol ;  his  result,  therefore,  does  not  prove  that 
alcohol- washing  makes  no  change  in  contact-potential  of  a 
clean  plato,  but  only  that  subsequent  washings  do  not  alter 
the  state  of  surface,  /.  e.  that  the  effect  is  nearly  permanent. 
This  agrees  with  the  results  given  above  and  in  Table  II. 

§  44.  The  alcohol  film,  whether  in  combination  with  the 
metal  or  not,  nmst  in  any  case  displace  the  air  from  the 
surface  of  the  plate.  Other  liquids  seem  to  leave  films  in 
much  the  same  way,  though  the  change  of  potential  is  different 
for  each  liquid ;  in  some  cases,  e.  g.  turpentine  on  zinc  and 
copper,  it  is  in  the  positive  direction  for  the  positive  metal 
and  in  the  negative  for  the  other. 

Table  II.—  Permanent  Changes  produced  in  Contact-potential 
of  Metals  by  washing  with  Alcohol  and  drying  in  Air. 


Metal.    • 

Preyious  treatment. 

Potential  with  standard 
gold  plate. 

Before. 

After. 

Change. 

Copper  

Polished  on  glass-paper  

TOlt. 

-•20 
+•09 
+  02 
-13 
-•24 

+  10 

+•08 
+•17 

+•61 

+•66 

+•61 

+1-06 
+104 
+113 
+1-17 

volt. 
+•22 
+•29 
+•14 
+  14 
•00 

+•20 

+  •16 
+•29 

+•80 

+  •60 

+•94 

+M0 
+107 
+  1-28 
+126 

volt 
+•42 
+•20 
+  12 
+•27 
+•24 

+  05 

+  10 

+•08 
+  12 
+  17 
+•14 

+  19 

+  10 

+•33 

+•05 
+•03 
+  15 
+  09 

Polished  on  emerv-clotb 

«        

»t        

}»        

Gold  

Filed  

Oxidized 

Polished  with  dry  "  plate-powder  " 
Polished  on  glass-paper  

Silver 

Xron       •  •  • 

Dry-polished ,. 

Policed  on  emery-cloth 

It                   If 

Lead  

Scraped  thoroughly  with  a  knife    ... 
Polished  on  fflass-Daper  

Tin 

2ino   

Aluminium  . 

Polished  on  glass-paper  

" 

Phil.  Mag.  S.  5.  Vol.  45.  No.  276.  May  1898.       2  P 


Digitized  by 


Google 


414  Dr.  J.  Erskine-Murray  on 

VII.   Thick  Liquid  Films  on  MetaU. 

§  45.  In  experimenting  with  films  of  sensible  thickness 
the  liquid  was  usually  placed  on  a  fiat  metal  plate,  its  surface- 
tension  being  suflScient  to  retain  it  if  its  depth  were  not  more 
ihan  '8  or  '4  centim.  In  other  cases  a  snallow  metal  dish 
was  used.  The  behaviour  of  water  puzzled  me  for  some 
time,  and  made  me  realize  the  extreme  difficulty  of  obtaining 
a  clean  liquid  surface.  After  some  preliminary  experiments 
I  found  that  distilled  water  which  has  not  been  exposed 
to  the  atmosphere  gives  fairly  constant  results  when  lying  to 
a  depth  of  *2  centim.  on  one  of  the  standard  gold  plates. 
When  water  on  gold  formed  the  one  plate  and  a  dry  standard 
gold  plate  (see  §  8)  the  other,  the  value  found  was  '10  volt, 
the  water  being  negative.  Thus  clean  water  in  contact  with 
gold  is  about  '10  volt  negative  to  it.  The  value  found  is 
quite  difierent  if  the  water  has  been  exposed  to  the  air  for 
some  time,  and  is  usually  positive  instead  of  negative  to  the 
standard  plate. 

§  46.  Air  expelled  from  the  lungs  produces  a  very  marked 
change  in  the  contact-potential  of  water.  By  blowing  through 
a  fine  glass  tube  which  dipped  under  the  surface  of  a  layer 
of  distilled  water  on  a  gold  plate,  the  potential  was.  changed 
from 

-•10  V. 

with  the  standard  plate  to 

+  •16  v., 

and  remained  at  this  latter  value  for  more  than  half  an  hour^ 
showing  that  the  change  was  not  due  to  a  rise  in  temperature. 
The  curious  point  is  that  the  change  seems  to  be  only  in  the 
surface  of  the  liquid;  for  when  most  of  it  was  shaken  off  the 
potential  fell  to 

-•05  v., 

although  the  plate  was  still  wet  all  over.  This  appears  as  if 
the  alteration  were  due  to  a  surface  film  of  oily  or  dusty 
matter  on  the  water.  It  was  found  that  distilled  water  wbicn 
had  been  exposed  to  the  air  of  the  ropm  for  some  time  gave 
the  same  value  as  water  which  had  been  breathed  through. 

§  47.  A  lead  plate  and  a  flat  circular  leaden  dish  were 
scraped  clean  with  a  knife,  and  next  morning,  when  com- 
pared with  each  other,  they  gave 

+  •10  v., 

the  plate  being  positive  to  the  dish.  Water  was  now  poured 
into  the  dish  until  it  was  nearly  full,  '4  centim.  deep,  the 
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potential  remaining  the  same ;  i.  e.  the  lead  plate  gave  with 
the  water  in  the  leaden  dish, 

+  •10  v., 

water  in  leaden  dish  heing  negative. 

§  48.  The  plate  and  dish  were  again  scraped,  and  this  time 
they  gave 

+  •05  v., 

the  plate  being  positive.  Water  was  next  poured  into  the 
dish,  which  gave,  with  the  dry  lead  plate, 

+  •09  v., 

the  water  in  the  dish  being  negative  as  before.  The  dish  was 
now  removed  and  a  standard  gold  plate  put  in  its  place ;  with 
this  the  lead  plate  gave 

+  '52  v., 

the  lead  being  positive.  Thus  water  in  contact  with  lead  is 
about  "09  V.  negative  to  dry  lead. 

§  49.  Turpentine  seems  to  produce  opposite  effects  on  zinc 
and  copper,  i.  e.  copper  becomes  more  negative  and  zinc 
more  positive  when  wet.  Thus  copper  and  zinc  which  had 
been  dry-polished  gave  with  one  another 

•77  v., 
zinc  positive. 

With  the  zinc  wet  with  turpentine, 

•96  V. 

And  with  both  zinc  and  copper  wet  about 

1-20  V. 

Their  potential-difference  increased  somewhat  as  the  turpentine 
dried  up ;  and  when  apparently  quite  dry  its  value  was  still 
at  least 

1-20  v., 

the  plates,  however,  smelt  strongly  of  turpentine,  showing 
that  an  invisible  layer  remained  on  their  surfaces. 

§  50.  A  crystal  of  copper  sulphate  gave,  with  a  standard 
gold  plate, 

+  •02  v., 

copper  sulphate  positive.  This  result  was  obtained  in  con- 
nexion witn  some  experiments  on  the  contact-potential  of  an 
aqueous  solution  of  copper  sulphate.  It  was  found  that  such 
a  solution  in  a  copper  dish  gave  about  +^07  volt  with  a  dry 
standard  gold  plate,  the  solution  being  positive.     Blotting- 

2  F  2 
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paper  saturated  with  copper  sulphate  gave  about  +'10  volt 
with  the  same  standard  plate.  As  no  special  precautions 
were  taken  in  these  experiments  to  obtain  a  perfectly  pure 
liquid  surface,  one  cannot,  especially  in  view  of  the  changes 
described  in  §  46,  be  quite  certain  that  they  represent  the  true 
potential  of  copper  coated  with  a  solution  of  its  sulphate. 
They  agree,  however,  with  Professors  Ayrton  and  Perry's 
values  for  saturated  and  non-saturated  solutions. 

§  t51.  One  of  the  standard  gold  plates  which  had  been 
polished  with  HolHs^s  plate-powder  used  dry  gave,  with  a 
similar  plate  which  had  a  layer  of  alcohol  on  it, 

-•13  V. 

When  the  alcohol  had  dried  up  the  value  was 

-•05  v., 

the  polished  plate  being  negative  as  before. 

§  52.  The  conclusion  which  I  draw  from  the  experiments 
described  in  this  and  the  preceding  chapter  and  in  the  tables  is, 
that  a  layer  of  liquid  on  a  metallic  surface  does  not  give,  with 
a  metal  separated  from  it  by  air,  a  definite  potential-difFerence 
of  its  own,  as  in  similar  circumstances  a  solid  conducting  film 
would  do,  but  merely  adds  a  certain  amount  to  that  of  the 

fJate  on  which  it  lies.  Thus  two  difierent  metals  coated  with 
ayers  of  the  same  liquid  do  not,  as  a  rule  in  air,  give  zero 
potential-difFerence,  but  usually  give  nearly  the  same  potential- 
difference  as  the  dry  metals..  For  instance,  the  potential  of 
lead  with  an  alcohol  layer  '1  centim.  deep  on  it  is  about 
•13  volt  higher  than  that  of  dry  lead,  while  that  of  wet  copper 
is  about  the  same  amount  higher  than  the  average  value  for 
dry  copper.  There  is  no  tendency  shown  for  a  liquid  film  to 
take  up  a  definite  potential  independent  of  that  of  the  metal 
on  which  it  lies,  with  any  metal  separated  from  it  by  a 
dielectric,  as  a  solid  conducting  film  would  do.  This  seems  to 
be  the  most  important  distinction  between  solid  and  liquid 
conductors,  and  it  is  in  accord  with  what  is  known  of  voltaic 
cells;  for  if  the  potential- differences  in  the  chain  copper- 
water-zinc  were  equal  and  opposite  to  that  of  zino-copper,  as 
copper-iron-zinc  is  to  zinc-copper,  we  should  have  no  electro- 
motive force  in  the  circuit,  when  the  materials  are  all  at  one 
temperature.  In  most  of  my  experiments  the  type  is  copper- 
water-nonconductor  (air) -water-zinc  and  not  copper-water- 
zinc;  the  members  of  the  first  and  last  pairs  are  in  contact, 
while  a  non-conductor  intervenes  between  the  two  free  water 
surfaces,  these  being  able  to  take  up  their  natural  contact- 
potential-difTerences  with  the  metals  they  touch  ;  but  the  sum 
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of  the  potentials,  copper-water  and  watei^zinc,  is  not  equal  to 
copper-zinc,  thus  proving  that  the  two  free  surfaces  of  water 
are  not  at  the  same  potential.  This  is  directly  demonstrated 
by  the  experiments  of  Professors  Ayrton  and  Perry,  and  by 
the  results  given  in  Chaps.  VI.,  VII. ,  and  X.  of  this  commu- 
nication. 

If  the  intervening  layers  of  non-conductor  be  removed  by 
joining  the  liquid  surfaces  so  that  there  is  but  one  mass  of 
liquid  between  the  plates,  conduction  at  once  tends  to  reduce 
the  whole  liquid  to  the  same  potential,  leaving  the  contact- 
potential-differences,  now  unbalanced  by  the  removal  of  the 
non-conducting  medium  which  was  capable  of  sustaining  the 
stress,  to  act  as  external  electromotive  force.  This  then 
shows  the  connexion  between  contact-potentials,  meiisured 
electrostatically  by  the  method  described  in  this  paper,  and 
the  electromotive  force  of  a  voltaic  cell. 

§  53.  The  contact-potential  of  a  liquid  with  a  metal  is 
clearly,  if  the  air-potentials  be  neglected,  the  difference 
between  the  potential  of  the  dry  metal  and  that  of  the  metal 
when  wet  with  the  liquid  ;  the  same  standard  plate  being 
used  as  zero  of  potential  in  both  cases.  The  results  given  in 
the  tables  must  no  doubt  be  in  some  cases  complicated  by  the 
formation  of  solid  compounds  in  the  interface  between  liquid 
and  metal  so  that  the  liquid  is  no  longer  in  contact  with  clean 
metal,  and  the  liquid  must  also  displace  any  film  of  condensed 
air  which  may  exist  on  the  metal.  The  latter  influence  will 
be  discussed  in  Chaps.  VIIL  and  X. 


Table  HI. — Potential  of  Metals  covered  with  visible 
layer  of  Alcohol. 


Metal. 

State  of  Surface. 

Potential  with  standard 
gold  plate. 

Dr5'. 

Wet. 

Change. 

Copper  

Gold  

SilTer 

Filed  ;  wet  with  alcohol 

TOlt. 

-13 

+•10 
+•61 

volt. 
+  19 

+•18 
+  '19 

+•74 
+•74 

volt. 
+•32 

+  13 

+08 
+•09 

+  13 
+  13 

Dry-poliabeil ;  wet  with  alcohol 

Qlass- paper  polished 

Lead  

Wet,  "05  cm.  deep    

thin  film  

Scraped  thoroughlj, .. , 

Wet,  •!  cm.  deep  

tiiin  film  onlv 
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Table  IV. — Change  in  Contact-Potential  of  Zino  and  Copper 
due  to  Layers  of  Turpentine,  Rosin  Oil,  and  Indiarubber 
Solution. 


Liqaid. 

MeiaL 

Potential,  volts. 

Bemarks. 

Change. 

Wet  with  torpenline. 

Wet  with  rosin-oil  ... 

Wet  with  indiarubber 
eolation. 

Copper,  polished  on 
ghias-paper. 

Zino,  polished  on  glaas- 
paper. 

Copper,  polished  on 

glass-Mper. 
Zinc,  polisned  on  glam- 

paper. 

Copper,  polished  on 

Zinc,  polished  on  glass- 
paper. 

-.... 

-11 

+•20 

-•12 
—02 

+■02 
+•07 

Note.  ^The  plates  were 
compared  with  one 
another,  and  not  with 
the  standard  plate. 
Hence  onlj  \htckange 
of  potential  is  giyen. 

VIII.  Films  formed  on  Metals  by  Gases. 

§  54.  The  potential  of  a  metal  is  usually  altered  by  soaking 
the  plate  in  a  gas  other  than  air.     If  the  gas  be  oxygen,  this 
alteration  is  as  a  rule  only  temporary,  and  apparently  depends 
on  the  formation  of  a  surface  film,  or  rather  on  a  change  in 
the  film  which  doubtless  already  exists.     It  will  be  shown 
that  the  change  of  potential  of  zinc  due  to  soaking  in  oxygen 
is  nearly  equal  to  that  of  copper  ;  hence  the  film  of  oxygen 
acts  like  a  liquid    film  (Chap.  VII.),  but  its  eff^wt  is  less 
permanent.     Previous  experimenters,  except  Lord   Kelvin, 
appear  to  have  neglected  tlie  existence  of  these  films,  and  to 
have  looked  only  to  the  nature  of  the  body  of  gas  between 
the  plates.     Of  course  I  do  not  here  allude  to  the  "  double- 
laj'er "  which  has  been  offered  as   an   explanation   of   the 
phenomenon^  but  to  a  layer   in   mechanical   and   electrical 
contact  with  the  metal.      If  the   contact-potential  of  two 
metals  immersed  in  a  gas  were   the  sum  of  the  potential- 
differences  between  each  metal  and  a  skin  of  gas  close  to  it, 
we  should  have  no  slope  of  potential  in  the  body  of  the  gas 
between  the  plates.     That  a  slope  does  exist,  however,  is 
proved  by  Lord  Kelvin's  earliest  experiments  with  the  divided 
ring  of  copper  and  zinc.     In  this  connexion  Dr.  Bottomley's 
research  on  contact-electricity  in  high  vacua  *  is  of  great 
importance  as  showing  that  the  voltaF-potential  of  metals  is 
•  B.  A.  Beport,  1886. 
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not  sensibly  different  in  different  gases  so  long  as  the  metals 
are  not  chemically  affected,  and  is  not  sensibly  altered  by  a 
great  reduction  of  pressure.  The  body  of  the  gas  may 
possibly  have  some  influence,  but  the  variations  which  have 
frequently  been  attributed  to  it  may  usually  be  more  satis- 
factorily explained  as  being  due  to  change  in  the  film  in 
contact  with  the  metallic  surface.  In  the  case  of  a  gas  which 
acts  vigorously  on  the  metal  at  ordinary  temperatures  the 
film  is  permanent,  and  is  probably  a  solid  compound  ;  in 
other  cases  it  is  not  permanent^  and  hence  probably  not  solid. 
§  55.  In  *  Nature  for  1881,  Lord  Kelvin  describes  some 
very  important  experiments  on  this  subject.  As  these  appear 
to  be  but  little  known  I  shall  give  some  extracts  from  his 

Siper  before  describing  my  own  results.  Under  the  date 
ovember  23, 1880,  Lord- Kelvin  says  : — *'  I  have  found  that 
a  dry  platinum  disk,  kept  for  some  time  in  dry  hydrogen 
gas,  and  then  put  into  its  position  in  dry  atmospheric  air  in  the 
Voltii-condenser,  becomes  positive  to  another  platinum  disk 
which  had  not  been  so  treated,  but  had  simply  been  left 
undisturbed  in  the  apparatus.  The  positive  quality  thus 
produced  by  the  hydrogen  diminishes  gradually,  and  becomes 
insensible  after  two  or  three  days.  P.S. — On  December  24, 
1880,  one  of  the  platinum  plates  in  the  Volta-condenser  was 
taken  out ;  placed  in  dried  oxygen  gas  for  forty- five  minutes; 
taken  out,  carried  by  hand,  and  replaced  in  the  Volta-con- 
denser at  12.30  on  that  day.  It  was  then  found  to  be 
negative  to  the  platinum  plate,  which  had  been  left  undis- 
turbed. The  amount  of  tne  difference  was  about  '33  of  a 
volt.  The  plates  were  left  undisturbed  for  seventeen  minutes 
in  the  condenser,  and  were  tested  again,  and  the  difference 
was  found  to  have  fallen  to  "29  of  a  volt.  At  noon  on  the 
25th  they  were  again  tested,  and  the  difference  found  to  be 
'18.  The  difference  had  been  tested  from  time  to  time  since 
that  day,  the  plates  having  been  left  in  the  condenser  undis- 
turbed in  the  intervals.  The  following  table  shows  the  whole 
series  of  these  results  :—        Electric  difference  between  surfaces  of 

a  platiuum  plate  in  natural  con* 
dition,  and  a  platinum  plate  after 
45  minutes*  exposure  to  oiy  oxygen 
Time.  gas. 

Deo.  24,  12.30  p.m -33  of  a  volt. 

„    24,  12.47  P.M -29  „ 

„    25,  noon '18  „ 

„    27,  noon '116  „ 

„    28,  11.20  A.M -097  „ 

„    31,  noon "047  „ 

Jan.4,  11A.M -042  „ 

„    11,  11.40  A.M -020  „ 
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After  detailing  some  experiments  in  which  the  plates  were 
coated  with  the  gases  hy  electrolysis,  Lord  Kelvin  concludes  : 
"  Thus  in  the  case  of  polarization  by  oxygen,  as  well  as  in  the 
case  of  polarization  oy  hydrogen,  the  effect  of  exposure  to 
the  dry  gas  was  considerably  greater  than  the  effect  of  elec- 
troplating the  platinum  with  the  gas  by  the  electromotive 
force  of  one  volt/' 

The  large  effects  on  contact-potential  produced  by  films 
formed  from  gases  are  clearly  shown  in  these  experiments  of 
Lord  Kelvin's.  It  is  well  known  that  platinum  and  other 
metals  have  the  property  of  occluding  large  quantities  of  gas 
in  their  surface  layers,  and  that  the  condensed  gas  is  possibly 
in  the  liquid  state,  which  would  account  for  the  similarity 
between  the  effects  of  liquids  and  of  gases  on  metals. 

§  56.  The  plates  with  which  my  first  experiments  on  this 
subject  were  made  were  of  *'  high  conductivity  '^  copper.  They 
had  been  polished  on  fine  glass-paper  five  hours  before,  and 
their  mutual  potential  had  remained  constant  at 

•02  volt 

for  four  hours.  The  lower  plate  was  then  put  into  a  glass  vessel? 
into  which  oxygen  gas  was  admitted  from  a  cylinder,  and  the 
oxygen,  which  was  of  Messrs.  Brings  manufacture,  guaranteed 
93r-95  per  cent,  oxygen  (nitrogen  is  usually  the  only 
impurity),  was  allowed  to  stream  through  the  glass  vessel 
containing  the  plate  for  some  minutes,  and  the  exit  and  inlet 
of  the  vessel  were  then  closed.  Forty-five  minutes  later  the 
pkte  was  taken  out  and  its  potential  again  measured  with 
the  other  plate,  which  had  remained  in  air  during  the  interval. 
Counting  time  from  the  moment  at  which  the  plate  was  taken 
out  of  the  oxygen,  the  potential  varied  as  shown  below,  the 
oxygenized  plate  being  positive  to  the  other  in  all  cases  : — 


Time. 

Contact-potential. 

h.      lu. 

T. 

0       3 

•12 

0    19 

•08 

0    30 

•06 

17     20 

•03 

Thus  the  effect  of  increasing  the  proportion  of  oxygen  in  the 
surface  film  was  to  make  the  copper  more  positive. 

§  57.  This  variation  is  in  the  opposite  direction  to  that 
found  by  Lord  Kelvin  for  platinum  which  has  been  soaked  in 
oxygen.  In  order  to  make  sure  that  this  difference  was  not 
the  effect  of  some  impurity  in  the  oxygen,  I  repeated  his 
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experiment,  obtaining  the  same  result  as  he  had  obtained. 
This  shows  that  the  result  given  above  was  not  likely  to  be 
due  to  an  impurity  which  had  influenced  the  action  of  the 
oxygen. 

§  58.  Without  any  further  treatment  the  sjime  copper  plate 
was  placed  in  the  bell-jar  and  the  oxygen  admitted.  After 
forty-five  minutes  it  was  taken  out  and  its  potential  again 
measured  by  comparison  with  the  other  plate.  The  results 
are  given  in  the  following  table,  time  being  counted  from  the 
moment  the  plate  was  taken  out  of  the  oxygen  : — 


Time, 
h.     m. 
U       2 

Contaet-putentiitl. 

V. 

•13 

0     10 

•o« 

0     21 

•07 

0     29 

•06 

The  experiment  was  discontinued  before  the  plate  had 
returned  to  its  original  value  ;  but  it  would  no  doubt  have 
done  so  in  a  few  hours,  for  the  amount  of  change,  and  its 
rate,  are  almost  exactly  the  same  as  in  the  former  experiment 
(see  §  56). 

§  59.  In  the  following  experiment  the  conditions  were 
somewhat  varied.  A  copper  i)late  was  polished  on  glass- 
paper.     It  gave,  with  a  standard  copper  plate, 

-•05  v. 

A  jet  of  oxygen  was  now  sent  against  its  surface  for  two  or 
three  minutes,  and  with  the  same  standard  plate  it  now  gave 

-•06  v- 

It  was  then  left  in  oxygen  for  twenty- five  minutes,  and  on 
being  taken  out  gave 

Time.  Contact-potential, 

h.     m.  y. 

•    0       4  +-060 

0     13  +-036 

which  shows  that  its  immersion  had  raised  its  potential  -12  v 
I  now  warmed  it  with  a  soldering-bolt  applied  to  its  back. 
When  about  47°  C.  (see  Chap.  IX.)  it  gave 

Time.  Oontact-potential. 

h.      m.  y. 

0     16  -I--020. 
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It  was  again  warmed  sligbtly,  and  when  at  about  30^  0.  gave 
Time.  Contact-potential, 

h.     m.  T. 

0     42  --010. 

When  16^  C, 

4     48  --040; 

its  potential  thns  coming  back  to  very  nearly  the  original 
value. 

This  experiment  shows:  (1)  that  the  change  requires 
considerable  time  ;  for  even  a  fairly  strong  jet  of  oxygen 
playing  on  the  plate  for  two  or  three  minutes  produces  no 
appreciable  effect,  while  twenty-five  minutes  in  still  oxygen 
causes  a  rise  of  *20  v. :  (2)  that  gentle  heating  does  not 
produce  a  rise,  as  it  would  do  with  clean  unoxygenized  copper 
(see  Chap.  IX.),  but  it  must  be  remembered  tnat  the  copper 
was,  when  heated,  already  above  the  potential  to  which  heat 
alone  would  have  raised  it ;  hence  this  experiment  does  not 
show  any  connexion  between  temperature-variation  and 
density  of  the  oxygen  film  as  might  at  first  sight  be  supposed. 

§  60.  A  zinc  plate  which  had  oeen  polished  on  glass-paper 
gave  with  a  standard  copper  plate 

•81  v.,  zinc  positive. 
It  was  then  put  into  oxygen  and  left  for  fifteen  minutes. 
After  being  taken  out,  its  potential  was  again  measured  with 
the  same  standard  plate,  and  was  as  follows  . — 

Time.  Contact-potential, 

h.     m.  V. 

0       2  '89 

0     10  -87 

4     18  -86 

4    35  -85 

This  shows  that  zinc  also  is  more  positive  after  immersion 
in  oxygen. 

§  61.  The  same  zinc  plate  was  again  polished  on  glass- 
paper  and  gave 

+  -73v. 
with  the  standard  copper.    A  short  time  later  it  gave 

+  •70  V. 
It  was  now  put  into  oxygen  for  ten  minutes,  and  after  being 
taken  out  gave 

Tune.  Contact-potential. 

h.     m.  V. 

0      3  +'80 

0     13  +'78 

17       1  +-74 
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§  62.  A  tin  plate  was  polished  on  clean  glass-paper,  and 
gave  with  a  copper  plate 

+  '40  v., 

tin  being  positive.  Fifteen  minutes  later  the  potential  of  the 
plates  had  not  altered.  I  now  put  the  tin  into  the  bell-jar 
and  turned  on  the  oxygen.  After  it  had  soaked  for  47 
minutes  it  was  taken  out  and  compared  with  the  same  copper 
plate.     It  gave 

Time.  Contact-potential. 

h.      m.  V. 

0      5  +-32 

0     13  +-32 

0    35  +'35 

Thus  the  variation  of  tin  appears  to  be  in  the  negative  direc- 
tion, like  that  of  platinum. 

§  63.  A  silver  plate,  polished  on  glass-paper,  gave  with  a 
standard  copper  plate 

-•04  v., 

and  remained  constant  during  an  hour.  It  was  then  put  into 
oxygen  for  15  minutes,  and  when  taken  out  its  potential  was 
found  to  be 


Time, 
h.      m. 
0       8 

Contact-potential. 
+  •02 

0     19 

-•01 

0     40 

—02 

0     45 

-•02 

0    59 

-•03 

Thus  by  immersion  in  oxygen  for  15  minutes  it  had  risen 
*06  v.,  and  had  fallen  to  nearly  its  original  value  in  an  hour 
in  air. 

§64.    Silver  polished   on  clean  "fine"  glass-paper  gave 
with  a  standard  copper 

-•095  V. 

After  it  had  been  24  minutes  in  oxygen  it  gave  in  air 

+  •015  v., 
and  1 2  minutes  later 

+  •010  v., 

showing  that  the  potential  had  in  24  minutes  in  oxygen 
become  "110  more  positive. 

§  65.  It  is  noticeable  that  the  amount  of  change  in  these 
experiments  on  silver  is  to  some  extent  proportionate  to  the 
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time  of  exposure  to  oxjgen.  Thus,  in  §  63,  15  minutes  in 
oxygen  caused  a  rise  of  '06  v.  ;  while,  in  §  64,  24  minutes 
in  oxygen  caused  a  rise  of '11  v.,  but  there  is  no  doubt  a  limit 
to  the  change. 

§  66.  In  searching  for  an  explanation  of  the  temperature- 
variations  described  in  Chapter  IX.,  I  compared  them  with 
those  given  above.  In  the  case  of  copper,  the  oxygen- film 
variation  is  in  the  same  direction  as  the  temperature-variation 
of  copper  in  air,  which  suggests  the  possibility  of  the  latter 
being  caused  by  an  increase  of  the  proportion  of  oxygen  in 
the  fihn  at  higher  temperatures  on  account  of  a  greater 
attraction  between  the  elements.  The  same  reasoniug  holds 
as  regards  zinc  and  tin,  but  the  results  for  silver  are  in  direct 
opposition :  while  the  further  experiments  described  in 
Chapter  X.,  which  show  that  the  temperature-variations 
exist  in  crises  where  air  is  entirely  excluded  from  the  metallic 
surface,  render  such  an  explanation  very  doubtful.  Probably, 
therefore,  the  temperature-variation  is  the  more  general  of 
the  two,  it  being  a  change  in  contact-potential  of  the  metals, 
which,  if  they  are  exposed  to  a  gas,  may  be  complicated  by 
alteration  of  the  surface-film. 

IX.  Temperature  Vanations, 

§  67.  A  large  number  of  detenninations  were  made  of  the 
variation  of  contact-ele(^tricity  with  the  temperature  of  the 
conductor.  This  was  done  by  heating  one  plate  while  the 
other  was  kept  cool, and  their  potentiaUdifference  was  measured 
from  time  to  time  as  the  warm  plate  was  cooling,  their 
temperatures  being  observed  at  the  same  time.  In  the 
diagrams,  the  abscissae  represent  temperature  and  the 
ordinates  potential;  each  curve,  therefore,  shows  the  tem- 
perature-variation of  the  contact-potential  of  a  particular 
metal.  For  instance,  the  potential  represented  by  the  point 
which  corresponds  to  16^  C.  on  the  gold  line  is  called  zero 
in  this  and  other  chapters  of  the  present  communication. 
Thus  a  standard  gold  plat^  (see  §  8)  at  40°  C.  is  '04  v.  negative 
to  one  at  16°  C,  and  an  aluminium  plate  at  40°  C.  is  '10  v., 
positive  to  aluminium  at  16°  C,  or  1*20  v.  positive  to  a  gold 
plate  at  16°  C. 

It  must  be  remembered  that  unless  stated  otherwise  these 
variations  are  for  metals  in  air.  In  the  experiments  described 
in  Chapter  X.,  however,  the  metallic  surfaces  were  protected 
by  solid  non-conducting  films,  and  were  not  in  contact  with 
the  atmosphere ;  nevertheless,  temperature-variations  were 
found,  which  in  the  case  of  silver  were  actually  larger  than 
those  which  took  place  in  air. 
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§  68.  One  of  the  copper  plates  used  was  hollow  and  could 
be  filled  with  water  and  a  thermometer  inserted,  but  with  the 
other  plates  other  methods  of  measuring  temperature  had  to 
be  adopted.  In  some  cases  the  temperature  was  measured 
thermo-electrically,  while  in  others  a  simpler  and  more  rapid 
mode  of  measurement  was  used,  which,  though  not  very 
accurate,  is  quite  reliable  within  certain  limits. 

§  69.  By  touching  the  back  of  the  plate  I  found  that  its 
temperature  could  be  judged  as  "tepid,'*  "slightly  warm," 
"warm,**  "very  warm,''  and  so  on.  It  was  iowxhSl  experi- 
mentally that  these  terms  correspond  to  constant  temperatures ; 
or  rather  that  each  term  denotes  a  small  range  of  temperature, 
the  middle  point  of  which  may  be  taken  as  corresponding  to 
the  term.  In  determining  the  values  of  these  terms  a  plate 
was  used  in  which  a  thermometer  was  inserted.  One  observer 
touched  the  plate  with  the  tips  of  the  first  and  second  fingers 
and  judged  its  state,  naming  it  by  one  of  the  terms,  "  warm," 
"tepid,'^  &c.,  the  other  observed  the  thormomete/,  and  the 
temperatures  found  to  correspond  to  each  term  are  as 
follows : — 

Cold ' 16°  C. 

Quite  cool    24 

Cool 28 

Bather  cool 30 

Tepid    35 

Slightly  warm 40 

Warm 47 

Very  warm 50 

Hot 53 

Very  hot 57 

Too  hot  to  touch  continuously 63 

Too  hot  to  touch  for  more  than  one  second  . .  73 

This  method  of  measuring  temperature  is  rough  and  ready^ 
but  since  the  possible  errors  are  within  limits  of  a  very 
few  degrees,  one  only  requires  to  take  the  average  of  a 
considerable  number  of  results  in  order  to  arrive  at  a  very 
fair  approximation  to  the  true  values.  In  experiments  on 
contact  electricity  in  air  there  are  so  many  ]X)ssibIo  causes  of 
disturbance  that  extremely  accurate  measurement  of  the 
temperature  is  of  little  use,  especially  if  it  require  that  much 
time  be  spent  over  each  reading. 

§  70.  As  a  rule  the  upper  plate  was  heated,  in  order  that 
the  lower  plate  might  not  be  affected  by  draughts  of  hot  air, 
as  would  have  been  the  case  if  the  lower  had  been  hot  and 
the  upper  cold.  Sometimes,  during  the  time  of  cooling,  the 
upper  part  of  the  apparatus,  including  of  course  the  upper 
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plate,  was  removed  after  each  observation  and  was  replaced 
only  the  moment  before  the  next.  In  other  experiments  the 
upper  plate  was  merely  drawn  up  as  far  as  possible  (about 
10  cm.)  to  prevent  its  warraing  the  lower  one.  The  tempera- 
ture of  the  lower  plate  was  also  observed,  but  as  a  rule  it 
varied  only  a  very  few  degrees. 

§  71.  At  first  I  used  to  apply  a  hot  solderin^-bolt  to  the 
back  of  the  plate  in  order  to  heat  it,  but  latterly  1  heated  two 
or  three  small  blocks  of  tinned  copper  and  placed  them  on 
the  back  of  the  upper  plate.  By  this  second  method  it  was 
possible  to  observe  the  variation  of  the  potential  during  the 
rise  as  well  as  the  fall  of  temperature. 

§  72.  In  attempting  to  determine  the  temperature-coefficient 
of  copper  we  were  long  baffled  by  curious  anomalies.  Some- 
times the  plate  was  positive  when  hot,  other  times  negative, 
and  occasionally  it  did  not  vary  at  all.  The  clue  to  this  was 
found  in  observing  that  during  one  experiment  while  the 
copper  was  cooling  it  was  at  first  positive,  then  negative,  and 
then  it  gradually  became  positive  again,  though  never  quite 
reaching  its  original  value. 

Now  it  had  been  found  that  copper  oxide  is  negative  to 
copper,  and  that  it  became  temporarily  more  negative  when 
hot ;  hence  it  was  guessed  that  the  successively  positive  and 
negative  variation  must  be  due  to  hot  clean  copper  being  posi- 
tive to  cold  copper,  but  that  it  had  finally  b€KX)me  oxidized 
and  therefore  negative  whether  hot  or  cold,  the  small  perma- 
nent change  being  due  to  the  thin  coating  of  oxide  formed. 

§  73.  The  copper  was  heated  much  more  gently  next  time, 
and  gave  the  expected  result  that  clean  copper  becomes 
rapidly  more  positive  as  its  temperature  rises,  and  that,  on 
cooling,  its  potential  returns  to  its  original  value  unless  the 
temperature  has  exceeded  a  certain  limit.  If  this  limit  has 
been  exceeded  its  potential  rapidly  becomes  negative  and 
does  not  return  to  its  original  value. 

§  74.  At  ordinary  atmospheric  temperatures  the  surface  of 
clean  copper  remains  for  a  long  time  almost  unaltered  either 
visibly  or  electrically  (see  §  31),  and  the  film  which  ultimately 
forms  on  the  surface  cannot  be  pure  copper  oxide  because 
the  potential  of  tarnished  copper  is  higner  than  that  of 
copper  oxide  obtained  by  heating  in  air.  If,  however,  the 
temperature  of  the  copper  is  raisM  to  about  80°  C.  it  imme- 
diately begins  to  oxidize,  though  heating  to  a  temperature 
below  this  limit  does  not  rapidly  produce  any  permanent 
change.  Thus  there  is,  as  it  were^  an  ignition  point  for 
copper  and  oxygen  in  air  ;  below  it,  little  action  takes  place  ; 
above  it,  combination  proceeds  vigorously. 
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§  75.  I  shall  now  give  a  specimen  experiment,    He  two 
standard  gold  plates  gave 

-•02  v., 

the  minus  sign  indicating  that  the  upper  plate  is  negative.  I 
now  heated  the  upper  ;  when  "  tepid,"  i.  e.y  about  35°  C,,  it 
gave  with  the  cold  plate 

-•045  V. 

It  was  next  heated  further  until  "  very  hot "  (57°  C.)  and 
gave 

-•06  V. 

When  it  had  cooled  down  to  '*  tepid  "  (35°  C),  it  gave 

-'04  V. 

When"coor'(28°C.), 

-•03  V, 

Some  hours  later,  when  both  platos  were  cold,  they  gave  as 
at  first 

-•02  V. 

Hence  the  potential  of  gold  which  has  been  washed  with 
alcohol  and  allowed  to  dry  falls  temporarily  about  '0016  v. 
per  degree  centigrade  rise  of  temperature. 

$  76.  Most  of  the  temperature  experiments  on  copper  were 
made  with  the  hollow  plate  previouslv  mentioned,  wnich  was 
filled  with  hot  water  in  which  the  bulb  of  a  thermometer  was 
placed.  In  many  of  the  experiments  on  zinc,  and  also  on 
aluminium,  a  thermo-electric  arrangement  was  used,  and  the 
results  obtained  with  it  do  not  differ  materially  from  those 
obtained  by  the  above  method  (§69).  These  and  other 
details  are  noted  on  the  diagram. 

§  77.  The  diagram  on  p. 428  gives  the  temperature-variations 
of  all  the  substances  studied.  The  curves  in  it  are  plotted  by 
taking  the  results  for  each  metal  of  those  experiments  which 
are  most  free  from  all  complication  or  cause  of  doubt  If  the 
curves  be  prolonged  in  the  direction  of  lower  temperature 
they  appear  to  meet  somewhere  below  —200°  C,  and  prob- 
ably asymptotically  to  the  line  representing  '4  v.  positive  to 
standard  plate  at  16°  C  Within  their  range  they  show 
contact-potential-differences  diminishing  with  lowered  tem- 
perature. The  only  apparent  exceptions  are  clean  copper, 
and  silver  coated  with  glass  ;  but  both  their  curves  are 
distinctly  bent  between  16°  C.  and  50°  C,  so  that  probably 
they  are  directe<i  towards  the  same  point  as  the  others  at 
ower  temperatures.  Thus  it  appears  that  at  about  —200°  C. 
the  contact- potential-differences  of  metals  may  vanish^  and 
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that  a  plate  of  ani/  metal  at  that  temperature  would  be  about 
•4  volt  positive  to  a  standard  gold  plate  at  16°  0. 
.   §  78.  The  approximate  numerical  values  of  the  temperature^ 
variations  are  given  in  the  following  table  : — 


Table  V. 

Metal. 

Approximate 

range  of 
Temperature. 

Potential  of 

metal  with 

standard 

gold  plate. 

Both  at  16*'  C. 

Variation  of 

potential  per  1°  0. 

Standard  plate  kept 

always  at  16°  0. 

Aluminium,  polished  on  glass-paper 
„           waxed  , 

16-60 
16-40 
16-47 
16-62 
16-75 
16-33 
16-55 
16-65 
16-60 
16-70 
16-30 
30-50 
16-30 
30-60 
16-60 

Volts. 
-MIO 
-f  •OS 
+1-30 
+  •73 
-h  -58 
-f  ^52 
+    20 
-f  -28 
+  -12 
+  -16 
-  -06 

-f'-oi 
•nh 

Volt^.    •. 
-h-0043 
+■0032 
+•0046 
+  0013 
+  0016  • 

About  -0010 
-•0022 
—0007 
-•0007 
-•0004 

About  —0035  . 

About  --OHO 
Very  small. 

About  +^0016 
-0016 
-0016 

„           alcohol-washed,  rfry  ,.. 
Zinc,  polished  on  glass-paper 

Lead,  seraped   

Tin,  polished  on  glass-paper  

Iron ,  polished  on  emery-cloth    

„      aloohol-washed,  dry  

Silver,  polished  on  glass-paper  

„      alcohol- washed,  dri/ 

,»      coated  with  glass 

»i           »♦        »»       »»     

Copper,  polished  on  emerj'-cloth   ... 

I»                           M                       If                            If 

Gold,  alcohol-washed,  dru  

Oxidized  Copper 

16-66              -  •!! 

It  must  be  clearly  understood  that  these  are  triie  tempera* 
ture-yariations  and  not  permanent  changes  in  the  plate  caused 
ht/  exposure  to  a  high  temperature. 

X.  Elimination  of  Metal-Air  Potentials  by  Solid  J^on^ 
conducting  Films  on  the  Metallic  Surfaces, 

§  79.  As  very  great  differences  of  opinion  seemed  to  exist 
as  to  the  part  played  by  the  layer  of  air  which  is  close  to  the 
metallic  surface,  I  devised  a  method  in  which  it  should  bo 
removed  and  a  film  of  solid  non-conducting  material  of  a 
very  different  chemical  nature  put  in  its  place.  A  copper 
plate  which  had  been  polished  on  glass-paper  was  filed  with  a 
clean  dry  file  which  had  not  been  used  for  any  other  metal. 
Its  potential  with  the  standard  gold  plate  being 

+  •045  V. 

A  zinc  plate  was  prepared  in  «in  exactly  similar  way,  and 
with  the  copper  plate  gave 

.    +-655.V. 
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The  oopper  plate  was  now  gently  heated  wkh  a  bait  antil  it 
was  hot  enough  to  melt  paraffin- wax  ;  the  temperature,  about 
50^  C.^  required  for  this  is  not  suffieient  to  cause  sudden 
permanent  change  of  the  copper  surface  (see  §  74).  Paraffin-^ 
wax  was  then  poured  on,  and  the  plate  was  filed  with  its  own 
file  while  covered  with  molten  wax.  Thus  the  fresh  surface 
exposed  by  the  filing  came  directly  into  contact  with  the 
wax.  More  wax  was  poured  on  and  the  filings  drained  off, 
the  plate  remaining  well  covered  with  wax  all  the  while.  It 
was  then  allowed  to  cool,  and  gave  with  the  bare  zinc  plate 

+  •555  v., 

zinc  being  positive  as  before.  Thus  the  change  due  to 
substituting  parafiin-wax  for  air  next  the  copper  is  not  more 
than  -f'lOK)  v.  I  now  waxed  the  zinc  in  exactly  the  same 
way.     When  it  was  quite  cool  it  gave  with  the  waxed  copper 

+  •602  v., 

showing  that  waxing  the  zinc  had  raised  its  potential 

+  •047  V. 

So  on  the  whole,  the  substitution  of  wax  for  air  on  both 
copper  and  zinc  had  only  decreased  their  mutual  potential  by 

+  •053  V. 

and  the  potential  of  the  waxed  plates  remained  nearly 
constant  for  several  hours.  The  changes  due  to  waxing  the 
plates  as  given  above  were  confirmed  by  the  independent 
comparison  of  each  plate  with  the  standard  gold  plate.  It 
does  not  follow  that  even  the  small  changes  which  did  occur 
were  due  solely  to  the  substitution  of  wax  for  air,  for  they 
may  have  been  caused  by  slight  changes  in  the  surface  on 
account  of  the  filing. 

§  80.  An  aluminium  plate  was  coated  with  wax  in  the  way 
described  in  §  79,  a  knife  being  used  to  scrape  the  surface 
under  the  molten  wax.  When  cold,  this  waxed  plate  gave 
with  a  bare  zinc  one 

+  •36  v., 

which  is  about  the  usual  value  for  bare  aluminium  and  sine. 
The  removal  of  the  air  had  therefore  not  appreciably  altered 
the  potential. 

§81.  I  now  warmed  the  waxed  aluminium  slightly.  Its 
potential  with  the  zinc  varied  as  follows : — 

47°  C +-41  V. 

35°  C +-37  V. 

28°  C +-35  V. 
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This  gives  a  variation  of  about 

'0032  V.  per  degree  centigrade, 
which  is  nearly  the  same  as  the  temperature- variation  of  bare 
aluminium  in  air. 

§  82.  A  plate  of  silvered  glass  used  with  the  glass  side 
facing  a  standard  plate  gave  almost  the  same  potential  as 
clean  silver  in  air.  This  plate,  which  was  practically  silver 
coated  with  glass,  gave  a  temperature-variation  larger  than 
that  of  silver  in  air.  In  this  case  we  have  glass  in  contact  with 
the  silver  surface  instead  of  air,  but  the  change  does  not  alter 
the  potential.  It  mav  be  mentioned  that  the  back  of  the 
silver  film  was  painted  black,  and  not  coated  with  glass  ;  but 
this  is  of  small  consequence,  since  it  has  been  proved  by 
experiment  that  the  condition  of  the  back  of  a  plate  does  not 
sensibly  affect  the  volta  contact-potential ;  or,  more  generally, 
that  if  parts  of  a  plate  be  in  different  conditions,  the  potential 
observed  will  be  tne  mean  of  the  potentials  of  the  different 
parts,  the  importance  of  eiich  part  being  proportional  to  its 
capacity. 

§  83.  On  account  of  the  great  attraction  of  sodium  for 
oxygen,  it  seemed  of  interest  to  measure  its  potential  in  cir- 
cumstances which  excluded  that  gas  from  the  surface  of  the 
metal.  In  order  to  effect  this  two  pieces  of  thin  sheet-glass, 
each  about  6  cm.  square,  were  put  into  a  dish  of  melted 
paraffin-wax  together  with  some  clean  sodium,  and  a  large 
drop  of  the  sodium  was  put  between  the  plates  of  glass  and 
squeezed  out  into  a  small  plate  of  3  or  4  square  cm.  area.- 
The  glass  plates,  with  sodium  between  them,  were  taken  out 
of  the  melted  wax  and  allowed  to  cool.  Since  the  glass  plates 
were  of  much  larger  diameter  than  the  sodium,  the  edges  of 
the  latter  were  protected  by  the  wax  which  filled  up  the  space 
between  the  plates  not  occupied  by  sodium.  The  flat  faces 
of  the  sodium  were  apparently  in  contact  with  the  glass. 
The  sodium  was  connected  to  the  electrometer  by  a  fine 
copper  wire.  The  greater  part  of  the  sodium  surface  was 
bright  or  only  slightly  tarnished,  and  it  remained  in  almost 
the  same  condition  for  many  days,  being  protected  by  the 

S'ass  plates  and  by  the  wax  which  filled  the  space  between 
em  unoccupied  by  sodium.     The  first  measurements  gave 
sodium 

2-86  V. 
positive  to  a  tjirnished  zinc  plate,  t.  e.  about 

3*56  V. 

Sositive  to  the  standard  gold  plate.     This  potential  gradually 
ecreased. 

2G2 
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§  84.  Experiments  were  made  to  make  sure  that  the  resnlt 
was  not  due  to  temporary  electrification  of  the  glass.  For 
instance  1  breathed  on  the  glass,  causing  a  conducting  layer 
of  impure  water  to  form  on  its  surface.  Repeated  measure- 
ments, made  by  the  usual  method,  showed  that  the  potential 
at  once  fell  to  a  small  fraction  of  a  volt,  but  slowly  rose  again 
to  nearly  its  original  value  as  the  film  evaporated.  This  shows 
that  the  electrification  was  not  a  tt^mporary  one  of  the  glass 
surface,  for  that  would  not  have  returned  to  a  definite  value. 
Heating  the  plate  by  radiation  or  washing  the  glass  with 
benzol  caused  the  pot(*ntial  to  ris.^  furthor,  but  in  no  case  was 
the  potential  quite  so  high  as  when  the  plate  was  first  formed. 
An  even  more  convincing  proof  that  the  potential  measured 
was  really  that  of  the  sodium  was  found  in  the  lact  that  the 
hensibiiity  of  the  ap|)aratiis  was  such  as  would  be  given  by  a 
phite  the  -ize  of  the  sodium.  If  the  electrification  had  bi^eii 
on  the  whole  surface  of  the  glass,  the  sensibility,  on  account 
of  the  larger  surface,  would  have  bf»en  at  least  ten  times  as 
great  as  that  observed. 

§  85.  The  experiments  described  in  this  chapter  show  that 
(i.)  when  two  metiils  are  coated  with  the  same  non-conductor, 
such  as  wax  or  glass,  their  potential  is  not  sensibly  different 
from  that  of  the  bare  metals  in  air ;  (ii.)  that  temperature- 
variation  still  takes  place,  though  air  be  excluded.  These 
results  seem  to  prove  that  gaseous  films  play  no  essential 
part  in  the  phenomenon. 


XLIV.    On  the  Susceptibility  of  Diawagnetic  and  Weakly 
Magnetic  Substances.     By  Albert  P.  Wills*. 

PARADAY  (1845)  showed  that  all  substances,  whether. 
-1-  solid,  liquid,  or  gaseous,  are  either  diamagnetic  or 
magnetic.  Previously,  however,  Brugmans  (1778)  and 
Becquerel  (1827)  observed  certain  diamagnetic  phenomena. 

By  way  of  relative  measurement  of  the  coefficient  of 
susceptibility,  a  great  deal  has  been  done  by  various, 
physicists,  among  them  Plucker  and  Faraday.  For  bismuth 
there  have  been  a  number  of  determinations  in  absolute 
measure.  It  will  suffice  to  mention  here  four  of  the  best 
methods  used  :—l.  The  method  used  by  Christie  t  (1858) 
depends  upon  the  comparison  of  the  inductive  action  of  the 
magnetized  bismuth  with  that  of  a  solenoid  through  which  a 
known  current  is  flowing.     2.  The  method  used  by  Topler 

*  CouiimmioAted  by  Prof,  A.  G.  Webster, 
t  Po/jr.  Ann,  ciii.  p.  577  (l^.^^). 
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a«id  von  Ettingshausen*  (1877)  depends  upon  the  measure- 
ment of  the  force  of  repulsion  upon  a  piece  of  bismuth  hun^ 
nt«ar  the  end  of  a  soienoid.  3.  The  method  used  by  Rowland 
and  Jacques t  (18711)  depends  upon  the  measurement  of  the 
inilaence  of  the  diamagnetic  force  upon  the  time  of  swing  of 
a  piece  of  bismuth  suspended  in  an  inhomogeneous  magnetic 
field.  4.  The  method  used  by  von  Ettingshausen  J  (1882) 
depends  upon  the  measurement  directly  of  diamagnetic  action 
at  a  distance. 

von  Ettingshausen  has  used  all  the  above-mentioned 
methods,  and  ibr  an  interesting  comparison  of  results  obtained 
with  these  methods,  a  table,  taken  from  Wiukelmann's  Hand- 
buck  der  Pliysik,  is  subjoined  : — 

Values  of /f  for  Bismuth. 


Ob^e^ve^ 

Extreme  Yaluea. 

Mean  Valuea. 

V.  Ettingshausou  1 

MeLbod    ... 

13-35  to  13-82  X 

10-® 

13  57X10-* 

„ 

2 

If 

13-82  to  1408 

II 

13-99 

ff 

II 

2 

II. 

14-41  to  14-80 

II 

14-54 

ff 

„ 

2 

If         ••• 

13-41  to  13-54 

„ 

13-48 

ff 

jj 

2 

If 

14-09  to  1413 

II 

14-11 

ff 

II 

3 

If         ••• 

»i 

15-30 

ff 

J, 

4 

ff 

13-13  to  13-66 

If 

13-35 

If 

General  meau  . 

..  1405 

von  Etting*^hausen  also  made  absolute  determinations  of 
the  susceptibility  for  antimony  and  tellurium.  There  has 
been  a  considerable  amount  of  work  done  by  various  physi- 
cists by  way  of  determination  of  the  susceptibility  for  liquids 
and  gases.  A  great  number  of  liquids  and  gases  have  been 
used,  and  the  susceptibility  has  been  determined  for  them 
by  different  methods.  The  results  thus  obtained  sometimes 
differ  widely. 

Concerning  the  determination  of  the  susceptibility  for 
bodies  in  which  it  is  exceedingly  small  it  may  be  said  that  the 
inethods  previously  used  have  sometimes  suffered  greatly  in 
consequence  of  the  weakness  of  the  action  to  be  observed. 
No  doubt  many  of  the  divergent  results  obtained  by  different 
physicists  are  due  in  large  measure  to  dissimilarity  in  the 
samples  of  the  substance  experimented  upon.  In  some  cases, 
however,  they  seem  due  to  some  chronic  weakness  in  the 
method  of  experimentation.  A  fundamental  difficulty  met 
with  in  the  elaboration  of  a  method  for  the  study  of  diamag. 

•  Pogg.  Ann.  clx.  p.  1  (1877). 

t  Amer.  Joum.  Sci.  xviii.  p.  360  (1879). 

X  ^VieIl.  Ber,  Ixxxv.  [2]  p.  37 ;  Wied.  Ann*  xvii.  p.  272. 
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netio  phenomena  lies  in  making  the  inevitably  small  action  as 
large  as  possible. 

In  the  antamn  of  1895*,  acting  upon  the  suggestion  of 
Prof,  A.  G.  Web&ter,  I  attempted  to  determine  the  suscepti- 
bility of  substances  by  suspending  an  ellipsoid  of  the  substance 
in  a  homogeneous  magnetic  field,  and  observing  the  times  of 
oscillation  with  a  known  field  and  with  no  fieli.  I  failed  in 
this  object  owing  to  the  fact  that  I  M^as  unable  to  obtain  a  field 
which  was  uniform  to  a  sufficient  degree  of  approximation, 
the  efifect  which  I  wished  to  observe  depending  upon  the 
square  of  the  extremely  small  quantity  «,  while  the  effect 
depending  upon  the  non-uniformity  of  the  field  varies  with 
the  first  power  of  k. 

The  purpose  of  the  present  paper  is  to  describe  a  method 
for  the  determination  of  k  for  bodies  in  which  it  is  extremely 
small  and  either  positive  or  negative,  and  to  give  the  actual 
resuli.s  obtained  from  experiments  upon  a  large  number  of 


Description  of  the  Apparains. 

It  has  long  been  known  that  if  any  substance  be  introduced 
into  an  inhomogeneous  magnetic  field  it  experiences  a 
mechanical  force  which  tends  to  make  it  enter  a  stronger  or 
weaker  part  of  the  field,  according  as  the  substance  is  mag- 
netic or  diamagnetic.  To  determine  this  force  the  amount 
and  distribution  of  the  field  in  which  the  substance  is  placed 
must  be  known. 

I  shall  describe  the  apparatus  used  in  the  present  experi- 
ments, and  in  the  theory  of  the  method  shall  show  that  the 
apparatus  as  here  described  is  adequate  to  allow  for  certain 
simplifications  in  the  general  theory,  giving  the  force  acting 
on  a  body  placed  in  an  inhomogeneous  magnetic  field.  As  a 
result  of  these  simplifications  we  get  an  expression  for  the 
mechanical  force  upon  the  body  in  a  convenient  direction, 
which  involves  the  held-strength  at  the  two  limiting  surfaces 
only,  in  that  direction.  A  suitable  form  for  the  experimental 
bociy  is  that  of  a  thin  rectangular  slab.  Fig.  1  will  give  a 
general  idea  of  the  arrangement  of  the  apparatus. 

*  In  coDnexion  with  this  work  I  noticed  a  very  remarkahle  hehariour 
of  non-conductors  in  a  magnetic  field,  which  led  *me  to  suspect  an  action 
akin  to  hysteresis  in  iron.  As  my  direct  object  at  that  time  was  to 
establish  a  method  for  the  determination  of  coefficients  of  susoeptibility 
I  did  not  push  my  experiments  far  enough  to  warrant  my  publishing 
results.  Mr.  Duane  has  published  (Wied.  Ann,  Bd.  Iviii.  p.  617,  1896) 
an  account  of  similar  experiments  performed  by  him  in  the  physical 
laboratory  at  Berlin,  whicn  seemed  to  indicate  hysteresis  in  non-con- 
ductors, but  in  which  later  research  showed  the  eftect  to  be  due  to  traces 
of  iron  (Wied.  Ann.  Ixi.  p.  436, 1897). 
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A.  Large  electromagnet, 
a,  a'.  Pole-pieces  of  A. 

8.  Experimental  slab  in  position. 
fi.  Balance. 

The  pole-pieces  are  prismatic,  as  shown  in  figs.  2  and  3. 

Fig.  2.  • 
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The  bevelled  faces  are  on  angles  of  60  degrees.  When  in 
position  the  pole  faces  are  parallel,  and  the  gap  between 
them  is  about  1'5  centim.  The  figures  given  on  the  diagram 
represent  centimetres. 

Fig.  4. 
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In  fig.  4  is  shown  the  T  suspension  arrangement  used  in 
holding  the  slab.  P  is  the  suspension- wire  from  the  balance 
beam  passing  through  the  vulcanite  cross-arm  c.  W  and  W 
are  rigid  brass  wires  passing  easily  through  slots  in  c,  and 
supported  by  means  of  nuts  d  and  d\  the  upper  ends  of  W 
and  W^  being  threaded  j  b  aod  b'  are  ;*jnall  vulcanite  blocks 
to  which  the  rieid  wires  "^V  and  W  are  fiiml^  attached.  A 
jjart  of  the  surlace  /  of  block  i  is  made  conducting' and  in 
metallic  connexion  with  W  ;  likewise  a  conducting  part  of 
^surface  J^  is  in  metallic  connexion  with  W.  For  holding 
the  slab  S,  a  clamp  operated  by  the  screw  s  is  used  ;  for 
making  the  necessaiy  adjustments  in  the  positions  of  S,  the 
nuts  ^,  d,  d*  serve.  The  reiison  for  making  the  surfaces  / 
and/'  partly  conducting  and  in  metallic  connexion  w^ith  W 
and  W  respectively  will  be  made  clear  when  the  method 
used  in  making  the  field  determination  is .  described.  In 
•circuit  with  the  magnet  coils  of  A  there  is  an  amiweter;whieh, 
with  a  variable  resisUtnce,  serves  to  keep  the  current  con- 
stant during  an  experiment.  In  the  same  circuit  there  is 
also  a  commutator  which  serves  to  change  readily  the  direction 
•of  the  current  through  the  magnet  coils. 

A  box,  opened  in  front  b}'  means  of  a  door,  serves  to  pro- 
tect the  suspension  apparatus  from  draughts. 

An  idea  of  the  general  distribution  of  the  field  is  given  i^ 
fig.  8.  ., 

\  The  slabs  used  in  the  experiments  were  rectangular  in 
shape  and  of  approximate  dimensions  8  centim,  by  4'5  ceutiiu. 
by  0*5  centim.  AVhen  in  position  for  experimenting  the  Jong 
edges  of  the  slab  were  verticaK  Figs.  1;  2,  and  3  show  more 
clearly  than  could  any  description  how  the  slabs  >yere  sus- 
pended. ~  • 

llieory  of  the  Method. 

Considering  magnetic  forces  due  to  stresses  in  the  media, 
it  can  then  be  shown*  that  the  following  equations  must  in 
general  be  satisfied  for  isotropic  media  : — 

X=i{2eL-SBH}, 
•  See,  for  instance,  Webster, '  Electricity  and  Wognetisni,'  p  887. 
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'     4ir  4ir       ' 

47r  4Tr      ' 

irhere  Xx  represents  the  X*componeiit  of  the  force  per  anit 
of  area  upon  a  plane  element  perpendicular  to  the  X-axis  (an 
analogous  meaning  is  to  be  given  Y,,  Z„  and  Xy,  X,,  Y^,  Y*, 
Zx,  Zy),  and  L,  M,  N,  £^  ^^  9}  are  the  components  of  the 
magnetic  force  H  and  the  magnetic  induction  ^  respectively. 

Beferring  to  fig.  3,  let  the  axis  of  X  be  in  the  h'ne  of 
symmetry  perpendicxilar  to  the  j)ole  faces ;  let  the  axis  of  Z 
l>e  vertical  and  the  axis  of  Y  be  perpendicular  to  the  axes  of 
X  and  Z.  We  wish  to  find  an  expression  for  the  mechanical 
force  acting  upon  the  slab  when  placed  relatively  to  the  pofo- 
pieces  as  shown  in  fig.  3.  There  will  be  discontinuity  in  the 
stress-components  H^xy  Y,,  Zr,  Y^^  Zx,  Xy  at  the  surface  of  the 
slab  where  there  is  discontinuity  in  ih%  permeability  /»  and 
the  forces  per  unit  area  are  equal  to  the  amounts  of  the  dis- 
eontinuities.  Let  the  permeability  of  the  slab  be  fji^^  and  let 
the  permeability  of  the  surrounding  medium  (air,  in  the 
present  case)  be  /^i.  The  slab  used  is  so  thin  that  through- 
out its  whole  thickness  the  tubes  of  induction  may  be  assumed 
parallel  to  the  X-axis,  and  consequently  perpendicular  to  the 
faces  perpendicular  to  the  X-axis. 

With  tnis  assumption  we  have  then 

Z,=Yy=Y,=Zx^X,=0, 

and  jT  Xz  dy  dz  taken  over  the  two  surfaces  of  the  slab  per- 
pendicular to  the  X-axis  equals  zero.  In  a  similar  way  the 
surface-integral  of  the  forces  taken  over  the  two  surfaces 
perpendicular  to  the  Y-axis  vanishes.  Bat  now  consider  the 
forces  on  the  two  faces  perpendicular  to  the  Z-axis.  The 
conditions  of  symmetry  applicable  to  the  other  faces  do  not 
hold  here.  Consider  the  lower  Z-face,  that  is^  the  face  be- 
tween the  poles.  The  equations  show  that  all  forces  vanish 
at  this  face  save  Z,,  and  we  have  then  the  force  Z,  given  in 
medium  of  permeability  /xi  by 

and  in  the  slab  or  medium  of  permeability  ft^  by 

o-Tr 
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The  difference  in  these  twa  values  sives  us  ibe  total  force 
acting  upon  the  surface  considered.  If  P^  denote  its  value 
in  graras-weight,  we  have 

But  since  H  near  the  surface  is  the  same  in  both  iMdia, 
"tve  have 

~       2      • 
Since  Kn  the  relative  susceptibility  is  bj  definition 

Now  a  similar  treatment  of  the  forces  acting  at  the  top 
surface  of  the  slab  will  give  for  the  resultant  force  there 

ffr  ^        2 

where  H'  is  the  magnetic  force  at  the  top  surface. 

The  difference  between  Pi  and  P'  times  the  area  of  the 
Z-face  will  give  us  the  total  force  acting  in  the  line  of  sus- 
pension. If  A  is  the  area  of  the  Z-face,  then  P,  the  total 
vertical  force,  is  given  by 

Now  experiment  shows  that  H'*  is  negligible  in  comparison 
with  H|^.  If  /^,  the  permeability  of  air,  be  assumed  equal 
io  unity,  we  have 

so  that  _  2^P 

where  H  is  put  for  Hi,  and  k  for  te^i. 

For  the  determination  of  k  it  is,  accordingly,  only  necessary 
to  determine  P  the  mechanical  force  acting  on  the  slab,  H 
the  magnetic  force  at  the  bottom  of  the  slab,  and  the  area  of  a 
eross-section  of  the  slab.  In  determining  tbe  strength  of  the 
field  the  balance  mentioned  above  was  used.  A  known 
current  is  sent  through  a  conductor  placed  in  that  part  of  the 
field  the  strength  of  which  we  wish  to  measure,  and  then  the 
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Vertical  force  F  upon  the  conductor  is  determined  by  means 
of  tbe  balance.     The  field*  is  given  by  the  equation 

wfaere^I  is  the  current  in  ampeires,  /  is  the  length  of  the  wire  in 
centimetres,  F  is  the  force  in  grams  measured  by  the  balance^ 
A  rectangular  slab  of  plaster-of-paris  was  made  with  nearly 
the  dimensions  of  the  experimental  slabs.  On  three  edges  of 
this  slab  (the  bottom  edge  and  the  two  side  edges)  were 

Lasted  thin  strips  of  tinfoil  just  as  wide  as  the  slab  was  thick, 
[ow  when  this  slab  is  clamped  in  the  clamp  of  the  suspension 
apparatus,  so  that  the  tinfoil  of  the  side  edges  is. in  contact 
with  the  metallic  part  of  the  surfaces/  and  f\  \yQ  shall  have 
metallic  connexion  between  W  and  W  by  way  of  the  tin- 
foil along  the  sides  and  across  the  bottom  of  the  slab.  When 
a  field  determination  is  to  be  made  the  slab  is  adjusted  with 
reference  to  the  poles  in  just  the  same  manner  as  are  the 
experimental  slabs.  Then  the  tinfoil  strip  across  the  bottoitf 
of  the  slab  is  a  conductor  in  the  field  we  wish  to  determine. 
Since  the  corners  turned  by  the  tinfoil  are  very  sharp  the 
length  of  this  conductor  can  be  determined  vith  great 
accuracy. 

For  the  deternn'niition  of  the  current  I  a  Weston  millivolt- 
meter  was  used  in  connexion  with  a  german-silver  shunt. 
The  millivoltmetor  was  carefully  calibrated  by  means  of  a 
Hayleigh  current-weigher  constructed  by  Mr.  S.  N.  Taylo^ 
in  connexion  with  his  work  on  (Mark  and  Weston  cells. 

■       iltt/iod  of  Experimenlalioiu         • 

The  substance  for  a  series  of  experiments  having  been 
selected,  the  field  magnets  were  excited  '>vith  the  proper 
current  regulated  by  a  suitable  resistance.  An  assi.'itimt  kept 
the  needle  of  an  anmieter  in  circuit  with  the  magnet  coils 
always  over  a  selected  line  of  the  scale.  The  plaster-of-paris 
slab  described  above  was  then  introduced  into  the  j»roper 
position.  Equilibrium  was  obtained  when  no  current  passed 
through  the  conductor  in  the  field  and  a  reading  of  the  balance 
taken.  A  current  measured  by  the  Weston  mil li voltmeter 
Avas  then  sent  through  the  conductor  and  a  new  reading 
taken  when  equilibrium  had  been  again  secured.  The  diS'er- 
ence  in  these  two  readings  gave  the  force  in  grams  F,  due  to 
the  field,  upon  the  current  in  the  conductor.  Then  the 
plaster  slab  was  removed  and  a  slab  of  one  of  the  substances 
to  be  investigated  introduced,  and  a  reading  of  the  balance 
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taken  when  oquilibriam  obtained.  \  The  slab  was  then  reversed, 
top  for  bottom,  and  another  reading  obtained.  This  process 
was  then  gone  throngh  with  all  the  five  or  six  substances 
selected  for  a  particular  series  of  experiments,  another  deter- 
mination of  the  field  being  made  in  the  middle  of  the  series 
and  still  another  at  the  end. 

-  After  the  last  fiehl  determination*,  and  while  the  field 
magnets  were  still  excited,  a  reading  of  the  balance  was 
obtained  with  no  slab  in  the  clamp  of  the  suspension  apparatus. 
This  reading  was  to  enable  us  to  make  correction  for  any 
injignetic  action  upon  the  suspension  apparatus  itself.  The 
current  through  the  magnet  coils  was  then  cut  off.  -  * 

■  The  wires  w  and  w'  were  hung  in  long  loops  from  fixed 
supports  in  the  balance-case  to  a  little  rubber  support  firmly 
attached  to  the  suspension  rod  P.  From  this,  being  well 
insulated,  they  were  twined  about  the  rod  P  and  connected 
with  W  and  VV  at  the  nuts  rf  and  (U^  as  shown  in  fig.  4. 
These  wires  would  vary  slightly  in  length  when  a  current 
passed  and  correction  had  to  be  made  for  this.  Both  wires 
w  and  v/  were  connected  with  one  nut  (rf,  fig.  4)  and  the 
same  current  used  in  making  the  field  determination  was  thus 
sent  over  the  flexible  wires  in  the  balance-case,  without  going 
near  the  field  magnets.  A  reading  of  the  balance  was  taken 
when  the  current  had  been  properly  adjusted. 

The  residual  field  was  then  eliminated  with  great  care. 
This  was  done  by  reversing  over  and  over  again  a  small 
current  through  the  magnet  coils  until  the  balance  gave  no 
indication  of  a  field  when  a  current  was  sent  through  the 
conductor  arranged  as  when  the  field  was  determined. 

The  slabs  were  then,  each  in  turn,  clamped  in  the  clamp  of 
the  suspension  apparatus  and  readings  of  the  balance  with 
the  zero  field  taken.  These  readings,  with  those  fciken  with 
the  field  on  and  with  the  proper  corrections  mentioned  above, 
are  sufficient  to  determine  the  mechanical  force  in  the  Z 
direction.  This  force  we  have,  in  the  theory  of  the  method, 
called  P.  • 

A  scale  graduated  to  read  fifths  of  a  millimetre  was  used 
to  determine  the  width  of  the  slab,  dnd  a  Brown  and  Sharpe 
micrometer  screw-gauge  graduated  to  read  thousandths  of  ti 
centimetre  was  used  to  determine  the  thickness  of  the  slab. 
The  product  of  this  width  and  thickness  gave  the  area  A.  In 
making  the^e  width  and  thickness  measurements,  many 
measurement-*  were  taken  on  a  given  slab  and  the  mean  of 
these  used  in  the  calculations. 
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Results, 

The  tabular  results  are,  in  general,  arranged  in  groups 
which  give  the  snbstances  experimented  upon  and  the  data 
obtained  in  a  given  series  of  experiments. 

A  table  of  abbreviations,  which  will  be  found  convenient  in 
referring  to  the  tables  of  data,  is  given  below  : — 

H.  Unit  tubes  of  force  per  square  centimetre  at  bottom 
surface  of  slab. 

/>!•  Balance  reading  in  grams,  field  on  and  slab  in  position. 

Pq.  Balance  reading  in  grams,  field  off  and  slab  in  position. 

Pi.  Balance  reading  in  grams,  field  on,  plaster  slab  in 

Eosition,  and  current  throach  conductor, 
ince  reading  in  grams,  field  on,  and  plaster  slab  in 
position,  but  no  current  through  conductor. 
P.  Mechanical  force,  in  grams,  upon  the  slab. 
F.  Mechanical  force,  in  grams,  upon  conductor  in  field 

when  current  is  on. 
I.  Current  in  amperes  through  conductor  when  field  is 

being  measured. 
e.  Correction  necessary  on  account  of  magnetic  attraction 

upon  suspension  apparatus  without  slab. 
8.  Correction  necessary  on  account  of  extension  in  wires 

w  and  w^  when  current  is  sent  through  them. 
L  Length,  in  centimetres,  of  conductor  used  in  measuring 

field. 
w.  Mean  width,  in  centimetres,  of  experimental  slab. 
t.  Mean  thickness,  in  centimetres,  of  experimental  slab. 
K.  Coefficient  of  magnetic  susceptibility. 
In  the  first  series  of  experiments,  determinations  of  /e  were 
made  for  five  samples  of  marble.  In  the  first  column  of  the 
table  are  found  the  names  of  the  different  varieties  of  marble 
experimented  upon.  The  second  coluum  gives  z>i,  two  values 
being  given  for  each  substance,  since  each  glab  is  reversed  in 
each  experiment,  the  top  being  put  for  the  bottom  ;  and  the 
third  column  gives  the  mean  of  these  two  values.  The  fourth 
column  gives  po,  the  reading  of  the  balance  when  slab  is  in 
position^  but  no  field  on.  In  the  fifth  column  are  the  values 
of  P=Po~/h  +  €'  ^^  the  next  two  columns  are  found  w  and 
ty  the  factors  of  A^  the  area  of  the  slab.  The  last  column 
gives  the  values  of  k  multiplied  by  10  to  the  sixth  power, 
which  values  are  calculated  from  the  data  found  in  the  columns 
and  below.  Below  the  colunms  are  found  the  corrections  e 
and  8,  the  necessary  data  for  the  calculation  of  H,  and  the 
calculated  value  of  H.  The  same  value  of  H  was  used  through- 
out a  given  series  of  experiments.  The  same  arrangement  of 
data  and  results  is  followed  in  all  of  the  tiibles  given. 
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Pv 

Mean 

Pf>' 

to. 

L 

*xio«. 

Italian    j 

Italian        f 
Statuary  (1)   \ 

Rutland       f 
Statuary 

Gray          f 
KnoxTiUe     \ 

Italian        f 
Statuary  (-2)   \ 

103-3462 
103-3463 

101-2129 
101-2146 

102-7416 
102-7382 

103-7836 
103-7832 

102-8600 
102^20 

103-3462 
101-2138 
102-7399 
103-7834 
102-8610 

103-4244 
1012798 
102-8070 
103-8336 
102^79 

•0792 
-0670 
-0081 
•0512 
•0679 

5-18 
513 
514 
512 
5-14 

•490 

•474 
•502 
•500 
•491 

--940 
—832 
-•795 
-.-608 
-•811 

Po- 
73-0726 

•=-0010 
^=•0027 


F= 

Pi-Pof^' 
1-693 

/=4-54 
1=  -427 


H. 

8»060 


Special  attention  was  thus  bestowed  upon  the  study  of  the 
magnetic  properties  of  marble  since  it  has  been  often  used  as 
a  means  of  support  for  .coils  in  standard  apparatus.  The 
results  obtained  seem  to  indicate  that  almost  any  variety  of 
marble  can  be  relied  upon  to  be  dia magnetic  and  free  from 
iron,  and  to  have  a  magnetic  susceptibility  of  about 
— "8x10"^  Therefore  it  would  seem  that  a  free  use  of 
marble  in  magnetic  apparatus  is  allowable. 

Table  1 1,  gives  the  data  and  results  for  aluminium,  glass^ 
and  tin. 

Table  II. 


1 

Pi- 

Mean 
Pv 

Po- 

P= 

Po-Py+*>- 

w. 

t. 

icxlO'. 

Aluminium  .  \ 

Glaas { 

Tin I 

ll  1-5490 
111-5505 

92-5120 
92-5120 

162-0290 
162-0295 

111-5527 

92-5120 

1620293 

111-3680 

92-5524 

1620048 

-1837 
+  •0414 
-■0-235 

4-49 
3-97 
4-52 

•650 
•536 
•436 

+188 
-  -578 
+  ^354 

74^5290  72-&i74 


€=•0010 
a=-0024 


F= 

Pi''Po+^'         H. 
1-6U4  8,120 

/=4-54 
1=  -427 
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It  should  be  noticed  that  the  xioeflBcieht  of  susceptibility  for 
iin  is  positive,  that  is,  the  present  experiments  would  seem  to 
indicate  that  tin  is  magnetic.  Now  previous  experiments  upon 
tin  hare  clearly  shown  it  to  be  diamagnetic,  and  the  conclusion 
to  be  drawn  in  the  present  case  is  that  the  sample  used -must 
have  contained  traces.of  iron.  The  glass  used  was  a  piece  of 
fine  optical  glass.  The  value  of  «  obtained  for  this  piece  of  glass 
is  four  or  five  times  the  value  usually  given.  Aluminium  is 
seen  to  have  a  positive  value  of  k  and  quite  large. 


Table  III. 


Antimony  ...  j 

Bismuth j 

Sulphur I 

Ebonite | 

■  Paraiffin I 

White  Wax  .  | 
Shellac   | 


Mean      I 


1733254 
173-3320 

202-5290 
202-5970 

96-3017 
96-29(^3 

80-9105 
80  9232 

^•4040 
04-5054 

63-7308 
63-7298 

74-1848 
74-2178 


7>o- 


173-3287   173-3830 


202-5630 
90-2990 
80-9168 
64-4997 
63-7303 


203-3932 
96-3817 
80-7964 
64-54S0 


P= 


•0553 
•8312 
•0837 
-•1194 
•0493 


63-7811  I   -0518 


742013  I     742422  I       0419 


4-55 
4-58 
4-94 
4-94 
4-44 
4-94 
5-03 


-495 
-430 
-644 
•648 
-559 
•544 
•615 


icXlO*. 


-  714  I 

-12-25 

-  -765 
+  1-08    ' 

-  "577  , 

-  ^560 1 

I 

-394 


P^'  Po- 

74^6347  -  730140 

6=0010 
a=-0026 


F= 

Pi'-Po'-^o.  H. 

1-623  6,740 

/=4^54 
1=  -427 


The  bismuth  used  in  this  series  was  furnished  by  Eimer 
and  Amend,  of  New  York,  and  was  supposed  to  be  chemically 
pure.  .The  results  for  antimony  seem  to  show  that  the  sample 
used  must  have  contained  just  a  trace  of  iron,  since  the  value 
found  for  #c,  while  negative,  is  much  smaller  than  that  usually 
given. 

Table  IV,  gives  the  results  found  for  seven  J  kiiids  of  wood. 
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1 

Moan 
Pv 

Po. 

P= 

10. 

t. 

icxl0\ 

White  wood    | 

Holly 1 

Plain  Oak  ...  [ 

Tulip 1 

Oedar [ 

57-5927 
57-5934 

60-9816 
60-9812 

61-670 1 
61-6704 

690779 
690779 

581218 
581210 

57-5930 
609814 
61-6704 
69-0779 
581214 

57-5957 
60-9357 
61-6766 
690863 
681239 

•0029 
•0045 
-0064 
•0086 
•0027 

6-09 
5-07 
5-04 
608 
503 

•462 
•499 
•449 
•476 
•479 

-18 
—26 
-•36 
-61 
—16 

73-6U0O 


72  9020 

^  =  •0002 
a=  -0034 


•7314 

/»454 
I-  -427 


H. 
3,700 


These  resuUs  show,  in  general,  that  the  greater  the  density 
of  the  wood  the  greater  is  the  coefficient  of  magnetic  suscep- 
tibility. 

Besides  these  quantitative  experiments  there  were  made  a 
lai^e  number  of  qualitative  experiments  upon  a  great  many 
diiierent  kinds  of  wood.  Only  one  kind  out  of  about  twenty 
different  kinds  tried  proved  to  be  magnetic,  the  rest  were 
diamagnetic  ;  the  exception  was  butternut. 

There  has  been  in  the  past  a  difference  of  opinion  among 
physicists  as  to  whether  diamagnetic  substinces  are  or  are 
not  less  susceptible  under  the  application  of  large  magnetizing 
forces.  Most  of  the  earlier  experimenters,  among  them 
Tyndall,  Joule,  and  Becquerel,  found  reason  to  believe  that  k 
is  constant  for  diamagnetic  substances.  Pliicker,  however, 
believed  that  in  some  cases,  as  the  magnetizing  force  is 
increased  the  coeflScient  of  susceptibility  ic  for  diamagnetic 
bodies  decreases  in  a  similar  way  as  in  iron.  Pliicker  also 
thought  he  observed  in  some  cases  an  increase  in  k  with  an 
increase  in  the  njagnetizing  force  up  to  a  certain  point,  after 
that  a  decrease  ;  that  is,  for  a  certain  value  of  the  magnetizing 
force  IC  has  a  maximum.  Silow*  (1880)  published  results 
which  indicate  that  k  for  ferric  chloride  increases  for  a  while 

*  Wied.  Ann.  ii.  p.  324  ri880). 
Phil.  Muff.  S.  5.  Vol.  45.  No.  276.  May  1898.  2  H 
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with  the  magnetizing  force,  reaches  a  maximatn,  and  de- 
creases. 

The  fifth  series  of  experiments  was  undertaken  in  the 
hope  of  showing  definitely  whether  bismuth,  the  strongest 
diamagnetic  substance  known,  does  or  does  not  vary  in  its 
susceptibility  to  magnetization  as  the  magnetizing  force  is 
made  to  vary. 

Table  V,,  which  gives  the  results  of  experiments  upon 
bismuth  using  widely  different  fields,  is  arranged  in  a  way 
similar  in  all  respacts  to  the  preceding  tables. 


Table  V, — Bismuth. 

Pr 

Mean 

Pi- 

Pf^ 

P= 

Po-Pi+t- 

w. 

t. 

icXlO\  ' 

Bismuth  (1)  f 
Bifinuth  (2) 
Bismuth  (3)  | 
Bifmuth  (4)  i 
Bismuth  (5)  | 

203-0078 
203-0090 

202-8664 
202-8810 

2025290 
202-5970 

202-0909 
202-1010 

201-6156 
201-7310 

2030084 
202-8737 
20-2-5630 
2020959 
201-6733 

203-0414 
203-0400 
203-3032 
2030400 
2030400 

•0330 
•1663 
•8302 
•^441 
1-367 

4-58 

-430 

fi 
It 
>» 

-12-55 

-12  25  1 
1 
-1225 

-1-255 

-12-45 

1 

F= 

P/' 

Po'. 

Pi-Po-k^. 

H. 

(1) 

72-9950 

72-6986 

-2984 

1.620 

(2) 
(3) 

73-3670 

72-6914 

•6764 

3.680 

746347 

780140 

1623 

8,210 

(4) 

742720 

726514 

1-6-22 

8.800 

W 

74-5500 

726270 

1-925 

10,450 

Nofe.  —The  current  used  in  making  the  field  determinations  was  in  all  cases, 
except  the  third,  '398  ampere ;  in  the  third  case  it  was  -427  ampere.  ^  a 4*54. 
9  was  approzimatelj  equal  in  all  cases  to  '0020.    €  was  negligible. 

As  the  table  shows,  the  fields  used  in  the  last  series  of  experi- 
ments vary  between  the  limits  of  1,620  and  10,450  lines  per 
square  centimetre.  The  results  show  that  within  these  wide 
limits  /e  is  constant  for  bismuth. 

A  similar  series  of  experiments  upon  white  wax  indicated 
that  K  for  this  substance  is  constant  within  wide  limits  of  the 
field-strengths ;  and  in  the  light  of  these  results  it  would 
seem  probable  that  for  solids,  at  any  rate,  /e  is  constant. 

The  method  for  the  study  of  magnetic  and  diamagnetic 
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phenomena  in  solid  bodies,  described  in  the  present  paper,  is 
ejwily  adapted  to  the  stndy  of  liquids,  and  of  gases  under 
different  pressures. 

At  various  intervals  during  the  present  century  many 
different  physicists  have  been  interested  in  the  study  of  dia- 
magnetism.  But  notwithstanding  the  fact  that  many  have 
worked  upon  the  problems  which  a  study  of  diamagnetism 
offers,  there  seem  to  be  some  things  in  connexion  with  the 
subject  which  merit  more  careful  investigation.  For  instance, 
the  question  as  to  whether  or  not  a  diamagnetic  body,  after 
being  under  the  influence  of  a  magnetizing  force  and  this 
force  withdrawn,  requires,  if  left  mechanically  undisturbed,  a 
'*  coercive  force ''  to  bring  it  to  the  neutral  magnetic  state 
again,  is  still  an  open  one.  Of  course  the  extreme  smallness 
of  the  action  to  be  measured  is  the  great  difficulty  en- 
countered in  any  quantitative  work  in  diamagnetism. 

For  the  illustrations  used  in  this  paper  I  have  to  thank 
Mr.  Joseph  Daniels,  of  the  Colorado  State  Normal  School.  I 
am  under  great  obligations  to  Dr.  A.  G.  Webster,  Professor 
of  Physics  at  Clark  University,  lor  suggestions  and  advice 
given  while  the  work  was  being  carried  out,  also  to  Clark 
University  for  providing  the  necessary  apparatus. 


XLV.   On  the  Function  of  the  Condenser  in  an  Induction-Coil. 
By  T.  MiZUNO,  JRiyakushi*. 

THE  efficiency  of  an  induction-coil  is  greatly  increased  by 
the  employment  of  a  condenser  in  its  primary  circuit,  in 
accordance  with  Fizeau's  suggestion,  but  the  part  played  by 
the  condenser  is  not  yet  clearly  known.  The  most  commonly 
accepted  opinion  is  that  the  extra  current  in  the  primary 
circuit,  instead  of  being  expended  in  making  a  spark  at  the 
interrupter,  darts  into  the  condenser  and  hastens  the  decay 
of  the  primary  current,  thereby  raising  the  terminal  potential- 
difference  of  the  secondary  circuit.  Moreover,  according  to 
this  view,  if  a  condenser  is  inserted  across  the  interrupter, 
then  on  breaking  the  primary  current  it  continues  to  run  on 
into  the  condenser  for  a  while;  but  then  rebounds,  and  is 
reversed  in  sign,  retaining  its  initial  full  strength.  Hence 
the  electromotive  force  set  up  in  the  secondary  circuit  is  the 
joint  result  of  a  stoppage  of  a  primary  current  and  its  im- 
mediate reversal  in  direction,  feut  this  simple  explanation, 
however  plausible  at  first  sight,  is  yet  an  imperfect  account 
of  the  function  of  the  condenser.     In  this  paper,  I  propose  to 


*  Communicated  by  the  Author. 
2  H2 
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communicate  the  results  of  my  investigations  on  the  con- 
denser, which  seem  to  me  to  throw  some  new  light  on  its 
action.  The  ohject  of  my  investigation  was  to  examine  the 
effect  which  variations  of  the  capacity  of  the  condenser 
inserted  in  the  primary  circuit  produced  upon  the  maximum 
spark-lengths  of  the  secondary,  when  the  primary  current 
was  kept  constant. 

Experiments. 

An  induction-coil  11  centim.  in  diameter,  21  centim.  in 
length,  and  having  a  mercury  interrupter  was  used  for 
experiment.  The  condenser  of  the  coil  was  removed,  and  an 
adjustable  condenser  was  put  in  its  place.  The  primary 
circuit  was  fed  by  nine  accumulators,  the  strength  of  the 
current  being  regulated  by  means  of  a  rheostat. 

The  arrangement  of  the  experiment  is  shown  in  the  annexed 
figure : — 

P    S 


P  and  S  denote  the  primary  and  the  secondary  circuits 
respectively.  Q  is  the  mercury  interrupter,  and  the  inter- 
ruption was  effected  by  hand.  C  is  the  condenser,  whose 
capacity  could  ba  varied  between  0*05  and  I'OO  microfarad. 

The  maximum  spark-lengths  between  the  terminals  of  the 
secondary  circuit  were  determined  by  a  point-plate  spark 
micrometer  R,  each  measurement  being  made  five  times,  and 
the  primary  current  was  measured  by  a  Lord  Kelvin's  graded 
current-meter  G. 

Since  the  spark-length  depends,  to  a  large  extent,  upon  the 
surface  conditions,  especially  on  that  of  tne  point,  the  latter 
was  each  time  thoroughly  polished  with  sand-paper.  Even 
with  this  precaution  the  spark-lengths  occasionally  showed 
some  irregularities.  The  results  of  observation  are  given  in 
the  following  table  : — 
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Plotting  these  results  we  obtain  the  following  enrves : — 


p 
if 

^  -84  amp. 


« 


1 


■78  amp. 


0 


•3  -4        '6  -6  -7  -8  "9  1-0 

Capacity  in  microfarads. 


Thus  the  relation  which  the  capacity  of  the  condenser  bears 
to  the  maximum  spark-length  between  the  terminals  of  the 
secondary  circuit  with  various  primary  currents  is  made 
clean 

Next  I  took  another  induction-coil,  11*5  centim.  in  diameter 
and  21*5  centim.  in  length,  with  a  platinum  interruptor. 
The  condenser  of  the  coil  was  taken  off,  and  the  adjustable 
condenser  was  inserted  just  as  in  the  case  of  the  first  experi- 
ment. Also  the  mercury  interruptor  was  substituted  for  the 
platinum  interruptor,  and  then  experiments  were  carried  on. 
The  results  were  as  follows  : — 
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Discussion. 

The  cun-es  for  the  two  coils  both  indicate  that  for  a  given 
primary  current  there  is  a  corresponding  special  capacity 
which  makes  the  secondary  spark-length  a  maximum.  They 
also  show  that  the  value  of  the  capacity  for  maximum  spark- 
length  becomes  larger  as  the  primary  current  becomes  stronger. 
Again,  the  character  of  the  curves  is  such  that  each  of  them 
rises  very  rapidly  at  first  until  a  maximum  point  is  reached, 
and  then  falls  down  somewhat  gradually. 

Hence  below  this  maximum  point  the  effect  of  capacity  is 
to  increase  the  secondary  spark-lengths  at  a  rate  much  greater 
than  that  at  which  it  diminishes  them  beyond  this  point. 
Since  the  sole  object  of  an  induction-coil  is  to  get  the  greatest 
possible  spark-lengthy  that  id  to  say,  the  highest  attainable 
potential-aifference  at  the  secondary  terminals,  makers  of 
induction-coils  must  pay  great  attention  to  the  above  fact. 

An  insufficient  as  well  as  an  excessive  capacity  spoils  the 
action  of  coils  to  a  large  extent ;  and  it  is  therefore  necessary 
to  carefully  find  out  by  experiment  the  most  suitable  capacity 
for  each  coil  before  construction.  From  a  mere  consideration 
of  minimizing  a  spark  at  the  interrupter  of  the  primary  circuit 
one  might  be  induced  to  add  an  extra  capacity  to  the  circuit. 
This  audition  of  capacity,  if  the  condenser  belonging  to  the 
circuit  is  already  sufficient  or  too  great,  would  not  only  be 
useless  but  will  do  harm.  What  amount  of  capacity,  then, 
must  be  inserted  in  the  coil  ?  To  settle  this  question  is  not  a 
simple  matter.  As  the  curves  show,  the  fittest  capacity 
depends  upon  the  strength  of  the  primary  current,  and  conse- 
quently it  is  necessary  to  choose  a  capacity  giving  a  maximum 
resonance-efiect,  so  to  speak,  for  the  possible  strongest  current 
allowable  to  the  primary  circuit.  In  the  two  induction-coils 
examined  by  me  their  condensers  both  had  wrong  capacities. 

For  on  measurement  the  capacity  of  the  condenser  in  the 
first  coil  was  found  to  be  0*078,  while  that  of  the  second  \i'as 
0'75  microfarad.  J  udging  from  the  results  of  my  observations 
and  also  from  actual  experiments  with  those  condensera,  the 
first  coil  had  a  smaller,  the  second  a  much  greater  capacity 
than  was  necessary.  One  recent  valuable  research  on  induction- 
coils  is  that  of  Colley  *,  who  examined  both  theoretically  and 
experimentally  the  action  of  his  induction-coil. 

A  few  months  ago  Walter!  also  published  an  interesting 
paper  on  the  same  subject.     In  fact,  he  found  that  there  is  a 

♦  C(»nev,  Wied.  Ann.  xliv.  p.  100  (1891). 
t  Wulter,  Wied.  Jmt.  Ixii.  p.  300  (1897). 
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certain  capacity  giving  a  maximum  spark-length  for  a  given 
primary  current,  just  as  my  ex])eriments  prove. 

But  be  did  not  examine  the  relation  of  capacities  with  several 
primary  currents,  as  I  have  done.  From  theoretical  consi- 
deration he  drew  the  conclusion  that  a  maximum  secondary 
potential-difterence  E2  is  equal  to  Ji  >/Z2/Ci,  where  Ji  is  the 
primary  current,  Zj  the  coefficient  of  self-induction  of  the 
secondarj-  circuit,  and  Cj  the  capacity  of  the  condenser  in  the 
primary.  This  conclusion,  however,  does  not  appear  to  me 
to  be  valid. 

For  a  comparison  of  the  above  formula  with  experimentally 
observed  i'acts  brings  out  a  rather  wide  discrepancy  as  to  the 
capacity  effect.  In  my  view  the  existing  theories  of  the 
induction-coil  as  they  stand  are  yet  insufficient  to  account 
ibr  all  the  observed  phenomena,  especially  the  effect  of  capacity 
on  seccmdary  spark-lengths. 

This  might  perhaps  arise  from  the  incompleteness  of  the 
data  in  establishing  the  theories,  that  is  to  say,  mathematically 
writing  down  the  differential  equations  for  the  primary  and 
secondary  circuits.  For  according  to  the  existing  theories 
the  coefficients  of  self-induction  and  mutual  induction  are 
both  regarded  as  constant,  and  almost  no  account  is  taken  of 
the  relation  which  they  bear  to  the  effect  of  capacity,  and  also 
the  variable  magnetization  of  iron  bundles  in  the  primary 
circuit. 

To  sum  up,  in  order  to  elaborate  the  theory  of  the  induction- 
coil  to  a  greater  perfection,  I  believe  a  considerable  number 
of  further  experiments  on  the  mutual  relations  of  capacity, 
self-induction,  and  the  magnetization  of  iron  bundles  in  the 
coil  must  be  made. 

The  Physical  Laboratory, 

Daiichi  EotoPakko,  Tokyo/Japan, 

January  1808. 


XLVI.  On  the  Influence  of  Dissolved  Substances  and  0/ Elec- 
trification on  the  Re^/oifnation  of  Clouds.  By  Harold  A. 
Wilson,  B,Sc.  Lond,  8f  Vict.,  Trinity  College^  Cambridge^ 
1851  Exhibition  Scholar*. 

THE  object  of  the  experiments  described  below  was  to  see 
whether  clouds  consisting  of  dilute  solutions  of  various  sub- 
stances after  being  destroyed  by  bubbling  through  sulphuric 
acid  would  reappear  on  passing  into  air  saturated  with 
moisture,  and  also  to  see  w^hether  electrifying  the  cloud  had 
any  effect  on  its  power  of  reappearing. 

•  CommuDicated  by  Prof.  J.  J.  Thomson,  F.R.S. 
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The  fact  that  vapours  of  various  substances^  e,  g,  sulphuric 
acid,  fonii  clouds  in  moist  air  is  well  known,  and  1  do  not 
propose  to  make  any  attempt  to  describe  previous  work 
connected  with  this  subject. 

As  J.  S.  Townsend  has  shown  *,  the  oxygen  and  hydrogen 
evolved  by  the  electrolysis  of  dilute  sulphuric  acid  or  caustic 
potash  solutions  are  electrified,  and  also  form  clouds  in  presence 
of  moisture.  These  clouds  can  be  destroyed  by  bubbling 
through  sulphuric  acid  and  reappear  on  passing  into  water 
without  much  loss  of  charge.  Gases  evolved  in  certain 
chemical  reactions  behave  in  a  similar  manner  (see  Townsend, 
loc.  cit.  and  also  Enright,  Phil.  Mag.,  1890). 

The  gases  evolved  by  electrolysis  or  by  the  action  of  acids 
on  metals  carry  with  them  a  spray  of  the  solution  in  which 
they  are  formed,  and  previous  experimenters  have  arrived  at 
different  conclusions  with  regard  to  the  part  played  by  this 
spray  in  the  above  phenomena. 

In  the  papers  referred  to  above,  Townsend  arrives  at  the 
conclusion  that  the  formation  of  the  clouds  in  the  newly- 
prepared  gases  is  probably  an  electrical  phenomenon,  and  is 
not  the  result  of  the  presence  in  the  gas  of  spray. 

Another  view  is  that  the  spray  of  acid  condenses  moisture 
on  itself,  so  forming  the  clouds,  and  that  the  electric  charge 
in  the  gas  does  not  have  any  important  eflPeet  on  the  formation 
of  the  clouds. 


r^ 


The  apparatus  I  employed  is  shown  in  the  accompanying 
figure,  it  consisted  of  a  Gouy  sprayer  S,  which  was  worked 
by  the  air  supplied  by  a  water-pump  P. 

•  "  On  Electricity  in  Ganes  and  the  Formation  of  Clouda  in  Charged 
GaseS;**  Proc.  Camt.  Pbil.  Soc.  vol.  ix.  pts.  v.  &  vii. 
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The  pressure  of  the  air  was  indicated  by  the  mercury 
manometer  M,  and  was  usually  30  cms.  The  air  could  be 
saturated  with  moisture  if  necessary  by  gently  warming  water 
in  the  flask  W.     The  spray  was  projected  into  a  four-necked 

flobe  G,  which  ako  contained  the  solution  being  sprayed, 
he  spray  given  by  this  sprayer  was  very  abundant  and  fine, 
and  formed  a  cloud  which  did  not  settle  for  a  considerable 
time. 

The  air  containing  the  cloud  was  bubbled  through  sulphuric 
acid  in  the  two  wash-bottles,  and  then  through  water  m  the 
flask  F.  The  rate  of  bubbling  was  regulated  at  the  outlet- 
tube  T,  where  most  of  the  air  was  allowed  to  escape. 

On  spraying  distilled  or  tap-water  no  cloud  could  be  detected 
in  F  usually,  though  sometimes  a  very  faint  cloud  appeared. 
If  a  dilute  solution  of  sulphuric  acid  was  sprayed,  then  a 
cloud  appeared  over  the  water  in  F.  If  the  air  from  which 
the  dilute-acid  cloud  had  been  removed  bv  bubbling  through 
the  sulphuric  acid  was  collected  in  a  dry  flask,  no  cloud  could 
be  detected  in  it ;  but  on  adding  a  little  water  and  shaking 
gently  so  as  to  saturate  the  air  in  the  flask  with  moisture,  a 
cloud  Mas  formed.  This  occurred  even  if  the  dry  flask  con- 
taining the  air  was  allowed  to  stand  for  half  an  hour  before 
the  water  was  put  in  it.  One  gram  of  HjS04  in  a  litre  of 
water  produced  a  dense  cloud. 

Dilute  solutions  of  H3PO4,  KOH,  CaCl,,  NaCl,  K^COs, 
sugar,  and  glycerine  all  gave  a  similar  effect,  and  the  presence 
of  the  alkali  metals  in  the  cloud  could  be  easily  shown  by 
passing  it  into  a  bunsen  flame.  The  solutions  when  made  up 
so  as  to  contain  equal  numbers  of  molecules  of  the  dissolved 
substance  per  litre  gave  a})parently  about  equally  dense 
clouds.  A  considerable  change  in  the  strength  of  a  solution 
was,  however,  necessary  to  produce  a  sensible  change  in  the 
density  of  the  cloud. 

A  solution  of  potassium  uranium  sulphate  gave  a  similar 
cloud  in  F,  as  also  all  other  solutions  of  non-volatile  sub- 
stances we  tried.  Dilute  hydrochloric  acid  gave  no  cloud  in 
F  unless  the  solution  contained  about  5  per  cent,  or  more  of 
HCl,  when  a  cloud  appeared,  no  doubt  due  simply  to  dir 
HCl  gas  entering  F.  Acetic  acid  solutions  gave  no  cloud  in  1^ . 
The  explanation  of  the  re-fonnation  of  the  cloud  in  F  is 
evidently  very  simple.  The  small  drops  of  solution  forming 
the  original  cloud  evaporate  to  the  sulpnuric  acid,  and  minute 
particles  of  salt  or  other  substance  remain  which  are  too  small 
to  form  a  visible  cloud.  These  particles  on  coming  into  a 
moist  atmosphere  condense  water  on  themselves,  re-forming 
the  visible  cloud. 
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A  tnbe  containing  a  plag  of  glass-wool  introduced  between 
the  sulphuric  acid  bottles  and  F  did  not  prevent  the  reap- 
pearance of  thb  cloud  in  F,  unless  it  was  several  inches  long 
and  tightly  packed. 

To  trj  the  effect  of  electrification  on  the  clouds  a  wire  E 
was  fixed  opposite  the  nozzle  of  the  sprayer  and  connected  to 
one  of  the  poles  of  a  battery  of  400  cells  giving  about  700  to 
800  volts.  The  other  pole  of  the  battery  and  the  solution  in 
the  sprayer  were  connected  to  earth.  The  original  cloud  was 
now  found  to  be  strongly  charged  of  opposite  sign  to  the 
wire.  The  flask  F  was  insulated  and  wrapped  m  tinfoil, 
which  was  connected  with  one  pair  of  quadrants  of  a  quadrant 
electrometer,  the  other  pair  being  connected  to  earth.  The 
air  was  passed  into  F  through  a  metal  tube,  which  was  con- 
nected to  earth  and  did  not  touch  F. 

On  spraying  distilled  water  a  charge  on  F  was  indicated 
by  the  electrometer.  With  about  six  bubbles  passing  per 
second  the  electrometer  deflexion  increased  about  50  divisions 
per  minute  (1  volt  gave  30  divisions),  showing  a  negative 
charge  on  F  when  E  was  positive,  and  vice  versd.  On 
stopping  the  sprayer  and  blowing  unelectrified  air  into  F 
about  half  of  the  electrification  could  generally  be  blown  out. 
No  cloud  appeared  in  F  when  the  air  was  bubbled  through 
water,  although  the  air  carried  with  it  this  charge*. 

On  putting  in  a  small  glass-wool  plug  between  F  and  the 
sulphuric  acid-  bottles  all  the  electrification  was  stopped  by 
the  plug  unless  the  bubbling  was  very  rapid. 

On  spraying  dilute  sulphuric  acid  a  charge  appeared  on  F 
as  with  water,  and  the  usual  cloud  also  appeared.  On  putting 
in  a  glass-wool  plug  between  F  and  the  sulphuric  acid  oottles, 
however,  the  electrification  was  not  stopped  as  it  was  when 
pure  water  was  sprayed,  but  the  electrometer  indicated  20 
to  80  divisions  per  minute.  On  stopping  the  sprayer  and 
blowing  into  F  practically  all  this  electrification  could  be 
blown  out,  even  after  some  little  time  had  elapsed.  Other 
solutions,  including  those  of  sugar  and  glycerine,  gave  similar 
results. 

It  thus  appears  that  the  electrification  of  these  clouds  is 
not  able  to  cause  them  to  raappear  in  moist  air  after  bubbling 
through  sulphuric  acid,  although  the  electrification  is  not  re- 
moved from  the  gas  by  the  passage  through  the  acid.  In 
order  that  the  cloud  may  reappear  it  is  necessary  that  the 
drops  forming  it  should  contain  some  material  capable  of 

*  Whea  the  wire  E  was  unelectrified  a  small  amount  of  electrificatioQ 
could  Btill  be  detected  on  the  gas  entering  F,  giving  about  4  or  5  divisions 
per  minute. 
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forming  a  nucleus  on  which  the  drop  can  be  re-formed  after  i£ 
has  been  evaporated  by  the  acid. 

The  behaviour  of  the  electrification  with  a  glass-wool  ping 
is  interesting.  With  a  solution  the  particles  left  after  passing 
through  the  acid  must  be  larger  than  those  left  when  water 
is  sprayed.  Yet  the  electrification  gets  through  the  plug 
only  in  the  former  case.  The  fact  that  the  electrification 
which  cannot  get  through  the  plug  is  also  not  easily  blown 
out,  whilst  that  which  goes  through  the  plug  is  readily  almost 
entirely  blown  out,  shows  that  the  smaller  electrified  particles, 
as  we  should  expect,  are  much  more  rapidly  driven  to  the 
sides  of  the  flask  and  discharged  than  the  larger  particles. 
In  the  case  of  the  plug,  also,  the  smaller  particles,  owing  to 
their  more  rapid  motion  and  greater  velocity  under  electric 
forces,  are  much  more  readily  caught  by  the  fibres. 

The  charged  gases  obtained  by  the  action  of  Bontgen  rays 
are  unable  to  carry  their  charge  through  a  glass-wool  plug, 
whilst  the  far  larger  particles  which  form  the  nuclei  in  the 
above  experiments  are  able  to  do  this.  It  has  been  supposed 
that  the  fact  that  the  charge  of  Bontgenized  gases  is  stopped 
by  glass  wool  shows  that  the  charge  is  upon  large  particles, 
but  the  above  observations  lend  additional  support,  if  any  is 
needed,  to  the  view  that  the  stoppage  of  the  charge  is  due  to 
the  rapid  velocity  with  which  such  very  small  particles  move 
causing  them  to  strike  the  fibres  of  the  wool  plug. 

The  fact  which  I  have  observed,  that  a  cnarged  cloud  of 
water  after  evaporation  over  sulphuric  acid  does  not  reappear 
over  water  although  the  charge  is  not  stopped,  does  not  seem 
to  favour  the  view  that  the  formation  oi  clouds  in  newly 
prepared  gases  is  an  electrical  phenomenon.  It  is,  however, 
possible  that  in  my  experiments  the  number  of  particles  on 
which  the  charge  was  distributed  was  small  compared  with  the 
number  present  in  newly  prepared  gases.  Against  this  we 
have  the  fact  that  nearly  all  the  charge  which  passed  through 
glass  wool  could  be  readily  blown  out,  which  seems  to  show 
that  it  was  distributed  over  a  large  number  of  particles. 

The  electrification  of  hydrogen  prepared  by  the  action  of 
50  per  cent,  sulphuric  acid  on  iron  wire  at  80^  C,  after  pass- 
ing through  sulphuric  acid  and  a  glass-wool  plug^  could  be 
almost  entirely  blown  out  (Townsend, /oc.  c/^  p.  246).  In 
this  it  exactly  resembles  the  electrification  on  a  cloud  of 
dilute  sulphuric  acid  as  I  have  shown.  This  similarity  be- 
tween the  behaviour  of  the  newly  prepared  ^es  and  the  air 
containing  a  cloud  consisting  of  a  oilute  solution  suggests  the 
conclusion  that  the  clouds  formed  in  the  newly  prepared 
gases  also  consist  of  a  dilute  solution  of  some  substance^  and 
tnat  their  reappearance  over  water  after  being  bubbled  through 
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sulphuric  acid  18  due  to  small  particles  of  the  dissolved  sub- 
stance left  when  the  cloud  evaporates  over  the  acid.  Town- 
send^s  experiments  confirm  this  view,  for  he  finds  that  the 
particles  left  when  the  cloud  is  evaporated  are  large  compared 
with  molecular  dimensions. 

In  the  case  of  a  gas  coming  off  from  more  or  less  dilute 
sulphuric  acid  it  seems  reasonable  to  suppose  that  the  nuclei 
which  cause  the  formition  of  the  clouds  consist  of  this  sub- 
stance^  but  exactly  how  the  gas  becomes  charged  with  such 
an  immense  number  of  these  particles  as  is  necessary  to  form 
a  dense  cloud  is  not  known. 

The  most  obvious  explanation,  viz.  that  the  particles  are 
simply  spray  splashed  off,  does  not  seem  able  to  account  for 
many  of  the  facts  observed  by  Townsend.  I  am  not,  however, 
here  concerned  with  the  origin  of  these  particles  in  newly 
prepared  gases,  and  shall  not,  therefore,  consider  the  question 
any  further.  The  chief  results  obtained  in  these  experiments 
are : 

(1)  A  cloud  of  pure  water  when  evaporated  by  bubbUng 
through  H2SO4  does  not  reappear  over  water. 

(2)  A  cloud  of  a  dilute  solution  of  a  nonvolatile  substance 
when  evaporated  reappears  over  water. 

(3)  Electrification  of  the  original  cloud  in  either  of  the 
above  cases  does  not  affect  the  reappearance  of  it  over  water 
after  evaporation,  although  the  electrification  is  not  stopped 
by  the  acid. 

In  conclusion,  I  desire  to  say  that  my  best  thanks  are  due 
to  Prof.  Thomson  for  much  information  and  advice  during 
the  course  of  these  experiments. 


XLVIl.   On  the  Temperature  0/ Europe, 
By  Dr.  van  Rijckevorsbl  * 

WHAT  I  am  going  to  put  before  you  is  not  absolutely 
new.  Indeed,  I  believe  that  most  meteorologists 
have  felt  that  something  like  it  must  be  the  case;  and  many 
have  said  something  amounting  to  the  expression  of  such  a 
feeling  in  some  of  their  works.  Certainly  Roche,  Jelinek, 
Buys-JBallot  are  among  the  number,  not  to  speak  of  others. 

But  nobody,  as  far  as  I  know,  has  followed  to  the  end  the 
path  of  which  many  seem  to  have  seen  the  entrance ;  and  so 
nobodv  has  as  yet  perceived  how  it  seems  to  be  a  new  road  to 
3ome  knowledge  about  temperature  and  climate. 

What  I  have  done  is  very  simple.     I  have  collected  and 

.  *  Communicated  by  Prof.  0.  F.  FitzGerald,  F.R.S.,  having  been  read 
before  Section  A  of  the  Brideh  Association  at  Toronto. 
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compared  the  daily  temperatures  of  a  certain  number  of  places 
mostly  in  Europe.  For  the  majority  of  these  the  figures 
could  be  simply  taken  from  the  papers  published  by  difl^rent 
institutions  or  private  observers.  For  some  stations,  however, 
I  had  to  compute  the  daily  means  from  the  observations  them- 
selves as  published  periodically  by  the  observers. 

However,  none  of  these  means  could  be  forthwith  used  in 
the  state  they  were  in.  There  is  not  one  series  of  obser- 
vations, as  yet,  covering  such  a  number  of  years  that  we  may, 
without  more  ado,  take  the  means  its  normal  temperatures. 
Series  have  been  published  covering  a  century  and  more. 
(St.  Petersburg,  Copenhagen,  among  others.)  Unfortu- 
nately no  series  of  even  nearly  that  length  seems  to  be  extant 
for  a  more  southern  latitude.  And  for  a  station  in  the  north 
of  Europe,  if  the  mean  temperatures  for  each  day  of  the  year 
are  plotted  down,  the  resulting  curve  is,  even  in  cases  like 
St.  Petersburg  and  Copenhagen,  so  hopelessly  distorted  that 
not  much  can  be  done  with  it. 

Therefore  it  is  necessary  to  manipulate  the  figures  to  a 
certain  degree.  I  have  done  so  after  the  simplest  possible 
method.  The  figures  were  smoothed  down  bj'  taking,  firstly, 
the  arithmetical  means  of  every  set  of  nine  days  and  assigning 
this  corrected  value  to  the  fifth  of  those  nine  days.  ( Whv  I 
choose  the  number  nine  need  not  be  here  related.  It  {las 
been  printed  elsewhere*.) 

In  most  cases  even  this  was  not  enough,  and  I  hsid  to 
smooth  the  curves  once  more.  This  was  done  by  taking  the 
mean  of  every  set  of  3,  6,  7,  or  even  9  days,  and  substituting 
this  second  mean  for  the  figure  of  the  2ud,  3rd,  4th,  or  5th 
day  of  the  set. 

Of  course  this  may  seem  to  be  stretching  a  useful  method 
to  a  rather  dangerous  extent.  I  think,  however,  that  the 
results  sufficiently  show  that,  for  the  end  I  had  in  view,  the 
expedient  was  a  good  one.  It  is  quite  possible  that  by  it 
some  peculiarities  have  been  obliterated  wnich  may  be  inter- 
esting. But  this  does  not  in  any  way  invalidate  the  results  I 
am  going  to  show  you. 

Before  proceeding  any  further  it  is  only  fair  to  add  that 
not  all  my  figures  must  be  taken  as  real  normal,  or  even  mean, 
temperatures.  For  some  stations  not  nearly  enough  data 
were  at  hand.  In  some  cases  each  figure  is  the  mean  of  the 
readings  on  three,  or  even  two,  chosen  hours.  In  some  others 
it  is  the  mean  of  the  daily  maximum  and  minimum,  or  even 
the  temperature  at  noon  only.     In  a  few  cases  also  the  series 

*  AnnuairB  MStiorologique  pour  1894,  public  par  I'lnstitut  Royal  M4- 
t^rologiqae  des  Paj^-^is,  quarante-sixieme  ann^e. 
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id  not  at  all  homogeneous.     All  this,  however,  will  also  be 
easily  understood  not  to  affect  my  present  results. 

I  will  say  at  once  that  it  is  principally  the  similarity  of 
these  temperature-curves  which  I  think  interesting.  Of  more 
than  fifty  stations  for  which  I  have  computed  the  normal 
temperature  and  constructed  the  lines,  I  have  drawn  only 
four  on  this  diagram  in  order  not  to  complicate  matters.  They 
are  Valentia,  Catania,  Munich,  and  Konigsberg.     It  is  on 

turpose  also  that  I  have  left  out  eastern  Europe,  which  would 
e  an  unnecessary  complication. 

Now  I  will,  later  on,  speak  of  these  four  lines  more  in  detail; 
but  you  will  at  a  glance  be  struck  by  the  extraordinary  simi- 
larity of  lines  for  sfcitions  so  far  apart  and  in  such  different 
climates.  With  a  few  exceptions,  e\ery  irregularity  in  one 
of  these  curves  is  exactly  repeated  in  each  of  the  others. 

The  first  inference  I  draw  from  this  fact  is,  that  the  way  in 
which  I  treated  the  figures  has  been  adequate. 

But,  secondly,  it  struck  me  that  a  method,  hitherto  in 
great  favour,  of  representing  the  temperature  of  a  station  by 
a  carefully  calculated  smooth  curve  cannot  be  of  very  great 
use,  because  it  really  misrepresents  the  true  state  of  things. 
Of  course  we  may,  by  introducing  a  certain  number  of  perio- 
dical functions,  obtain  for  any  ot  these  stations  a  fine  smooth 
curve  without  any  irregularity.  But  does  such  a  curve  in 
reality  show  ns  very  much  more  than  that  it  is  colder  in 
winter  than  in  summer?  I  think  my  curves,  by  their 
similarity,  plainly  show  that  such  a  smooth  curve  can  never 
really  represent  the  temperature  as  nature  makes  it  for  us. 
Wherever  I  take  a  station  within  or  near  the  triangle  Valentia, 
Konigsberg,  Catania,  whether  I  take  a  series  of  a  hundred 
years  or  one  of  twenty,  whether  I  take  it  in  the  19th  century 
or  in  the  18th,  the  result  always  is  a  similar  curve  with  iden- 
tically the  same  irregularities.  This  proves  plainly  that  these 
cannot  be  accidental,  cannot  be  owing  to  an  insufficient 
number  of  observations,  or  to  errors  of  observation.  There- 
fore here  again  it  is  not  so  much  the  phenomenon  as  a  whole 
which  is  the  most  interesting,  but  the  anomalies,  as  repre- 
sented by  the  divergencies  irom  the  smooth  curve,  by  the 
large  amount  of  secondary  maxima  and  minima.  That  the 
temperature  rapidly  rises  in  the  second  half  of  January  and 
falls  again  in  February,  that  the  same  phenomenon  is  re- 
peated in  the  end  of  February,  is  an  a[)parent  fact,  and  must 
not  be  smoothed  away;  and  it  will  be,  1  think,  the  task  for 
meteorologists  to  investigate  what  the  cause  of  such  anomalies 
may  be.  And  to  a  certain  extent  I  think  the  method  here 
put  forward  affords  some  clue  to  these  causes. 
Phil.  M<uj.  S.  5.  Vol.  45.  No.  276.  May  1898.        2  I 
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I  think  also  that  these  cnrves  show  that  it  is  not  really 
necessary  to  have  such  a  very  large  number  of  years  to 
calculate  the  normal  temperatures  with  if  they  are  well 
manipulated.  In  this  diagram,  lor  instance,  the  curve  for 
Konigsberg  is  the  result  of  46  years'  observations,  that  for 
Catania  of  only  20  years ;  and  you  will  see  that  the  result  is 
quite  as  satisfactory.  I  have  even  got  curves  from  only  ten 
years*  observations  which  show  exactly  the  same  peculiarities 
as  others.  Of  course  a  larger  number  of  years  cannot  fail  to 
make  the  normals  still  better.  Suppose  we  had  a  series  of 
two  or  three  centuries,  it  is  very  probable  that  minor  ano- 
malies would  show  themselves  which  might  be  quite  as  real, 
quite  as  permanent  as  the  larger  ones  £  am  able  to  point 
out  now;  we  might  be  able  then  to  take  the  mean  values 
directly  as  normal  temperatures  without  any  smoothing. 
But  we  may  safely  predict  that  the  grosser  features  which  we 
can  detect  now  would  in  no  way  be  altered. 

What  I  have  just  said  is  also  proved  by  three  curves  for 
the  Helder  which  I  have  drawn  *.  In  the  diagram  the  lower 
curve  is  the  result  of  the  observations  of  the  25  )  ears  from 
1845-1 869,  the  upper  one  of  the  next  25  years  from  1870-1894. 
Now  this  series  is  not  a  homogeneous  one.  The  thermo- 
meter was  more  than  once  removed  from  one  place  to  another, 
and  a  really  good  situation  seems  only  to  have  been  found 
some  years  ago.  Also  the  mean  temperature  for  the  year  is 
several  tenths  of  a  degree  higher  during  the  first  25  years 
than  during  the  second  series.  Still  it  will  be  seen  that  the 
two  curves  are  strikingly  similar.  In  June  and  July  there  is, 
indeed,  a  difi'erence.  It  is  evident  that  during  the  first  period 
the  thermometer  cannot  have  been  quite  free  from  some 
direct  influence  of  insolation.  But  even  here  you  will 
remark  that  all  the  essential  features  appear  in  both  curves. 
Only  in  the  lower  one  they  occur  earlier,  and  seem  a  little 
distorted.  (Perhaps  this  might  even  be  a  means  to  detect 
errors  in  the  location  of  the  thermometer.)  And  in  every 
other  part  of  the  diagram  you  will  see  that  the  two  curves  are 
nearly  absolutely  parallel.  This  shows  plainly,  I  think,  how 
a  rather  short  series  of  observations,  how  even  observations  of 
only  indifferent  quality,  can  be  made  use  of,  if  properly 
handled. 

The  middle  curve  shows  the  mean  of  the  two. 

Again,  it  must  even  be  possible  to  give  normal  tempe- 
ratures for  any  place  in  Europe  a  priori,  with  not  much  more 
than  a  very  approximate  knowledge  of  the  climate.     Suppose 

*  Thid  diagraai  is  not  reproduced  here  as  the  text  seems  sufficiently 
clear  without  it. 


Digitized  by 


Google 


464      Dr.  van  Rijckevorsel  on  t/ie  Temperature  of  Europe. 

we  have  some  knowledge  of*  the  year's  mean  temperature  of 
some  place  in  Europe,  or  of  its  summer  temperature,  it  ought 
to  be  possible  now  to  make  a  very  near  guess  at  the  mean 
temperature  for  every  day  of  the  year,  to  compute  normals 
which  ought  not  to  be  very  far  from  tho  true  ones. 

Now,  in  order  to  come  to  the  diagram,  1  want  first  to  state 
why  I  did  not  give  any  curves  for  eastern  Europe.  It  is 
because  the  type  of  the  curves  in  the  East  is  a  difiFerent  one. 
And  1  must  say  I  think  this  is  a  very  interesting  fact,  because 
it  points  to  the  great  advantage  of  this  method.  To  state 
things  in  a  concise  manner,  I  will  speak  of  summer  only. 
You  will  see  that  practically,  for  Valentia,  the  summer  lasts, 
without  much  variation,  from  the  middle  of  June  to  the 
middle  of  August.  Now  asr  we  move  eastward  you  will  see 
that  this  maximum  gradually  narrows,  and  shows  a  tendency 
lo  merge  into  one  single  peak,  and  so  it  quite  does  beyond 
the  space  covered  by  these  four  lines.  The  maximum  there 
is  not  for  ever}  place  in  the  same  part  of  the  curve. 
Sometimes  it  is  in  July,  sometimes  in  August.  But  the 
character  is  the  same,  and  vastly  different  from  that  in 
western  Europe,  viz.,  one  single  maximum,  sloping  down 
rather  rapidly  on  both  sides.  But  here  again  the  difiFerent 
characteristics  are  not  by  any  means  confined  to  a  small  area. 
There  is  for  instance  a  striking  similarity  between  the  curves 
for  Constantinople  and  Archangel,  although  in  two  sections 
they  are  just  as  decidedly  dissimilar. 

In  connexion  with  this  fact  I  must  call  your  attention  to 
one  very  remarkable  concave  part  of  the  curve  for  Valentia. 
It  is  the  downward  ntoventent  in  the  beginning  of  July. 
You  will  see  that  this  peculiarity  does  not  repeat  itself  in  toe 
other  three  curves.  It  is  only  the  more  interesting  for  that. 
It  exists  very  decidedly  in  all  the  curves  in  the  United 
Kingdom,  in  the  Netherlands^  is  still  faintly  visible  in  those 
for  Uie  south  of  France,  but  rapidly  diminishes  in  importance 
and  vanishes  altogether  in  an  easterly  direction.  The  same 
remark  applies  to  the  next  secondary  minimum  in  the  end 
of  July.  This  one,  however,  is  more  tenacious :  it  is  very 
characteristic.  I  think,  for  the  temperature  of  the  whole  of 
western  Europe,  and  only  dies  out  beyond  a  line,  very 
crooked  indeed,  passing  somewhere  in  the  neighbourhood  of 
Copenhagen,  Konigsberg,  Vienna,  and  probably  Greece. 

The  reason  why  1  spoke  with  a  smaller  degree  of  certainty 
of  the  peculiar  behaviour  in  the  east  of  Europe  is,  that 
possibly  there  is  nothing  extraordinary  in  that.  It  may  be 
that  it  is  the  natural  summer  which  we  should  also  have  in 
western  Europe  if  the  two  minima  just  spoken  of,  whatsoever 
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they  may  be  owing  to,  did  not  exist.  I  have  not  yet  been 
able  to  go  far  enoagh  into  the  subject,  of  which  I  give  the 
first  results. 

But  I  think  a  question  like  this — and  there  are  others  of 
the  same  character — points  to  a  more  extensive  use  of  our 
carves.  Suppose  such  curves  to  be  constructed  for  our 
whole  hemisphere  in  sufficient  number.  It  is  not  quite 
impossible  that  we  should  find  then  that  some  of  the  anomalies 
of  ray  curves  are  not  confined  to  Europe  only.  I  CJill  your 
attention  here  to  the  fall  in  the  temperature  in  the  first  hnlf 
of  June.  On  this  diagram  it  is  very  sensible  for  Valentia,  less 
so  for  the  other  stations.  This  is  a  most  tenacious  anomaly, 
which,  although  inmost  cases  not  at  all  striking,  fails  in  none 
of  my  curves,  either  in  Russia^  or  in  Italy,  or  England. 

Another  instance  is  the  rise  of  temperature  about  the  first 
days  of  February,  followeil  by  a  minimum,  which  is  best  to 
be  seen  in  the  curve  for  Munich.  This  anomaly  is  very 
irregular  indeed,  appearing  for  some  curves  in  January,  for 
ot!;ers  in  February,  and  nmch  more  apparent  in  one  place 
than  in  another.     But  it  is  always  there. 

Now  it  is  not  very  probiible  that  for  both  these  anomalies 
I  should,  by  confining  myself  to  European  stations,  have 
exactly  hit  the  limits  of  the  area  on  which  they  make  them- 
selves felt.  And  should  it  lie  that  any  anomaly  of  this  kind 
makes  itself  felt  in  America  and  in  Asia  also,  we  ought  then 
probably  to  look  for  the  explanation  of  it  beyond  the  limits 
of  our  globe.  1  do  not  mean  to  imply  tliat  1  expect  such  a 
thing  to  be  the  case,  but  it  is  not  absolutely  im(>ossib]e. 

Other  anomalies^  which  appear  only  on  a  part  of  a  hemi- 
sphere, probably  must  have  a  purely  terrestrial  origin.  But 
if  we  Iwd  a  sufficient  number  of  curves  1  expect  that  we 
should  be  able  for  most  of  these  anomalies  to  see  at  a  ghince 
where  they  originate,  and  after  that,  a  guess  at  the  cause 
might  in  many  eases  be  easier  than  it  is  now. 

Allow  me  to  give  an  instance.  The  three  "ice-saints'' 
which  have  always  found  such  strong  belief,  and  quite  as  much 
disbelief^  are  certainly  indicated,  faintly,  as  one  would  expect, 
in  many  curves  for  central  Europe,  even  as  far  as  Flushing 
and  Konigsberg,  more  strongly,  however,  for  Miinich, 
Bremen,  Lyons,  Montpellier.  But  does  this  prove  that  their 
cause  lies  in  the  melting  of  the  snow  on  the  Alps,  as  some 
meteorologists  think?  The  downward  slope  of  the  curve 
is  just  as  apparent  for  Home,  Palermo,  Biskra  in  Algeria, 
especially  so  for  Constantinople  and  for  Arvaralja,  n  station 
to  the  north  of  Vienna.  As  it  is  not  quite  so  apparent  for 
many   other  stations,  it   seems  difficult   as   yet   to  give  an 
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opinion  on  the  question,  still  it  should  seem  as  if  the  Alps 
could  hardly  be  the  birthplace  of  this  sudden  cooling  down 
in  the  first  half  of  May,  but  as  if  we  must  rather  look  for 
tins  in  a  south-eastern  or  southern  direction,  beyond  the 
Mediterranean. 

Of  course,  more  local  anomalies,  such  as  the  one  last 
named,  also  make  themselves  apparent.  Thus  the  curves 
for  Montpellier  and  for  Lyons — ^two  places  so  near  together, 
but  the  second  one  more  inland,  more  to  the  north  and  near 
to  the  Alps — are  exactly  similar  for  the  eight  nionths  March- 
October.  This  is  the  more  important  as  I  took  for  Mont- 
pellier, and  on  purpose,  a  series  of  observations  in  the  18th 
century.  But  for  the  four  winter  months  the  curves  are 
exactly  similar  also,  only  the  one  for  Montpellier  is  much 
more  contracted.  Every  feature  is  repeated  in  both  curves, 
only  in  November  and  December  they  all  occur  nearly  a 
fortnight  later  at  Montpellier,  in  January  and  February  on 
the  other  hand  as  much  earlier.  A  similar  instance  is  given 
by  the  curves  for  Flushing  and  Brussels.  The  two  are 
strikingly  similar,  onlj'  that  for  Brussels  shows  a  far  greater 
range  than  the  other.  Here,  though  the  places  are  so  very 
near  together,  the  influence  of  the  sea-climate  of  Flushing 
is  immediately  shown  by  the  curves. 

Thus  a  minimum  in  the  second  half  of  December,  with  a 
very  decided  rise  of  temperature  towards  the  end  of  the  year, 
which  is  very  characteristic  for  the  extreme  eastern  part  of 
our  continent,  seems  to  die  out  long  before  it  could  reach  the 
middle  of  Russia. 

On  the  other  hand  it  is  remarkable  how  pei*sistent  some 
much  smaller  features  are.  Here  are  the  two  unimportant 
maxima,  separated  by  a  more  or  less  apparent  minimum  in 
April.  This  feature,  slight  as  it  is  for  most  stations,  extends 
over  nearly  the  whole  of  Europe,  and  only  dies  out  in  the 
extreme  east.  This  must  be  another  peculiarity  of  our  climate 
which  originates  <o  the  west  of  our  continent.  The  next 
minimum,  just  as  slight,  at  the  end  of  the  month  is  still  more 
persistent :  it  is  sliglitly  apparent  for  all  European  stations 
without  an  exception. 

I  do  not  feel  justified  in  taking  up  more  of  your  time  for  a 
subject  which  I  have  not  at  all  yet  thoroughly  investigated. 
But  I  think  I  have  said  enough  to  show  how  interesting 
temperature-curves  may  be,  and  how  desirable  it  is  that  as 
many  of  them  should  be  constructed  as  can  possibly  be  done. 
Oonstnicted,  and  duly  compared  with  others,  and  on  a  large 
scale. 

And  here  is  also  a  reason  why  I  bring  the  subject  before 
the  public  before  I  see  the  extent  even  of  it  myself.     Is  it 
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temporature  alone  of  which  the  irregularities  are  so  extremely 
regular  ?  How  does  the  barometer  behave  ?  Do  the  winds, 
do  the  magnetic  elements,  show  something  pointing  to  a 
common  origin?  Here  are  certainly  interesting  questions, 
but  the  field  is  too  large  for  one  man.  Therefore  my  wish  is 
to  entice  others  to  walk  on  this  easy  and  interesting  road . 


XL VII I.  Notices  respecting  New  Books. 

Science  Abstracts :  Physics  ami  Electrical  Engineering,  Volume  I. 
Parts  1  and  2.  January  and  February  1898.  Published  under 
the  direction  of  The  Institution  of  Electrical  Engineers ;  the 
Physical  Society  of  London.     London  :  Taylor  and  Francis. 

A  S  our  readers  are  aware,  the  Physical  Society  of  London  com- 
'^^  menced,  a  little  more  than  two  years  ago,  the  publication 
of  a  series  of  Abstracts  of  the  most  important  papers  on  Physics 
appearing  in  foreign  scientific  journals.  The  general  excellence  of 
these  Abstracts  was  admitted  on  all  hands  ;  and  the  value  of  the 
work  thus  done  by  the  Physical  Society  was  recognissed  by  grants  in 
aid  from  the  Eoyal  Society  and  the  British  Association.  It  is 
understood  that  the  expense  involved  in  the  publication  of  the 
Abstracts  was  a  heavy  drain  on  the  resources  of  the  Physical 
Society,  which,  notwithstanding  the  fundamental  importance  of 
the  subject  with  which  it  deals,  is,  and  perhaps  will  always  remain, 
a  comparatively  small  Society ;  and  it  is  doubtful  whether  the  publi- 
cation could  have  been  continued  very  long  without  outside  help. 
It  is  therefore  very  satisfactory  that  a  large  and  wealthy  Society 
like  the  Institution  of  Electrical  Engineers  should  have  united  with 
the  Physical  Society  to  put  the  "Abstracts  "  on  a  firm  basis.  The 
present  publication  takes  the  place  of  the  Physical  Society's 
Abstracts,  and  also  of  the  extracts  from  electrical  papers  of 
scientific  or  technical  interest  that  have  hitherto  appeared  in  the 
Journal  of  the  Institution  of  Electrical  Engineers.  Speaking 
very  roughly,  we  may  say  that  Physics  occupies,  in  the  two  parts 
under  review,  about  two  thirds  of  the  space  and  Electrical  Engi- 
neering one  third.  For  the  publication  generally  we  have  hardJy 
anything  but  praise.  The  high  standard  attained  in  the  Physical 
Society's  Abstracts  seems  to  be  maintained,  and  we  are  glad  to  see 
that  the  typography  and  general  arrangement  remain  as  before  ; 
the  only  change  obvious  at  first  sight  is  that  in  the  colour  of  the 
wrapper  from  the  modest  French  grey  of  the  Physical  Society  to  a 
brilliant  red  ;  but  this,  though  only  superficial,  is  sufficiently 
startling, 

On  tl)e  whole,  we  can  heartily  congratulate  the  two  Societies 
concerned  in  this  publication,  and  hope  that  it  will  meet  with 
the  success  it  deserves.  We  trust  it  may  be  found  practicable 
to  keep  up  the  genuinely  scientific  character  which  characteriKes 
the  two  Parts  before  us  ;  but  we  are  a  little  alarmed  by  the  Editor's 
announcement,  prefixed  to  a  list  of  fifty-three  ^riodicals  from 
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^'hich  abstractfi  are  now  made,  that  "  this  list  is  only  preliminary,* 
and  is  being  daily  enlarged."  We  cannot  think  that  this  is  good 
news  :  to  judge  by  one  or  two  of  the  abstracts  near  the  end  of  the 
February  Part,  we  should  be  inclined  to  say  that  the  list  is  quite 
large  enough  already. 

The  second  word  of  Abstract  230  should  surely  be  "  equitable," 
not  "  equable." 


X  L I X .  Proceedings  of  Lea rned  Societies . 

GEOLOGICAL  SOCIETY. 

[Continued  firom  p.  284.] 

January  5th,  1898.— Dr.  Henry  Hicks,  F.R.S.,  President, 
in  the  Chair. 

THE  following  commuoication  was  read : — 
1.  '  On  the  Structure  of  the  Davos  Valley.*     By  A.  Vaughan 
Jennings,  Esq.,  P.L.S.,  F.G.S. 

Evidence  is  brought  forward  to  show  that  the  level  area,  about 
4  miles  in  length,  near  Davos  is  occupied  by  superficial  deposits, 
and  that  the  lateral  talus-fans  there  have  been  cut  through  at  a 
relatively  recent  date  since  their  accumulation  ;  that  the  northern 
end  towards  Wolfgang  is  blocked  by  moraine-material  of  great 
thickness,  but  for  which  the  Davoser  8ee  would  drain  north  to  the 
Lendquart,  carrying  with  it  the  waters  of  the  Fluela  and  Di^hma ; 
that  the  contour-lines  suggest  the  former  existence  of  a  far  larger  lake 
stretching  south  towards  Frauenkirch,  and  that  in  that  part  there 
is  proof  of  the  previous  existence  of  a  great  detrital  fan  sufficient 
to  account  for  the  existence  of  the  lake  in  question. 

It  is  shown  that  the  former  ice-movement  was  not  from  the 
present  watershed  between  the  tributaries  of  the  Landwasser  and 
Laudquart,  but  from  a  spot  farther  south. 

The  author  concludes  that  the  main  valley-systems  were  marked 
out  in  pre-Glacial  times,  and  that  at  one  time  there  was  a  water- 
shed somewhere  between  Davos  Platzaud  Frauenkirch.  During 
the  Glacial  Period  moraine-material  was  heaped  up  across  the  valley 
below  the  Homli,  and  held  up  the  waters  to  the  south,  forming  a 
great  lake  of  which  the  present  Davoser  See  is  a  relic,  the  outHow 
being  probably  over  a  low  saddle  near  the  present  Wolfgang; 
during  this  time  a  great  moraine  and  detrital  fan  existed 
across  the  valley  to  the  south,  and  the  lake  for  a  long  time  wa^ 
thus  prevented  from  draining  in  that  direction.  After  the  Glacial 
Period  the  northern  moraine  was  subjected  to  little  erosion,  but  the 
southern  one,  formed  from  the  first  of  looser  material,  was  rapidly 
cut  back  by  the  Sertig  Bach,  and  in  time  the  barrier  was  so 
weakened  as  to  cause  that  end  of  the  lake  to  be  tapped,  and  at  that 
time  the  terraces  opposite  Frauenkirch  may  have  been  levelled, 
while  the  flow  over  Wolfgang  would  be  stopped,  and  the  Fluela 
and  Dischma  streams  turned  southward;  the  Landquart  would 
then  cut  away  the  margins  of  the  talus-fans  which  had  been  accu- 
mulating in  the  lake. 
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L.  Applications  of  Di fusion  to  Conducting  Gases,     By  John 
S.  ToWNSBND,  M,A»^  Cavendish  Laboratory/,  Cambridge*. 

THERE  are  many  phenomena  connected  with  charged  and 
conducting  gases  which  can  be  explained  by  diffusion. 
Before  proceeding  to  its  application  to  these  gases  it  is 
necessary  to  solve  some  problems  which  apply  not  only  to 
conducting  gases,  but  also  to  gases  in  general.  The  question 
with  which  it  is  proposed  to  deal  may  be  stated  thus : — If 
there  are  two  gases,  A  and  B,  contained  inside  a  vessel  the 
walls  of  which  absorb  A,  what  quantity  of  A  will  remain 
unabsorbed  and  be  left  distributed  throughout  B  inside  the 
vessel  after  a  given  time  has  elapsed  ? 

The  first  section  deals  with  the  solution  of  this  problem  for 
the  three  particular  cases  where  the  boundary  consists  of  a 
pair  of  parallel  planes,  a  cylinder,  and  a  sphere  respectively. 
It  will  be  supposed  that  the  absorption  of  the  gas  A  by  the 
sides  of  the  vessel  is  so  complete  as  to  reduce  the  pressure  of 
A  to  zero  at  the  surface.  In  order  to  obtain  solutions  that 
will  apply  to  cases  where  the  pressure  at  the  surface  is  a  small 
fixed  value  it  will  suffice  to  substitute  jy+//  for/?  in  the  solu- 
tions obtained  on  the  assumption  that  j9=0  at  me  surface. 

In  order  that  the  effect  of  gravity  may  not  disturb  the 
distribution  of  the  gases  it  will  be  supposed  that  the  quantity 
of  A  is  small  compared  with  that  of  b. 

The  second  section  deals  with  the  application  of  these 
results  to  the  cases  of  charged  and  conducting  gases. 

*  Communicated  by  Prof.  J.  J.  Thomson,  F.R.S. 
Fhil.  Mag.  S.  5.  Vol.  45.  No.  277.  June  1898.  2  K 


Digitized  by 


Google 


470  Mr.  J.  S.  Townsend  on  Applications  of 

Section  I. 

1.  The  conditions  to  bo  satisfied  by  p^  the  pressure  of  the 
gas  A,  are  : — 

p=0  at  the  boundary  <f>{a;,  y,  2)  =0,  for  all  values 
oft; 

p=Po  initially  throughout   the   space   bounded   bv 
</>=0. 

Let  the  gases  be  contained  between  two  parallel  plates. 
The  boundary  will  then  be  the  two  planes  *r=0  and  x=a. 
In  this  case  the  differential  equation  reduces  to 

d^p  __dp 
"d^^dt' 

the  general  solution  of  which  is 

p=SA€-«'«'sin(«.t-+/3),     ....     (1) 

where  A,  a,  and  )8  are  to  be  determined  by  the  conditions 

/?=0  when  d?=0  and  d?=a,  for  all  values  of  /  ; 

P=Pq  when  ^=0  for  all  values  of  a  between  a=^0  and 

The    first    condition    is   satisfied   by   making  )8=0  and 

TITT 

a 
The  coeflScients  A  are  determined  from  the  second  condition 

by  multiplying  both  sides  of  the  equation  (1)  by  sin  ^^  dx 

and  integrating  from  ^=0  to  x=a,  ^ 

Since 

r*  .    nirx  .    n^TTX  , 

1   sm sm ad?=0, 

Jo  a  a  ' 

we  obtain  the  following  value  of  A»,  the  coefficient  of  the 
term 

-C^Y^t  .   nirx 
€   V « '     sm  — 
a 

in  the  Fourier's  series  (1), 


^"H 

tittL 


,  cos 


Hence,  when  n  is  even  An=0,  and  when  n  is  odd  A»=  ^. 

HIT 
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The  equation  (1)  thus  becomes 

/?=-^  i  ^ — sin^^ '- — . 

w  »=i      2n— 1  a 

Til  is  value  of  J9  is  unaltered  by  changing  x  into  a^Xy 
showing,  as  it  should,  that  at  any  time  the  distribution  is 
symmetrical  with  respect  to  a  plane  midway  between  the  two 
plates. 

Let  5^}  denote  the  mass  of  the  gas  A  which  remains  mixed 
with  6  after  the  gases  have  been  allowed  to  remain  between 
the  two  plates  for  a  time  <,  and  q^  the  initial  mass  of  A  be- 
tween the  two  plates.     We  have 


yj_£^_lv  €~^ 


(2i»-l)»y»ic< 


^.S 


Hence 


?o         Pofl         'T^^o     (2n-l)« 

-(3»-l)«w«it< 

8     11=500    ^— ^ = 


2.  Let  the  gases  be  contained  inside  a  cylinder  of  radius  a. 
The  differential  equation  then  becomes 

K  d     dp  ^dp 
rdr    dr^  dt^ 

where   r  is   the   cylindrical   coordinate   which   denotes   the 
distance  of  any  point  from  the  axis. 

Letp=/(r)e"*'**,  and  we  obtain  the  equation 

r  dr    dr  •' 

to  determine/. 

The  solution  of  this  equation  is 

/=AJo(ar)+BVo(«r), 

and  since  the  gas  has  a  finite  pressure  at  the  centre  we  must 
reject  the  second  term,  so  that  we  get 

p=l,^Jo(ar)€'-^*. 

The  condition  that  p=0  si  the  surface  is  satisfied  if  a  be  so 
determined  as  to  satisfy  the  equation  jQ(ar)  =  0. 
Hence 

p = AiJo  (air)e-»''«'  +  A^  Jo(«,r)e-^«  +  Ac., 

where  aaj,  aoj,  &c.  are  the  roots  of  Jo(«)  =  0. 

2K2 
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The   coefficients  A  are  determined  by  using  the  second 
condition  which/?  must  satisfy:  p=Po  when  ^  =  0. 
Hence 

Po=AiJo(air)+A,Jo(«2r)+  Ac. 

for  all  values  of  r. 

Multiplying  each  side  of  this  equation  by  rj(,(a»r)rfr,  and 
integrating  from  r=0  to  r=a,  we  obtain 

»ince 

fa  /'a  ^« 

1    rJo(a»r)  Jo(a«r)rfr=0,       1    rJo^{anr)dr=  ^JJ^{eina), 

\    rJo{anr)dr  = Jo'(«»  «)  *• 

Jo  «» 

Hence  the  value  of />  expressed  as  a  function  of  r  and  ^  is 

a  LaiJi(«i«)  «2Ji(«j«)  J 

The   ratio   of  y^  the  mass  of  the  gas  A  which  remains 
unabsorbed  at  the  time  t,  to  the  original  mass  in  the  cylinder  is 

PfjOr  La^a^*        a^a/  J 

3.  When  the  gases  are  contained  inside  a  spherical  boundary 
the  differential  equation  becomes 

which  can  also  be  written 

,^frp^=d{rp) 
"dt^^"^'         dt    • 

The  solution  of  which  is 

rp = 2  A  sin  {ar  +  /9)  e"  ***^ 

The  condition  p=0  at  the  boundary  r^a  is  satisfied  if  )8=0 

and  a= — . 
a 

*  Lord  Rayleigh :  '  Theory  of  Sound/  sections  203,  204. 
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So  that  equation  (1)  becomes 

rp=    2  An  sm  —  €    «»      . 

11=1  « 

The  coefficients  A»  are  determined,  as  before,  by  making 
p=Po  and  /=0  simultaneously^  and  we  have 

_  =p,J^  rsm—dr 

\n-l 


Hence 


rp= -^  "2    (  — 1)"  * sm ; 

and  the  ratio  —  becomes  in  this  case 
9o 

By  means  of  this  equation  a  rough  estimate  could  be  made 
of  the  amount  of  impurity  (A)  that  would  be  removed  from  a 
gas  (B)  by  bubbling  through  a  liquid  which  absorbed  the  gas  A. 

The   solution   «hows  that  —  is  constant  when  -« is  constant ; 

or  that  in  order  to  reduce  the  quantity  of  the  gas  A  by  a  given 
fraction  the  time  the  bubble  takes  to  rise  in  the  liquid  must 

be  proportional  to  the  square  of  its  radius.    When  ^  is  small, 

account  need  only  be  taken  of  the  first  term,  and  the  value  of 

--  is  easily  calculated  when  /c  is  known. 

Section  II. 

4,  The  number  of  charged  carriers  or  ions  which  are  present 
in  a  gas  and  give  rise  to  conductivity  is  very  small  compared 
with  the  total  number  of  molecules  of  the  gas.  These  charged 
carriers  we  will  suppose  constitute  the  gas  A,  and  the  rest  of 
the  molecules  will  be  denoted  as  the  gas  B. 

Let  m  be  the  mass  of  a  carrier  ;  e  its  charge  ;  UyV,  to  the 
velocities  of  A  parallel  to  the  axes ;  p  the  pressure  of  A;  n  the 
number  of  carriers  per  cubic  centimetre ;  X,  Y,  Z  the 
electric  forces. 
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We  Lave 

du       ^       dp 

dt  dx  ' 

and  two  similar  equations  from  which  the  motion  of  the  gas  A 
can  be  detennined.  The  value  of  a  as  given  by  Maxwell 
(J.  0.  Maxwell,  "  Dynamical  Theory  of  Gases/*  rhil.  Mag. 

1868,  vol.  XXXV.)  is  AAj  —  ^zhAiinp^.     In  this  case  ps  is  the 

density  of  B,  which  remains  constant^  so  that  a  is  also 
constant. 

Since  m  is  so  small  compared  with  the  other  quantities  we 
may  omit  the  first  term,  and  we  obtain 

Xe=-^  +«u (1) 

n  dx  ^ 

If  X  is  large,  so  that  —  y-  is  small  in  comparison  with  X^, 

we  have  the  velocity  u  proportional  to  X ;  and  if  V  is  the 
velocity  of  the  carrier  when  acted  on  by  a  force  of  1  volt  per 
centimetre,  we  have 

_      e 

Hence  when  X,  Y,  and  Z  are  zero,  equation  (1)  reduces  to 


Let  N=  number  of  molecules  in  a  cubic  centimetre  of  gas 
at  pressure  po  and  temperature  15°  C.  (being  the  tempemtuie 
at  which  we  suppose  the  conductivity  is  determined),  then 


Hence  from  equation  (2) 

a 

similarly 


-^=5^§fe (3) 


^  «      N  dy'  ^  e      Ha  dz 

The  equation  of  continuity  is 
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Substituting  for  j-{pu\  -r  [p^)y  and  -r'(pw)    their   values 

derived  by  differentiating   equations   (3),  we  arrive  at  the 
equation 

dp^mvpo 

which  is  the  general  equation  we  assumed  in  Section  I. 
Thus  the  value  of  the  constant  k  is  ' — ^t       « 


5.  The  loss  of  conductivity  of  a  gas  is  due  partly  to  the 
recombination  of  some  of  the  positively  charged  carriers  with 
the  negatively  charged  ones,  and  partly  to  the  carriers  coming 
into  contact  with  the  conductors.  It  is  with  this  latter  phe- 
nomenon that  we  are  here  chiefly  concerned.  By  substituting 
the  above  value  of  « in  the  three  solutions  (»btainea  in  Section  I. 
we  obtain  expressions  which  give  the  loss  of  conductivity  of  a 
gas  due  to  the  diffusion  of  the  carriers  towards  the  sides  of 
the  vessel  which  contains  it.  This  loss  of  conductivity  takes 
place  in  a  closed  vessel  without  any  electromotive  force  acting 
on  the  gas. 

When  a  carrier  comes  into  contact  with  a  conductor  it 
either  gives  up  its  charge,  or  remains  in  contact  with  the 
surface.  From  the  way  in  which  the  equations  in  Section  I. 
were  solved,  it  is  clear  that  the  solutions  apply  to  the  case 
where  the  carrier,  instead  of  giving  up  its  charge  to  the  side, 
induces  an  opposite  charge  on  the  conductor^  and  is  held 
attracted  to  the  surface  by  the  electric  force  arising  from  its 
image.  The  solutions  apply  equally  well  on  the  hypothesis 
that  the  carrier  discharges  and  comes  back  into  the  gas.  In 
this  case  we  have  a  slight  increase  in  the  number  of  molecules 
of  B,  less  than  one  part  in  10'*;  so  that  the  correction  to  be 
applied  would  amount  to  calculating  the  difference  of  the  rate 
of  diffusion  of  A  through  a  gas  having  a  density  greater  than 
B  in  the  proportion  of  10*®  + 1  to  10*®,  which  of  course  can 
in  no  way  affect  the  original  solution. 

If  we  leave  out  of  consideration  the  recombination  of  the 
ions  or  charged  carriers,  we  see  that  the  conductivity  of  a  gas 
will  fall  frora/?o  to/?  in  a  time  <,  where  the  ratio  of  j^o  to />  is 

8  *="  g  «^ 
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when  the  gas  is  contained  between  two  parallel  plates  at  a 
distance  a  apart ; 

4    — p^  +    -,  ,    +&C. 

when  the  gas  is  contained  inside  a  cylinder   of  radius  a\ 
and 

when   the   gas   is   contained    inside   a  sphere   of  radius   a, 

,  SOOpoV 

where  /c=  — xV"' 

These  equations  show  how  much  more  rapidly  the  con- 
ductivity is  destroyed  in  smaller  vessels  tnan  in  larger 
ones. 

Let  us  take  the  case  of  oxygen  which  has  been  made  a  con- 
ductor by  Rontgen  rays  ;  let  the  charge  on  each  carrier  be 
a?  times  the  charge  that  an  atom  of  oxygen  carries  in  electro- 
lysis, which  we  will  denote  by  E. 

One  electromagnetic  unit  of  quantity  evolves  1"2  cub.  cent, 
of  hydrogen  and  '6  cub.  cent,  of  oxygen  from  an  electrolytic 
cell,  at  ordinary  temperature  and  pressure  /?o=  10*. 

The  number  of  atoms  in  '6  cub.  cent,  is  2Na.  (6),  and  the 
quantity  of  electricity  that  they  carry  is  J  an  electromagnetic 
unit,  or  f  10**  electrostatic  units. 

Hence 

1-2NE=^10»*   or  NE=i^, 

U     ^  XT         ^10'« 

so  that  rie=  —^ — 

The  velocity  of  the  carrier  under  an  electromotive  force  of 
a  volt  per  centimetre  is  (E.  Rutherford,  Phil.  Mag.  1897, 
vol.  xliv.)  1*6  centim.  per  second  ;  so  that 

800xl0fixl-6x-8      3-84,^  , 
^=  ^M^o ^^10- 

6.  Let  us  consider  more  particularly  the  second  case,  which 
would  apply  to  a  conducting  gas  passing  along  tubing,  and 
find  what  the  loss  of  conductivity  of  Rontgenized  oxygen 
will  be  in  passing  along  a  tube,  10  centim.  long  and  1 
millim.  radius,  at  the  rate  of  100  centim.  a  second. 

For  simplicity  we  will  suppose  that  the  velocity  is  uniform. 
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so  that  the  time  that  any  portion  of  the  gas  will  be  in  the 
tube  will  be  ^  of  a  second. 

The  ratio  of  the  conductivity  of  the  gas  entering  the  tubing 
to  the  conductivity  of  the  gas  as  it  escapes  will,  therefore,  be 

The  values  of  aai,  aa^,  &c.  which  are  the  positive  roots  of 
3q{x)  =0  are  2-404, 5-520, 8-654,  &c.  (Lord  Rayleigh,  '  Theory 
or  Sound/  section  206). 

Substituting  for  a,  aj,  a^,  &c.  their  values  we  obtain 

(2 -4)*  (5-5)*  J» 

,                ,           ,           3-84x10-2 
where  a  =  iV  t^^\,  «= . 

So  that  -2:21       zIi-« 

If  X  were  unity,  in  other  words  if  the  ion  in  the  oxygen 
which  is  conducting  under  Eontgen  rays  were  to  carry  the 
same  charge  as  it  does  in  electrolysis,  then  the  conductivity 
of  the  gas  would  be  reduced  to  ^  of  its  value  by  passing 
it  along  a  tube  10  centimetres  long  and  1  millimetre  radiu3 
at  the  rate  of  100  centimetres  per  second. 

It  is  interesting  to  find  what  would  be  the  effect  of  the 
attraction,  towards  the  sides  of  a  tube  made  of  conducting 
material,  of  each  individual  carrier  by  its  own  image  in  the 
conductor.  It  is  quite  evident  that  this  effect  only  comes  in 
when  the  carrier  is  near  the  surface,  so  that  we  can  regard 
the  radius  of  curvature  of  the  tube  as  large  in  comparison 
with  the  distance  of  the  carrier  from  the  surface.     When  this 

distance  is  .!•,  the  force  on  the  carrier  will  be  ^--j ,  and  under 

6        1*6 
this  force  it  would  travel  at  the  rate  of  j-g  x  -y— ,  since 

under  a  volt  a  centimetre  it  travels  at  the  rate  of  \'&  centi- 
metres per  second. 
Hence  we  have 

_  10-^0  X  120  _      dx 
"""  1?         ~      dt  ' 

assuming  that  the  atomic  charge  on  oxygen  is  10"*^;  therefore 

10® 
dt=—  —r-a^dx, 

X.Jd 
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Let  us  find  the  distance  of  a  particle  ^o  ^hich  in  a  time 
t  would  reach  the  side :  we  have 


Jx 


X0I2  36 


when  <=  ^  we  have  ^0= 


_4/a-6 


10» 


So  that  in  the  case  we  are  considering  a  layer  of  1*5  x  10~* 
thickness  of  the  gas  would  have  its  conductivity  destroyed 
in  ^  of  a  second  owing  to  the  mutual  attraction  between  each 
ion  and  its  image.     The  ratio  of  this  volume  to  the  total 

volume  of  the  tube  is '- ,  which  becomes  3  x  10"^ 

irr 

when  r='l.  Hence  in  this  case  the  loss  of  conductivity  due 
to  the  carriers  attracting  themselves  up  to  the  sides  is  small 
compared  with  the  loss  of  conductivity  due  to  diffusion. 

7.  When  there  is  an  excess  of  carriers  charged  with  elec- 
tricity of  one  kind  the  gas  not  only  conducts  but  exhibits  the 
properties  of  a  charged  body.  The  motion  of  the  carriers  in 
such  a  gas  is  somewhat  complicated,  as  both  the  diffusion  and 
the  effect  of  mutual  repulsion  have  to  be  taken  into  account. 
When  the  charge  per  c.  c.  is  small  we  can  leave  the  latter 
effect  out  of  account  and  consider  only  the  diffusion.  The  equa- 
tions (5)  Section  XL  can  then  be  applied  to  charged  gases, 
and  we  can  look  upon  them  as  particular  cases  of  conducting 
gases.  The  properties  of  these  gases  vary  in  many  ways  in 
regard  to  their  power  of  retaining  their  conductivity;  thus 
some  of  them  can  be  passed  along  tubing,  bubbled  though 
liquids,  or  sent  through  gauze  or  wool  without  losing  more 
than  from  20  to  50  per  cent,  of  their  conductivity,  whereas 
others  are  made  perfect  non-conductors  when  similarly  treated. 
The  equations  (5)  Section  II.  show  that  rate  of  loss  of  con- 
ductivity by  coming  into  contact  with  conductors  increases 
very  rapidly  with  V  the  velocity  of  the  carrier  under  an  elec- 
tromotive force  of  I  volt  per  centimetre.  We  should,  there- 
fore, expect  that  for  those  gases  which  retain  their  conduc- 
tivity after  bubbling  through  liquids  &c.  the  value  of  V  is 
small  compared  with  its  value  for  gases  which  retain  none  of 
their  conductivity  after  similar  treatment.  In  support  of  this 
explanation  we  have  the  following  results : — The  conductivity 
of  a  gas  which  has  been  made  a  conductor  by  means  of  Bontgen 
rays  is  destroyed  by  passing  the  gas  through  wool  or  bubbling 
through  sulphuric  acid,  and  the  velocity  of  the  carrier  under 
an  electromotive  force  of  a  volt  per  centimetre  is  (for  air) 
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1*4  centimetres  per  second  (J.  J.  Thomson  and  E.  Rutherford, 
Phil.  Mag.  Nov.  1896  ;  E.  Rutherford,  Phil.  Mag.  Nov.  1897). 
The  gases  evolved  from  a  sulphuric  acid  electrolyte  retain  a 
large  fraction  of  their  charge  after  passing  through  wool  or 
hubbling  through  a  liquid,  and  for  the  oxygen  the  velocity  of 
the  carrier  is  only  2"  2  x  10"^  centimetres  per  second  when  acted 
on  by  the  same  force  (John  S.  Townsend,  Phil.  Mag.  Feb. 
1898). 

We  have  here  supposed  that  e^  the  charge  on  the  carrier,  is 
the  same  in  each  case.  This  assumption  is  reasonable  from 
theoretical  considerations,  but  it  has  not  yet  been  established 
upon  experimental  evidence  that  when  an  elementary  gas 
conducts  the  carriers  have  the  same  charge  us  the  atoms 
carry  in  electrolysis.  Information  on  this  point  might  be 
gained  by  testing  experimentally  the  result  obtiuned  in 
§6. 

Many  examples  of  this  latter  kind  are  to  be  found  in  newly 
prepared  gases.  In  most  of  these  cases  it  is  easy  to  account 
for  the  growth  of  the  carrier  to  a  large  size  owing  to  the  pre- 
sence of  gases  or  vapours  which  would  condense  round  the 
charge  and  thus  increase  the  size  of  the  carrier.  The  velocity 
V  would  thus  be  greatly  diminished. 

When  newly  prepared  gases  are  evolved  from  a  solution  it 
is  probable  that  the  electrification  is  acquired  immediately  as 
the  gas  is  generated,  so  that  each  little  bubble  of  the  gas  as 
it  rises  in  the  liquid  contains  carriers  which  are  charged. 
Since  these  bubbles  are  small  it  would  only  require  a  very 
short  time  for  carriers  which  diffused  rapidly  to  be  com- 
pletely discharged  by  striking  the  liquid  round  the  bubble, 
so  that  in  order  that  an  appreciable  number  of  charged 
carriers  should  escape  with  the  gas  from  the  liquid  it  is 
necessary  to  assume  that  they  diffuse  slowly,  or  what  amounts 
to  the  same  thing,  that  they  should  be  large  compared  with 
molecules. 

8.  When  the  number  of  carriers  charged  with  positive  and 
negative  electricity  respectively  is  unequal,  the  electrostatic 
field  which  is  created  tends  to  drive  those  carriers  which 
are  in  excess  towards  the  walls  of  the  containing  vessel. 
This  effect  is  easily  calculated  for  the  case  where  the  carriers 
are  all  charged  with  electricity  of  the  same  sign.  Let  p  be 
the  density  of  electrification,  uvw  the  velocities  parallel  to 
the  axes,  and  4>  ^he  electric  potential. 

In  order  to  determine  the  motion  we  haVe  three  equations 
of  the  form 

n  ax        ax 
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The  term  -  -^  does  not  increase  with  p  since  both  p  and  n 
71  ax 

are  proportional  to  p,  so  that  if  we  suppose  p  to  be  above  a 

certain  value  this  term  may  be  omitted  in  comparison  with 

dw  ' 
Writing  the  equation  of  continuity  in  the  form 

1  Sp      du      dv      dto  _^ 
pSi'^di'^d^'^dl''^' 

8 
where  ^  denotes  the  total  differentiation  of  p  with  respect 

to  t,  we  obtain  on  substituting  for  uvio  the  above  values 

p  ot 
So  that 

Po 

K 

which  shows  that  after  a  time  t  the  density  is  a  function  of  t 
alone,  and  does  not  vary  from  point  to  point  in  the  gas,  i{  pQ 
is  constant  initially  throughout  the  gas.  The  reduction  of 
the  charge  due  to  this  effect  is  usuafly  large  compared  with 
the  reduction  due  to  diffusion  when  p  is  greater  than  10-*. 
The  two  effect*  can  easily  be  distinguished  from  one  another, 

since  —  in  this  case  is  a  function  of  po;  ^^^  initial  density  of 

electrification,  and  is  independent  of  the  form  of  the  vessel. 
(J.  S.  Townsend,  loc,  cit,) 

It  does  not  appear  that  the  effect  of  mutual  repulsion  would 
be  instrumental  in  increasing  the  discharging  power  of  a 
charged  gas  as  it  passed  through  fine  gauzes,  since  the  gauzes 
may  be  considered  part  of  the  boundary,  the  form  or  extent 
of  which  in  no  way  affects  the  above  value  of  p. 


LI.  Microscopic  Images  and  Vision,     By  Lewis  Wright  *. 

1.  ri^HE  discussion  by  Lord  Rayleigh  and  Dr.  Stoneyt 
-L  has  thrown  considerable  further  light  upon  a  subject 
which  has  been  discussed  for  many  years ;  but  there  seems 
still  something  to  be  added  from  the  point  of  view  of  the 
microscopist,  for  whom  there  is  at  issue  in  it  a  very  important 

*  Comnumicated  by  the  Author. 

t  Phil.  Mag.  Aug.,  Oct.,  Nov.,  Dec.  1896. 
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practical   question   not   solved   by  any   mere   mathematical 

analysis,  and  scarcely  yet,  I  think,  made  clear  to  him.     This 

question  is  at  the  bottom  of  the  term  '*  spectrum  theory,*' 

happily  applied  by  Lord  Bayleigh  to  Prof.  Abbe's  view  of 

the  matter,  to  which  Dr.  Stoney  objects  as  being  too  limited, 

but  which  is  strictly  correct.     Upon  whatever  general  method 

of  mathematical  resolution  the  Abbe  theory  of  microscopic 

vision  ultimately  rested,  it  was  itself  expounded  to  micro- 

scopists  and  discussed  by  them  for  many  years  as  a  matter  of 

fact.     It  was  thus  and  then  confined  to  the  statement  that 

microscopical  "resolution,*'  or  delineation  of  detail,  was  due 

to  the  union  and  interference  (in  the  Fresnel  manner)  at  the 

focal  plane,  of  the  direct  dioptric  beam  and  of  at  least  one  of. 

the  beams  "  diflfiracted '*  by  minute  periodic  structure,  in  the. 

manner  of  a  grating  illuminated  by  light  approximating  to 

the  character  of  plane  waves  :  such  diffracted   beams  with 

white   light  becoming   spectra.      The   Abbe  theory  further 

affirmed  that  the  trustworthiness  of  the  microscopical  image 

solely  depended  upon,  and  was  in  direct  proportion  to,  the 

number  of  orders  of  these  spectra  which  were  grasped  by  the 

aperture  of  the_.lcns  ;  and  it  explained  all  the  advantages  of 

greater  aperture  in  greater  resolution,  upon  this  basis  alone. 

This  was  a  definite,  limited,  and  practical  theory,  easily 

Sasped  ;  and  this  alone  was  what  came  to  be  known  as  the 
iffraction  Theory  or  Abbe  Theory.  Since,  therefore.  Dr. 
Stoney  now  desires  to  apply  that  term  to  the  wider  manner 
of  regarding  microscopic  vision  which  he  has  set  forth,  in 
order  to  keep  things  clear  or  even  intelligible  to  any  micro- 
scopist  who  has  followed  the  past  discussion,  there  is  really 
no  other  course  than  to  find  a  new  name  for  the  more  limited 
and  already  well  known  Abbe  theory,  as  Lord  Bayleigh  has 
so  happily  done.  The  truth  or  error  of  this  "  spectrum " 
theory,  or  the  respective  measure  of  each  in  it,  is  a  matter  of 
very  great  practical  importance,  as  will  appear.  The  interest 
in  Dr.  Stoney^s  wider  theory  is  largely  speculative  ;  but  there 
are  obvious  points  of  contact  between  it  and  the  other,  which 
also  have  to  be  considered^  and  which  throw  much  light 
upon  it. 

2.  With  the  purely  theoretical  bearings  of  Dr.  Stoney'a 
presentment  of  the  case  it  is  not  necessary  to  deal  at  length; 
nor,  indeed,  am  I  qualified  to  do  so.  Yet  it  seems  desirable 
to  mention  very  briefly  some  objections  which  suggest  them« 
selves,  and  which,  if  valid,  have  much  bearing  on  the  con- 
clusion he  reaches  in  common  with  Prof.  Abbe,  that  "  dif- 
fracted light  [defined  as  "  light  which  advances  in  other 
directions  than  those  prescribed   by  geometrical  optics  "]   is 
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the  machinery  by  which  good  definition  is  brought  about." 
That  is,  of  course,  getting  back  to  the  *•'  spectrum  ''  theory  ; 
and  I  hope  to  show,  largely  from  material  the  discussion  has 
provided,  this  theory  is  only  true  in  a  conditional  and  limited 
sense,  while  its  acceptance  in  a  universal  sense  is  a  present 
cause  of  positive  miscnief  in  microscopy. 

3.  There  appear  to  me,  then,  some  fundamental  physical 
objections  to  Dr.  Stoney's  method  of  representing  what  takes 
place.  Putting  that  most  briefly,  and  merely  for  the  purpose 
of  recollection,  it  seems  to  be  as  follows : — (A)  All  light 
emitted  by  an  object  may  be  resolved  into  undulations  con- 
sisting of  uniform  plane  waves.  (B)  We  may  conceive  these 
rjversed  in  direction  (since  any  dynamical  system  may  be 
reversed) ;  and  when  they  thus  arrive  back  at  the  position 
occupied  by  the  original  object,  they  will  there  "produce  an 
image  the  most  perfect  that  the  light  emitted  is  capable  of 
producing."  This  is  held  to  follow  because  f  §  8,  Phil.  Mag. 
Oct,  1896)  the  plane  waves  there,  as  at  eacn  step,  "  repro- 
duce exactly  the  same  state  of  the  sether  as  had  prevailed  at 
the  same  stations  on  the  outward  journey .''  Hence  in  general 
(we  need  not  at  present  discuss  Dr.  Stoney's  other  images, 
and  modifications)  "  plane  waves  converging  inwards  '*  are 
capable  of  producing  the  most  perfect  attainable  image  pro- 
ducible from  the  rays  grasped  by  the  objective.  Stating 
objections  to  this  with  similar  generality  and  brevity,  it 
appears  to  me  that  such  a  presentment  of  the  matter  must 
break  down  as  a  full  and  complete  explanation,  however  true 
in  a  limited  sense,  on  the  ground  that  ^^  uniform  plane  waves  '^ 
such  as  are  spoken  of,  are  not  in  trustworthy  microscopy  the 
actual  or  veritable  dvnamical  system ;  and  therefore  cannot, 
as  it  will  be  shown  they  do  not,  produce  the  supposed  most 
perfect  attainable  image  by  reversal. 

4.  More  specifically,  it  seems  evident  that  we  are,  ah  initio^ 
debarred  from  considering  the  light  from  a  microscopic  object 
as  consisting  of  uniform  plane  waves,  except  on  the  conditioti 
of  plane-wave  illumination  of  the  object,  (Here,  indeed,  we 
have  the  secret  of  Abbe's  consistent  enforcement  of  illumina- 
tion by  a  small  luminous  cone  or  pencil,  which  gives  approxi- 
mately  such  illumination.)  For  what  are  uniform  plane 
waves  ?  A  wave-system  is  normal  to  the  surface  called  the 
wave-surface,  over  which  undulations  from  the  same  disturb- 
ance are  in  the  same  phase.  Hence  the  plane  wave  arises 
from  the  Huygenian  spherical  wave,  as  a  limiting  case,  in 
the  manner  pointed  out  by  all  the  standard  authorities.  Thus 
Lord  Bayleigh  says*: — '*  So  long  as  the  radius  of  curvature 

•  £ncycl.  BriL,  "  Wave-Theory,"  xxiv.  p.  424. 
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[of  the  spherical  wave]  is  very  long  in  comparison  with  A,,  each 
small  part  of  a  wave-surface  propagates  itself  jast  as  an  in- 
finite plane  wave  coincident  with  tne  tiingent-plane."  Bassett 
put«  it  similarly*  — '^  Spherical  waves  concentric  with  the 
source  are  propagated  throughout  the  medium  ;  and  if  the 
effect  which  these  waves  produce  at  some  portion  of  space 
whose  greatest  linear  dimension  is  small  in  comparison  loit/i 
its  distance  from  the  source^  be  observed,  the  wave  may  be 
regarded  as  approximately  plane.  We  are  thus  led  to  study 
in  the  first  instance  plane  waves.'' 

The  student  of  pnvsical  optics  knows  tliat  this  is  so  in 
actual  fact.  To  study  plane-wave  phenomena,  or  to  verify 
plane-wave  dimensional  calculations,  he  must  remove  his 
source  of  light,  itself  relatively  small,  to  a  considerable  distance 
from  his  grating  or  other  apparatus  ;  he  must  get  his  beams 
of  rays  approximately  parallel,  that  the  normal  wave-surface 
may  be  approximately  plane.  This  necessity  belongs  to  the 
nature  of  plane  waves. 

5.  But  considering  now  microscopic  objectives,  many  such 
have  been  made  as  short  in  focus  as  ^q  of  an  inch.  It  is 
impossible  to  regard  light  emitted  from  an  object,  as  consisting 
of  uniform  plane  waves  on  arriving  at  the  surface  of  such  a 
lens,  after  a  path  of,  perhaps,  2^0  ^^  ^^  ^"^^  s  except  in  the 
case  of  plane-wave  illuminatiofi  of  the  ohjecty  as  in  the  Abbe 
theory.  Even  in  that  case  it  would  seem  that  considerable 
modification  must  be  made  in  Dr.  Stoney's  presentment  of 
events  in  his  fig.  1  (Nov.  1896,  p.  433)  here  reproduced.     His 

Fig.  1. 


beam  Cb  of  uniform  plane  waves  is  represented  as  proceeding 
from  the   object   C  ;  and  supposing  only  plane  waves  to 

*  Treatise  on  Physichl  Optics,  p.  66  (1882). 
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illaminate  the  object,  no  objection  need  be  made.  But  in 
this  case  his  first  focas  of  the  beam  (described  as  *^  parallel  " 
mys)  at  a,  can  no  longer  be  regarded  as  a  focns  of  rays 
emitted  from  the  object  C,  but  contrariwise,  of  rays  pro- 
ceeding from  the  much  more  distant  source  of  light.  And 
accordingly,  as  a  simple  phenomenon,  or  fact  of  observation, 
it  is  not  an  image  of  any  point  of  the  object,  but  of  the  whole 
source  of  lighty  which  is  focussed  at  ^,  and  is  seen  there  on 
removing  the  eyepiece  and  looking  down  the  tube, 

6.  Consider  next  the  supposed  dynamical  system.  This  is 
by  hypothesis  set  up,  not  by  the  object  alone,  or  in  ordinary 
method:  "  We  begin  by  positing  repetitions  of  the  objective 
field  ^'  (Prop,  1,  §  6).  Then  it  is  assumed  that  all  these 
replicas  emit  light  from  their  similar  points  ^'  the  same  in 
direction,  intensity,  phase,  and  position  of  transversal.'^  This 
postulate  seems  altogether  illegitimate  in  a  theory  purporting 
to  represent  actual  phenomena  ;  we  know  that  it  is  not  true 
in  physical  reality.  It,  too,  depends  for  the  qualified  truth 
M-hich  it  does  possess,  upon  plane-wave  illumination  ;  then  it 
is  true,  so  far  as  that  when  approximately  plane  waves  fall 
upon  a  grating,  the  width  or  number  of  lines  does  not  aifect 
the  image  of  the  ruling,  as  ruling.  But  it  seems  to  push  the 
result  of  certain  mathematical  expressions  to  an  extent  which 
can  hardlv  be  justified.  That  opinion  must  be  expressed 
with  diffidence,  since  my  very  small  amount  of  mathematical 
knowledge  has  become  so  rusty,  that  it  is  only  with  difficulty  I 
can  follow  (and  but  too  vaguely)  even  the  general  drift  of  the 
analyses  in  the  discussion  which  so  interests  me.  I  did,  how- 
ever, gather  that  the  ground  of  the  immense  postulate  here 
objected  to,  lay  in  the  fact  that  resolution  into  plane  waves  of 
asther-disturbances  set  up  by  an  object,  is  represented  by  ex- 
pressions which  equally  represent  replicas  of  tne  disturbances; 
the  nature  of  circular  functions  involving  this  necessity.  From 
a  private  reply  Dr.  Stoney  was  kind  enough  to  give  me,  it 
appears  this  is  the  case.  But  mathematical  expressions  are 
but  tools,  and  often  have  the  usual  defects  of  tools  ;  in  par- 
ticular that  of  not  being  sharp  enough.  Ask  these  functions 
to  express  a  given  disturbance  and  many  surrounding  replicas, 
and  tney  wiU  do  it.  But  ask  them  next  to  express  an  actual 
limited  disturbance  resolved  in  this  manner,  and  no  more, 
and  they  fail ;  their  edge  at  present  is  not  sharp  enough  to  do 
that.  Buch  failure,  however,  is  in  this  case  an  imperfection  ; 
and  surely  to  ground  such  a  physical  postulate  upon  the  very 
imperfection  of  an  imperfect  tool,  is  rather  arguing  in  a 
circle.  It  seems  to  be  a  case  of  what  was  described  only 
the  other  day  in  a  review  of  a  mathematical  work,  as  '^  the 


Digitized  by 


Google 


Mr.  L.  Wright  on  Microscopic  linages  and  Vision.      485 

special  philosophical  vice  of  the  mathematicians^  the  tendency^ 
namely^  to  mistake  the  sign  for  the  thing  signified." 

7.  This  seems  further  to  appear,  when  we  consider  the 
reversal  of  the  supposed  dynamical  system.  This,  it  is  sup- 
posed, produces  the  "  best  attainable  image  which  the  lignt 
emitted  by  the  object  [and  grasped  by  the  objective]  is  capsLole 
of  producing/'  Unquestionably  the  light- waves  emitted  may 
truly  be  regarded  as  a  dynamical  system  ;  and  may  be  con- 
ceived as  reversed  ;  and  the  reversal  of  the  whole  actual  system 
would  produce  such  an  image  as  described.  But  it  does  not 
seem  to  follow  that  mere  "  coalescence  and  interference  of 
uniform  plane  xoaves ''  involves  such  a  result.  Besides  what 
has  already  been  said  as  to  the  absence  of  plane-wave  cha- 
racter in  rays  from  any  self-luminous  object,  at  the  very 
minute  focal  distance  of  a  high-power  objective,  questions  as 
to  the  longitudinal  components  in  the  disturbances,  and  their 
disposal  and  influence,  and  several  other  questions,  would 
seem  to  need  further  solution  than  is  known  at  present,  before 
this  could  be  assumed. 

In  any  case,  what  the  reversal  of  the  supposed  dynamical 
syst-em  must  really  reproduce  as  an  image  at  the  place  of  its 
origin,  must  be  the  postulated  operative  cause  of  the  system. 
That,  by  the  hypothesis,  is  not  an  actual  object  and  it  alone, 
emitting  luminous  waves,  but  the  object  surrounded  by  an  in- 
definite  numbed"  of  identical  replicasy  emitting  identically  similar 
plane  waves.  This  does  not  represent  any  object  in  reality: 
and  that  fact  seems  to  dispose  of  such  a  presentment  as  a  full 
and  complete  representation  of  microscopic  vision. 

The  same  conclusion  follows  from  Dr.  Stoney's  directions 
"how  to  see  the  rulings''  (Phil.  Mag.  Dec.  1896,  p.  525). 
We  first  illuminate  the  object  by  a  near  approximation  to 
plane  waves  ;  and  then  behind  the  lens  further  exclude  every- 
thing but  the  narrowest  pencils  of  almost  exclusively  plane 
waves.  Thus  we  produce  a  "  ruling  "  extending  far  beyond 
the  limits  of  a  true  image,  and  whicn  in  other  respects  is  as 
far  as  possible  from  being  any  such.  We  are  really  pro- 
ducing, and  do  produce,  easily  calculable  results  of  interesting 
experiments  in  the  interferences  of  plane  waves  ;  and  though 
these  results  are  physically  and  directly  related  to  the  periodic 
structure  of  the  object,  considered  as  an  interference-grating, 
they  are  no  trustworthy  representation  of  it.  This  truth  has 
always  been  recognized  and  insisted  upon  by  Prof.  Abbe  and 
his  school,  resulting  in  a  sort  of  **  counsel  of  despair ''  as  to 
any  truth  or  certwintv  in  such  microscopical  images. 

8.  This  brings  us  back  to  the  more  concrete  Abbe  '*  spec- 
trum"   theory,    as    already    described.      But    Prof.   Abbe 

Fha.  Mag.  S.  5.  Vol.  45.*  No.  277.  June  1898.       2  L 


Digitized  by 


Google 


486      Mr.  L.  Wright  on  Microscopic  Images  and  Vision. 

throngfaont^  as  Lord  Rayleigh  remarks,  considers  ihe  object 
to  be  illuminated  by  plane  waves.  In  this  limited  case,  what 
Dr.  Stoney  advances  is  more  or  less  true  ;  but  Abbe  diflFers 
from  the  latter  in  constantly  recognizing  that  condition  and 
its  consequences.  Thus,  while  Dr.  Stoney  states  that  a  cone 
of  rays  from  the  condenser,  as  wide  as  possible,  may  be  used 
(as  in  practice  it  may,  for  reasons  to  be  seen).  Abbe  again 
and  again  insists  that  such  is  not  the  case,  and  this  at  great 
length*.  "Strictly  similar  images,"  he  says,  '^ cannot  be 
expected  except  with  a  central  illnmination  with  a  narrow 
incident  pencil "  t«  This  is  the  condition  for  securing  an 
approximation  to  plane-wavo  illumination,  with  its  dif- 
fraction phenomena. 

II. 

9.  We  may  now  consider  how  far  the  Abbe  theory,  which 
possesses  more  or  less  undoubted  truth,  is  an  adequate  repre- 
sentation of  microscopic  vision  ;  and  the  most  satisfactory 
feature  about  the  lengthy  discussion  from  which  these  remarks 
originate,  is  that  in  several  ways  additional  light  is  thrown 
upon  that  question.  Considering  the  grounds  for  it  after- 
wards, let  me  first  state  the  general  conclusion  at  which  I 
have  arrived  as  the  result  of  long  and  patient  experiment,  and 
which  is  further  confirmed  by  this  discussion.  Stated  briefly 
as  before,  it  is  that  the  trustworthiness  of  a  microscopic  image 
is  in  proportion  as  the  object  approximates  to  a  Self-luminous 
conditiony  and  diminishes  in  proportion  as  it  is  or  ha^  to  be 
(for  it  may  have  to  be)  examined  by  plane-wave  illumination. 
Whether  this  view,  or  the  Abbe  view,  be  true,  is  of  most 
fundamental  and  practical  importance  to  microscopy  and 
microscopic  optics.     Let  us  see  what  light  we  have  upon  it. 

10.  Supposing  the  "  spectrum  "  theory  to  be  true,  as  a  full 
representation,  it  was  demonstrated  that  "  microscopic  vision 
is  sui  generis  "  J.  Such  a  statement  need  not  now  be  criti- 
cized ;  it  has  vanished  in  the  discussion,  and  Dr.  Stoney 
expressly  dissociates  himself  from  it. 

11.  Another  fundamental  objection  to  the  competence  of 
the  theory  as  a  general  one,  is  found  in  the  fact  mentioned 
by  Lord  Bayleigh,  that  the  character  of  a  grating  may  be 
such,  that  its  spectra  cannot  give  a  proper  image. 

12.  As  he  also  brings  out  in  his  article,  the  object  may 
conceivably  be  self-luminous ;  in  which  case  there  will  be  no 
spectra,  and  the  waves  emitted  from  different  points  of  the 

*  Journ.  R.  Micr.  Soc,  Dec.  1888. 

t  Dallinger,  p.  76. 

i  Dallinger,  p.  62,  and  many  other  writers. 
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object  will  be  quite  heterogeneous,  and  in  no  permanent  phase- 
relations.  Yet  an  image  must  be  possible,  and  can  in  that 
case  be  only  analysed  according  to  the  Airy  method.  We  can 
only  employ  a  really  self-luminous  object  in  experiments  with 
low  powers  of  the  microscope — ^perhaps  up  to  an  inch  ♦.  But 
even  the  results  with  such  a  power  are  decisive  of  the  real 
question ;  and  with  high  powers  we  can  more  or  less  approxi- 
mate to  this  kind  of  luminosity  in  several  ways. 

Thus,  even  a  wide  cone  from  the  condenser  approximates  to 
it.  Lord  Rayleigh  has  shown  (Phil.  Mag.  Aug.  1896,  p.  175) 
how  and  why  this  kind  of  illumination  must  introduce  a  large 
amount  of  heterogeneity  into  the  rays  proceeding  from  the 
object,  and  concludes  "  that  the  function  of  the  condenser  in 
microscopic  practice  is  to  cause  the  object  to  behave,  at  any 
rate  in  some  degree,  as  if  it  were  self-luminous,  and  thus  to 
obviate  the  sharply-marked  interference-bands  which  arise 
when  permanent  and  definite  phase-relations  are  permitted  to 
exist  between  the  radiations  which  issue  from  various  points 
of  the  object."  Since  Dr.  Stoney,  however,  seems  rather  to 
regard  the  function  of  the  condenser  as  being  that  of  providing 
illumination  by  plane  waves,  we  had  better  resort  to  other 
methods,  which  may  help  us  to  decide  what  is  a  verv  important 
practical  question.  For  while,  according  to  Dr.  Stoney,  the 
ideal  is  to  get  absolutely  aplanatic  systems  of  plane  waves 
transmitted  through  the  object,  and  all  conditions  short  of  this 
(caused  by  imperfections  in  the  slide  or  various  other  details) 
impair  the  image  (as  in  one  special  sense  they  do  impair  it, 
with  some  objects);  according  to  the  view  expressed  above, 
irregularities  of  phase  thus  {)roduced  may  add  to  the  trusts' 
worthiness  of  the  image,  though  it  may  impair  it  in  some 
other  features. 

Let  us  take  therefore  as  an  object  on  the  stage,  a  grating  of 
3000  or  6000  lines  to  an  inch,  illuminated  by  a  narrow  cone 
from  the  condenser,  focussing  the  flat  of  a  rather  distant 
lamp-flame.  Place  immediately  in  front  of  this  flame  a  coarse 
grating,  50  to  100  lines  per  inch,  either  photographed  or  of 
wire.  The  several  points  of  these  luminous  lines  emit  light-» 
waves  chiefly  in  the  self-luminous  manner,  indiscriminate  in 
phases  and  transversals  as  the  points  of  the  flame  itself  !• 
Arranging  the  stage  grating  so  as  to  cover  only  half  the 

*  Thus,  we  may  employ  a  gratiDg  of  platinum  wire  made  incandesceut 
by  an  electric  current. 

t  If  this  be  questioned,  let  it  be  remembered  that  we  mijfht  get  pure 
self-luminosity  by  employing  in  the  dark  a  platinum  grating  made  incan- 
descent as  before.  Probably  no  physicist  oelieves  that  there  would  be 
any  observable  difference  m  the  phenomena,  or  would  even  deem  it 
worth  while  to  make  the  experiment  in  order  to  see  if  there  were  any. 
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objective  field,  a  condenser  can  be  selected  of  such  a  focal 
length,  and  other  matters  so  adjusted,  that  the  focal  ima^e  of 
the  coarse  grating  formed  by  the  condenser,  corresponds  ooch 
in  intervals  and  focal  plane  with  the  object-grating  on  the 
stage,  and  using  the  same  illuminating  cone.  Remove  now 
"the  coarse  grating  and  place  the  stage  grating  centrally:  then 
removing  the  eyepiece  and  looking  down  the  tube,  the  dioptric 
beam  and  its  flanking  spectra  as  so  often  described  will  be 
seen ;  they  are  the  images  of  the  source  of  light,  formed  at  x 
in  fig.  1.  They  interfere  and  form  the  image  seen  by  the 
eye-piece,  in  the  Fresnel  and  Abbe  manner.  Removing  the 
stage  grating,  and  replacing  the  coarse  one  over  the  name, 
its  focal  image  is  now  the  object.  Owing  to  the  heterogeneity 
of  the  rays,  this  aerial  image  emits  no  spectra — there  neither 
are  nor  can  be  any  such.  But  it  is  perfectly  resolved.  Here 
we  have  a  resolution  of  3000  or  6000  lines  per  inch  that  has 
no  place  at  all  in  the  *'  spectrum  "  theory ;  which  therefore 
can  be  no  complete  theory  of  microscopic  vision,  though  it  has 
an  important  place  in  it  ^. 

As  another  expedient,  we  may  place  beneath  the  slide 
a  sheet  of  finely-ground  glass.  This  ground  surface  refracts 
and  reflects  the  light  in  countless  phases  and  directions  through 
the  object,  the  waves  issuing  therefrom  with  similar  hetero- 
geneity of  character.  Here  also  we  must  have  at  least  a  very 
considerable  degree  of  approximation  to  the  nature  of  seli- 
luminosity ;  nor  can  we  get  from  such  illumination  any  of  the 
well-marked  "spectra"  at  x  (fig.  1),  or  out-of-focus  inter- 
ference-fringes, familiar  to  us  with  the  Abbe  method.  The 
difference  in  character  of  illumination  by  such  methods,  and 
the  methods  described  by  Dr.  Stoney,  is  so  great,  that  if  the 
"  spectrum  "  theory  be  completely  true,  there  should  at  least 
be  a  uniform  and  vast  deterioration  in  the  image  of  an  object 
thus  illuminated.  On  the  contrary,  with  all  good  lenses  of 
moderate  aperture,  and  slides  with  any  i^ir  amount  of  opacity 
in  details,  such  an  image  is  about  the  very  best  we  can  get. 
The  excellence  of  this  method  of  illuminating  was  first  im- 
pressed upon  me  many  years  ago  by  the  late  Dr.  Carpenter ; 
and  since  1  in  my  turn  have  recommended  it,  fresh  disco veiy  of 
it  has  been  made  by  Mr.  G.  C.  Karop  t.  By  its  means  really 
good  moderate  powers  can  be  used  up  to  their  full  aperture^ 

*  Ueing  reduced  photographs  of  perforated  zinc,  I  have  similarly  used 
their  aerial  images  m  comparison  with  P.  angtUatum  on  the  stage.  Only 
approximately  in  one  respect,  because  the  diiticulty  of  getting  sufficiently 
reauced  photographs  prevented  use  of  the  same  illuminating  cone  in  the 
two  cases.  But  there  is  no  doubt  about  the  results  in  all  important 
respects. 

f  Joum.  Quekett  Microscopical  Club,  Nov.  1890. 
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rendering  the  very  finest  hairs  as  tapering  to  a  perfect  pointy 
with  entire  absence  of  the  diffraction-fringes  shown  round  such 
details  with  a  narrow  pencil.  Where  and  why  "  resolution  " 
often  fails  with  high  powers  as  regards  some  objects  so  illu- 
minated, belongs  to  tne  question  oefore  us,  and  is  dealt  with 
presently ;  but  the  method  can  be  carried  much  farther  than 
many  would  suppose.  The  diatom  P.  angulaJtum  (45,000  to 
the  inch)  is  resolved  by  it  beautifully  with  a  dry  lens ;  and 
this  self-luminous  resolution  has  the  cardinal  superiority  over 
Abbe's  with  a  narrow  pencil,  that  by  no  possibility  can  any 
images  be  produced  by  it  other  than  the  small  white  disks  on 
dark  groand,  or  black  spots  on  white  ground,  at  different  foci, 
which  can  be  produced  in  the  same  way  from  a  sheet  of 
perforated  zinc.  By  grinding  the  back  of  the  slide  itself, 
even  an  immersion-lens  can  be  more  or  less  filled  with  direct 
rays,  and  in  this  way  all  the  spots  can  bo  seen  {as  spots,  and 
not  falsely  as  spherules)  in  A,  Lindlieimerii  (69,000  to  the 
inch) .  With  a  first-rate  apochromatic  and  one  of  the  slides 
mounted  by  Dr.^  Van  Heurck  in  AsjSj  referred  to  by 
Dr.  Stoney  *,  I  have  seen  the  strise  in  A.  pdludda ;  though 
with  such  objects  as  these  the  method  comparatively  fails,  for 
reasons  presently  to  be  seen. 

13.  We  may  also  compare  the  results  of  mathematical 
analysis  with  those  of  experiment.  We  have  two  kinds  of 
possible  image,  for  the  Abbe  or  ^'  spectrum  "  image  is  a  real 
fact  enough  under  the  necessary  conditions ;  our  inquiry  here  is 
simply  what  proportion  and  value  must  be  assigned  to  it  in 
ordinary  research.  Lord  Rayleigh's  articles  here  and  else- 
where  seem  to  supply  useful  criteria  as  regards  that  question. 
If  I  rightly  understand  him,  he  shows  that  according  to  the 
*'  spectrum ''  theory  a  square  and  circular  aperture  of  the  same 
width  give  the  same  resolution  for  points  or  short  lines.  On 
the  other  hand,  respecting  the  resolution  of  self-luminous  lines 
of  sensible  lengthy  another  analysis  of  his  t  led  to  the  conclusion 
that  a  circular  aperture  must  exceed  a  square  aperture  by  say 
10  per  cent,  to  give  equal  resolution.  Airy  in  a  slightly  dif- 
ferent manner  calculated  that  the  circular  aperture  must  exceed 
by  about  20  per  cent.  Of  course  any  analysis  must  start  from 
certain  assumptions,  but  Lord  Kayleigh's  appear  reasonable. 

*  It  is  an  error  to  suppose  no  one  had  succeeded  in  mounting  objects 
in  this  medium  except  or  until  Dr.  Van  Heurck.  Long  ago  it  was  used 
(I  think  invented)  by  Prof.  Hamilton  Smith  in  America.  Father  Thomp- 
son was  also  fond  of  it,  and  published  a  description  of  his  methods  of 
manipulation.  Unfortunately  the  medium  is  rather  apt  to  slowly 
crystallize. 

t  See  Enc.  Brii,  ^'  Wave  Theory,"  and  Phil.  Mag.  1879,  1880,  for 
details. 
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ExperimeDtal  test  was  made  in  conjunction  with  Mr.  R.  T 
Glazebrook,  using  a  50  to  the  inch  wire  grating  in  front  of  a 
sodium  flame,  and  two  different  rectangular  apertures  (with 
sides  parallel  to  the  wires)  on  the  object-glass  of  a  telescope, 
measuring  the  distance  at  which  the  object-glass  (with  aper- 
ture) resolved  the  grating.  Of  circular  apertures,  four  were 
employed  in  the  same  way.  The  two  observers  differed  very 
slightly,  and  the  mean  for  the  four  circular  apertures  worked 
out  in  the  proportions  of  1-13,  1-09,  1*09,  and  1*09  to  I'O  of 
rectangular  aperture.  Here  the  grating  in  front  of  the  flame 
is  regarded  as  self-luminous,  just  as  in  the  experiment  with 
the  microscope  above  described. 

Thus  far  experiment  confirms  the  analysis ;  but  Dr.  Stoney 
considers  (in  the  previous  discussion  with  me  which  Lord 
Bayleigh  alludes  to)  that  the  same  methods  cannot  be  applied  to 
microscopical  resolution,  on  account  of  the  wider  angle  of  the 
cones  of  rays  concerned,  and  the  physical  consequences  of  that 
difference.  I  think  he  has  over-rated  such  distinction,  and  it 
is  rather  hard  to  see  just  where  it  begins  or  bow  far  it  operates; 
at  all  events,  the  agreement  of  experiment  with  analysis  as 
regards  both  kinds  of  image*,  in  the  microscope  also,  is 
remarkable. 

Calculating  (as  usually  done)  by  the  E  line  for  white  light, 
the  ultimate  limit  of  resolution  for  a  dry  objective  of  utmost 
aperture  (N.A.  I'O)  is  96,410  lines  per  inch,  which  we  suppose 
to  be  attainable  according  to  the  "  spectrum  "  theory,  although 
the  aperture  is  circular.  In  1888  Mr.  E.  M.  Nelson,  whose 
microscopic  vision  is  phenomenally  keen,  just  *•'  glimpsed  *' 
the  striae  of  A.  pellucida,  mounted  in  the  ar;ienic  medium 
described  by  Dr.  Stoney,  but  prepared  by  Prof.  H.  L.  Smith. 
Including  the  double  system,  or  all  across  the  valve,  these 
striae  are  about  tsoo  ^^  ^^  ^^^^  ^^  length.  He  used  an  oil- 
immersion  condenser  of  much  greater  aperture  than  1*0,  with 
a  single-notched  stop,  through  which  sun-rays  were  sent  by  a 
heliostat.  The  beam  through  the  notch  being  first  so  oblique 
as  to  be  outside  or  excluded  by  the  1*0  dry  aperture  of  the 
objective,  a  strong  green  spectrum  alone  appeared  at  one  side  of 
that  aperture,  at  oack  of  the  lens  {x  in  fig.  1),  The  notch  was 
then  gradually  deepened  until  a  very  small  direct  or  dioptric 
pencil  was  just  seen  on  the  opposite  side  of  the  aperture — 

*  As  Lord  Rayleigh  pointed  out  to  me,  and  as  will  be  understood,  the 
absolute  theoretical  hmit  of  resolution  must  he  considered  the  same  in 
both  apertures  in  each  case.  But  resolution  also  requires  a  certain 
luminous  intensity  compared  with  the  field  of  Tiew ;  and  in  this  matter 
the  circular  aperture  may  be  more  or  less  at  disadvantage,  depending 
either  on  the  nature  of  the  luminosity  or  partly  on  the  length  of  tne  lines 
compared  with  the  aperture. 
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replacing  the  eyepiece,  the  striaa  were  jtist  seen.  The  diatom 
was  probably  something  less  than  95,000  per  inch,  and  any 
dry  lens  must  be  some  little  less  than  1*0  in  N.A.  Here  then, 
with  very  intense  plane-wave  illumination — in  fact  as  nearly 
as  possible  in  practice  Dr.  Stoney's  "  uniform  plane  waves  " — 
we  have  also  as  nearly  as  possible  the  theoretical  limit  attained, 
or  closely  approached,  with  a  circular  aperture. 

Turning  now  to  the  more  average  kind  of  microscopic  image, 
the  extreme  closeness  with  which  Lord  Rayleigh's  10  per  cent, 
reduction  of  efficiency  in  circular  apertures  represents  the 
facts  of  observation  as  found  by  the  most  competent  observers, 
will  forcibly  strike  everyone  who  has  studied  microscopy  for 
any  length  of  time.  But  Dr.  A.  Clifford  Mercer,  of  Syracuse 
University,  U.S.,  has  recently  tested  the  question  photo- 
graphically. It  is  comparatively  easy  to  prepare  circular  and 
square  apertures  of  equal  dimensions.  He  also  ruled  upon 
the  same  glass  plate  six  sets  of  lines  at  intervals  of  0*42, 
0*46,  and  0*5  mm.  and  their  doubled  intervals  of  0'84,  0'92, 
and  I'O  mm.  apart.  The  apertures  were  5'0,  5*5,  and  6*0  mm. 
diameter.  It  will  be  seen  that  both  lines  and  apertures  give 
excesses  of  about  10  and  20  per  cent.,  representing  those 
calculated  by  Lord  Rayleigh  and  Airy  respectively.  An 
aerial  image  of  these  lines  focussed  by  the  condenser^  was  used 
as  the  object,  and  successive  photographs  taken  with  all  the 
square  and  circular  apertures.  Then  only  similarity/  of  resolu^ 
tion  had  to  be  compared,  which  can  be  done  within  very  small 
limits  of  observational  error.  The  results  agreed  with  Lord 
Eayleigh's  calculation  and  experiments,  not  with  the  Abbe 
calculation  or  with  Airy's. 

14.  Dr.  Stoney  himself,  moreover,  recognizes  essentially 
what  is  here  mainlained  in  his  Proposition  5  (Phil.  Mag. 
Oct.  1896,  p.  346) .  This  reads :— "  The  standard  image  is  the 
outcome,  partly  of  the  features  upon  the  object,  and  partly  of 
the  state  of  the  light  by  which  the  object  is  illuminated. 
It  may  he  improved  by  increasing  the  degree  in  which  the  first 
of  these  factors,  and  hy  decreasing  the  degree  in  which  the  second, 
contributes  to  produce,  to  modify,  or  to  efface  detail  in  tlie 
image!*  So  closely  does  this  practically  coincide  with  my 
proposition,  that  had  it  stood  alone  or  as  the  final  conclusion 
of  his  exposition,  nothing  more  would  have  been  necessary ; 
and  it  has  the  further  merit  of  recognizing  the  fact  (which 
constitutes  the  real  place  and  proportion  of  the  "  spectrum  " 
theory  in  microscopy,  and  the  nexus  between  it  and  the  Airy 
theory)  that  we  have  two  distinct  elements  to  deid  with  in  an 
image,  whose  respective  preponderance  or  proportion  are 
highly  variable.     The  present  attempt  at  further  treatment  is 
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made  chiefly  because  Dr.  Stoney  does  nok  seem  to  recognize 
the  true  relative  proportions,  either  in  maintaining  with  Abbe 
in  such  a  universal  sense  that ''  difFracted  light  is  the  machinery 
by  which  good  definition  is  brought  about";  or  when  he 
proceeds  to  illustrate  (§  35)  "the  great  assistance  which  is 
rendered  to  the  practical  microscopigt  by  Abbe's  theory." 

15.  We  therefore  next  consider  that  illustration.  To  begin 
with,  the  resolution  of  A,  peliucida  is  no  real  problem  at  all  : 
it  is  not  even  of  the  same  nature  as  the  problems  which  do 
confront  the  scientific  worker.  Supposing  it  were,  the  latter 
would  regard  with  consternation  the  elaborate  apparatus 
described  for  producing  monochromatic  light.  This  diatom, 
however,  has  been  studied  for  many  years ;  the  dimensions  of 
its  structure  are  known  and  familiar;  and  the  powers  of  annular 
illumination  have  long  since  been  ascertained.  It  is  no 
problem,  or  one  in  which  help  is  needed,  to  take  what  is  really 
a  "  grating "  of  this  known  fineness,  and  already  known  to 
have  this  definite  periodicity  of  structure,  and  arrange  matters 
so  as  to  get  the  most  conspicuous  '^  resolution  "  of  it.  The 
problems  in  which  assistance  is  really  wanted,  the  microscopic 
worker's  really  "  difficult "  objects,  are  such  as  Dr.  Dallinger 
confronted  in  detecting  the  spores  of  a  monad,  itself  only 
r»(5*0o  ^f  ^°  ^"^^  ^^  diameter  and  themselves  only  groV^  0  ^^  ^" 
inch ;  or  more  especially  (because  here  was  involved  real 
"  resolution  '^  of  fine  detail)  the  process  of  division  in  the 
nucleus  of  a  cell,  itself  only  ^oioT>  ^^  ^^  '\n(Ax  long.  In  such 
cases  what  will  be  found  and  is  to  be  observed  is  unknown ; 
accurate  periodicity  of  structure  is  probably  absent;  and 
mere  artificial  force  or  clearness  in  *^  resolution,"  even  if 
obtainable  (which  it  seldom  is)  is  worthless  in  comparison 
with  known  trustworthiness  in  the  image  so  far  as  it  goes. 
Taking  any  such  case  as  this  for  our  test-object,  and  com- 
paring it  with  the  treatment  of  the  A.  peliucida  as  described, 
we  shall  be  able  to  appreciate  the  proportion  of  both  truth  and 
error — for  there  is  truth  as  well  as  error — in  the  '*  spectrum  " 
theory. 

16.  We  cannot  help,  in  the  first  place,  seeing  much  error. 
While  the  minuteness  of  structure  to  be  detected  by 
Dr.  Dallinger  (in  an  unknown  object)  was  as  great,  the 
method  of  proceeding  described  for  the  A.  peliucida  is  im- 
practicable, and  would  be  useless  even  if  practicable.  Real 
work  has  to  be  done  by  far  different  means.  The  finest 
lenses,  used  with  a  wide  and  solid  aplanatic  cone  of  light, 
could  alone  do  such  work  ;  and  moreover,  earlier  lenses  of 
1*48  N.A.  were  surpassed  in  results  by  apochromatic  lenses 
of  1*40  N.A.,  better  corrected  for  splierical  aberration — the 
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meaning  of  which  we  shall  see.  Supposing  the  microscopist, 
however,  to  know  or  suppose  the  measure  of  minuteness  in 
the  divisions  of  the  cell-nucleus,  he  would,  on  the  principles 
Dr.  Stoney  explains,  have  to  employ  (with  doubtless  some 
modification  in  detail)  arrangements  for  plane-wave  illu- 
niination  generically  similar  U)  those  he  describes  for  the 
diatom.  But  he  would  be  wrong,  and  the  results  would  be 
nil  *.  Dr.  DalUnger  had  to  do  such  work  with  a  high  degree 
of  heterogeneous  illumination — as  close  an  approach  as  is 
possible  with  the  lens  used,  to  a  self-luminous  condition  of 
the  object. 

The  image  even  of  the  diatom  is  a  false  image.  It  is 
admittedly  so  in  regard  to  the  "  spherules,"  and  competent 
judges  whom  I  have  consulted  are  very  doubtful  whether 
even  the  breaking  up  of  the  striae  so  snown,  is  not  due  to 
false  diffraction-fringes  from  the  midrib  of  the  valve,  the 
spherules  being  thus  arranged  in  longitudinal  rows  far  more 
straight  than  is  really  the  case.  Looking  at  the  matter 
theoretically,  it  will  be  observed  that  after  having  laid  down 
how  the  excellence  of  the  image  is  in  inverse  proportion  to 
^'  the  degree  in  which  [the  state  of  the  light  by  which  the 
object  is  illuminated]  contributes  to  produce,  to  modify,  or  to 
efface  detail,'*  he  proceeds  to  obtain  this  image  by  almost  the 
greatest  specialization  of  the  light  which  is  possible.  The 
effect  of  this  is  to  replace  the  actual  detail,  by  other  apparent 
detail  which  is  visually  intense,  and  geometrically  sym- 
metrical,  to  an  utterly  false  degree. 

Similar  results  are  traceable  in  other  diatom  work  by  the 
Abbe  school,  as  may  be  shown  by  the  most  familiar  test- valve 
of  all,  a  much  coarser  one,  the  P.  angulatum.  Dr.  Van 
Heurck  has  photographed  this  with  the  celebrated  Abbe- 
Zeiss  lens  of  1*63  aperture  and  dense  immersion-fluid  and 
medium,  by  Abbe  methods,  with  an  uncorrected  condenser  ; 
the  result  is  a  series  of  hexagons  resembling  a  honey-comb. 
Dr.  Stoney  writes  t  of  the  same  object,  that  dry  objectives 
can  only  image  its  details  *^  correctly  so  far  as  regards  their 
number  and  position,  but  any  further  detail  is  not  correctly 
represented."  Immersions  embracing  most  of  the  first 
spectra,  "  we  now  see  some  detail  :  the  dots  appear  hexagonal, 
and  are  separated  from  one  another  by  walls  which  are  thin, 

*  Narrow  pencils  and  annuli  have  of  course  been  tried,  for  the  contrast 
they  give.  The  probable  reason  of  failure  is  want  of  sufficiently  regular 
penodicity  in  the  detail.  Only  such  periodic  detail  is  shown  better 
by  such  methods;  all  else  is  *' blurred,"  as  Dr.  Stoney  points  out  in 
regard  to  the  other  features  of  this  diatom  itself. 

t  Modem  Microscopy,  2nd  ed.  p.  109. 
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and  which  look  like  a  honey-comb  ;  ^'  and  he  adds  that  '^  this 
is  the  first  and  only  step  we  can  take  towards  learning  what 
the  actual  detail  is,"  because  no  objective  will  embrace  the 
other  orders.  Examining  these  several  statements,  there  is 
every  reason  to  believe  that  a  dry  objective  with  a  wide  cone 
of  light  gives  a  perfectly  truthful  image,  while  it  will  give 
the  hexagons  quite  easily  if  that  figure  is  preferred  ;  Zeiss's 
well-known  large-scale  photograph  is  of  a  valve  so  coarse 
that  it  is  beyond  dispute  *  that  a  portion  of  the  second-order 
spectra  were  included  by  the  lens  used,  with  the  result  of 
introducing  a  false  doubled  resolution  impossible  with  first 
orders  alone  ;  and  an  immense  further  step  can  be  taken  by 
using  a  first-rate  immersion-lens  of  1*40  aperture,  with  a  wide 
cone.  The  Zeiss  photograph  x  4900,  and  the  Van  Heurck 
photograph,  aro  confessedly  the  highest  triumphs  of  photo- 
graphy by  the  Abbe  method  :  one  has  only  to  compare  both 
with  the  beautiful  photograph  x  4900  taken  in  this  other  way 
by  Mr.  E.  M.  Nelson,  and  other  similar  ones  up  to  a  scale 
of  X  6400,  to  see^  once  for  all,  which  is  the  truest  image  t, 
and  the  all-importance  of  a  sufficiency  of  heterogeneous 
light. 

17.  We  can  also,  however,  see  the  large  amount  of  truth 
in  the  Abbe  theory,  and  its  important,  though  not  all' 
important,  place  in  microscopic  vision,  especially  for  certain 
classes  of  objects.  Wherever  we  have  a  known  periodic 
structure  in  transparent  objects,  plane-wave  illumination  and 
the  consequent  interference-lines  formed  by  the  beams  dif- 
fracted by  that  structure,  have  an  extraordinary  effect  in 
intensifying  into  black  and  white  a  more  or  less  accurate 
representation  of  the  periodic  detail.  How  this  occurs  can 
be  easily  seen  from  two  examples,  macroscopic  and  micro- 
scopic. 

•  As  demonstrated  by  Mr.  E.  M.  Nelson,  Journal  of  the  Quekett  Micro- 
scopical Club,  July  1890. 

t  The  minute  detail  in  some  of  these  photographs  could  not  possibly 
bo  shown  by  Dr.  Stoney's  method,  because,  minute  as  they  are,  tney  aie 
unst/mmetrtcal  and  not  periodic.  In  regard  to  the  P.  angulatum^  both 
circular  disks  and  hexagons  can  be  seen,  depending  upon  the  precise 
focus ;  the  sharpest  portions  show  the  circles,  which,  disposed  in  quin- 
cunx arrangement,  most  diatomists  who  have  worked  with  English 
appliances  believe  to  be  the  true  figure.  Besides  the  sharpest  image, 
we  have  the  phenomena  of  '^  postage-stamp  fracture/'  and  tne  shape  of 
far  coarser  marKings  in  other  diatoms  to  guide  us.  Mr.  C.  Haughton  Gill 
has  demonstrated  that  the  spots  are  either  apertures  or  depressions,  by 
depositing  pigment  in  them ;  and  the  various  images  can  be  imitated 
with  peiforated  zinc.  It  is  the  distinct  outlines  ot  th^  fractures,  and 
broken-through  apertures,  which  are  so  magnificently  shown  in  Mr.  Nelson's 
photograph  with  a  wide  cone. 
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Take  first  quite  a  coarse  striation  of  50  to  the  inch^  risible 
to  the  naked  eye,  represented  by  a  grating  of  platinum  wire 
and  by  a  piece  of  platinum  foil  corrugated  to  the  same  gauge. 
Make  the  wires  incandescent,  and  (checking  irradiation  by  a 
smoked  glass)  the  striation  is  easily  seen.  Make  the  corru- 
gated foil  incandescent  (these  observations  are  supposed  to  be 
in  the  dark)  and  probably  the  detail  will  be  quite  invisible. 
The  eye  was  quite  competent  to  see  structure  of  this 
fineness  by  the  Airy  self-luminous  method,  if  the  detail  was 
in  contrast ;  but  there  is  now  no  contrast^  and  the  detail  is 
more  or  less  invisible.  Then  let  the  corrugated  foil  be  cold 
and  illuminated  by  extraneous  light,  and  the  detail  is  seen 
again.  There  is  both  sliadow  to  assist  the  contrasts,  and  also 
there  are  phase-relations  between  the  tops  and  bottoms  of  the 
striations  which  come  into  play. 

Let  us  further  imagine  a  perfectly  transparent  structure 
with  uniform  periodic  detail,  but  the  elements  of  that  detail 
differing  in  thickness  only  ;  and  let  it  be  mounted  in  a  medium 
of  nearly  the  same  refractive  index.  A  diatom  in  balsam 
nearly  represents  such  a  case.  It  is  quite  evident  that  by 
heterogeneous  illumination  at  all  approacning  the  self-luminous 
character,  it  will  be  difficult  to  find  anything  sufficientlt/ 
contrasted  in  detail  to  see  at  all,  though  the  very  same 
illumination  of  a  black-and-white  photograph  of  same  scale, 
or  of  the  same  diatom  in  a  medium  of  2*4  index,  might  show 
it  easily.  But  plane-wave  illumination  might  very  easily 
bring  about  phase-relations  more  or  less  approximating  to 
half-wave  discordance,  which  we  know  well  would  be  more 
effective  than  black-and-white  itself  by  direct  light ;  in  any 
case  these  phase-relations  will  produce  conspicuous  effect  in 
a  Fresnel-fringe  image.  Thus  the  Abbe  method  has  a  most 
important  function  in  enabling  us  to  see  contrast  in  the 
details  of  a  large  class  of  objects — especially  hyaline  or 
transparent  objects — which  do  not  present  contrast  or  opacity 
sufficient  to  be  seen  in  anv  other  way.  The  error  has  been 
in  giving  to  it  the  sole  or  all- important  place,  not  recognizing 
that  there  is  quite  another  kind  of  image  also  available, 
depending  upon  Airy's  theory  ;  and  that  this  latter,  while 
in  the  case  of  transparent  details  often  giving  images 
insufficient,  or  at  least  far  inferior,  in  black-and-white  contrast 
(what  microscopists  call  "  resolution ''),  is  free  from  the 
contour  errors  of  the  Abbe  image,  and  must  be  used  to 
correct  it  so  fur  as  is  possible  in  the  individual  cases. 

The  errors  of  the  **  spectrum  "  image  are  well  known  : 
Prof.  Abbe  himself  has  sufficiently  insisted  upon  them.  Its 
very  contrast,  or  "  resolution/'  is  in  most  cases  a  glaring 
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departure  from  triUh^  to  which  (when  we  can  get  resolution 
at  all)  the  more  indistinct  self-luminous  image  is  in  reality  a 
far  nearer  approach.  It  tends  to  make  details  which  should 
be  only  geometrically  symmetrical  to  a  limited  extent, 
perfectly  so.  In  extreme  forms  it  makes  rows  of  spots  into 
lines,  and  these  lines  straight  when  not  really  so.  It  is 
always  liable  to  false  resolutions  of  double  fineness.  It  fails 
(as  Dr.  Stoney  explains)  to  give  even  a  tolerable  image  of 
the  larger  features  of  the  object,  thereby  showing  its  failure 
to  be  a  real  "image''  at  all.  All  that  can  really  be  learnt 
from  it,  is  that  there  is  probably  (for  this  is  subject  to  possible 
delusion  from  the  false  intercostals  above  mentioned)  some 
periodic  difference  of  structure  in  the  object  similar  in 
dimensional  intervals  to  "  lines  "  shown  :  in  regard  to  '^  spots  " 
this  is  more  uncertain,  since  these  are  often  produced  by 
false  diffraction-fringes  from  any  long  line  which  may  cross 
the  true  ones.  That  the  lines  are  lines,  or  that  the  *'  pattern  " 
is  so  geometrical  as  appears,  is  in  the  highest  degree  impro- 
bable. That  the  "  spectrum "  theory  and  method  so  long 
retained  exclusive  predominance,  is  because  attention  has  been 
so  concentrated  upon  either  gratings  or  diatoms  of  known 
periodicity  in  structure,  but  which  only  represent  to  a  very 
small  extent  indeed  any  serious  kind  of  investigation. 

18.  We  are  evidently  reaching  a  very  practical  conclusion. 
It  appears  that  in  microscopy  we  have  to  deal  with  two 
characteristics  of  an  image,  which  often  are  only  to  a  limited 
extent  compatible  ;  that  we  have  at  command  two  methods 
of  illumination  which  respectively  promote  more  especially 
each  of  such  characteristics ;  and  that  in  most  cases  our  problem 
is  so  to  combine  and  balance  these  two  methods  as  to  produce 
the  best  result.  Fidelity  of  contour  will  be  secured  in  pro- 
portion as  we  are  able  to  obtain  our  image  by  heterogeneous 
illumination,  approximating  the  object  to  a  self-luminous 
condition.  But  this  method  may  prove  utterly  unable  to 
give  us  contrast,  which  we  may  therefore  be  compelled  to 
increase  by  using  to  a  greater  or  less  (even  to  a  very  large) 
extent  plane- wave  illumination,  at  the  expense,  however,  of 
some  greater  or  less  degree  of  infidelity  in  contour.  Thus 
an  opaque  subject,  even  of  much  minuteness,  may  be  best 
shown  by  ground-glass  illumination,  or  a  very  wide  cone; 
while  a  diatom,  unless  in  a  very  dense  medium,  or  dry  in  air, 
may  require  narrow  pencils  of  approximately  plane  waves. 
It  is  interesting  to  observe  that  there  is  thus  a  great  degree 
of  practical  truth  in  Prof.  Abbe's  early  contention  as  to 
*'  different  origins  "  of  different  parts  of  the  image.  Many 
of  us  have  written  of  this  as  an  "  error,"  now  "  recanted,'* 
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which  strictly  is  trae;  bat  there  is  this  broad  practical  sense 
in  which  it  also  is  true. 

And  we  are  unable  to  use  either  kind  of  image  or  of 
illumination  absolutely  pure,  if  we  desired  to  do  so.  The 
narrowest  pencil  we  can  practically  use  will  not  give  us 
absolutely  plane  waves  alone  ;  there  will  be  some  amount  of 
heterogeneity  in  the  pencil^  which  in  some  little  degree  serves 
to  correct  our  image.  And  the  widest  cones  we  can  use,  or 
even  ground  glass,  do  not  prevent  greater  or  less  approach 
to  the  character  of  plane  waves,  as  the  rays  travel  farther 
from  the  lamp;  and  these  by  their  interference  tend  to 
intensify  the  image.  We  have  to  play  off  and  adjust  one 
against  the  other,  and  we  are  helped  by  a  fact  which  I  had 
not  fully  seen,  till  pointed  out  by  Dr.  Stoney  in  our  previous 
discussion  *.  In  so  far  as  we  may  regard  every  elementary 
or  excessively  small  cone  or  pencil  of  rays  from  the  condenser 
as  an  individual  beam  of  plane  waves  (which  no  doubt  is  the 
case  in  some  degree),  in  passing  through  the  object  it 
originates  two  or  more  pencils  from  the  same  point.  These 
being  necessarily  in  the  same  pha«e  or  phase-relation,  so  far 
as  they  exist  must  interfere  at  the  focus,  and  thus  intensify 
the  image.  On  the  other  hand,  the  numerous  such  elemen- 
tary pencils  comprising  a  wide  cone,  are  in  many  discordant 
phases  and  transversals,  as  Lord  Riiyleigh  has  shown  :  and 
this  very  heterogeneity  tends  to  correct  the  contours  in  the 
image,  as  above.  We  thus  understand  why,  in  really  critical 
work,  a  large  cone  from  a  good  condenser  usually  gives  us 
the  best  result ;  but  why  it  may  be  impossible,  even  with  a 
perfect  objective,  to  use  a  cone  of  light  which  will  fill  its 
aperture  completely.  It  may  be  necessary,  to  intensify  the 
image,  while  using  as  much  heterogeneous  light  as  we  can, 
to  use  only  pencils  each  of  which  throws  out  another  diffracted 
pencil  grasped  by  the  aperture,  so  as  to  intensify,  or  as 
Dr.  Stoney  prefers  fo  say,  to  ^' correct^'  it.  I3ut  this 
necessity  depends  on  the  nature  of  the  object,  and  does  not 
exist  in  all  cases. 

19.  There  is  a  very  obvious  and  simple,  yet  decisive  test 
as  to  the  correctness  of  this  view.  According  to  the  Abbe 
or  spectrum  theory  (and  even  according  to  some  of  Dr. 
Stoney's  reasoning,  I  think),  the  amount  of  cone  or  hetero- 
geneous light  which  can  be  used  will  depend  upon  the 
minuteness  of  the  structure  alone.  According  to  the  view 
here  maintained  (which  recognizes  the  Airy  theory  as  also 
concerned  in  the  image)  the  density  or  contrast  of  the  structure 
is  the  chief  factor  in  this  question.  All  experience  proves 
that  the  latter  is  the  case. 

•  English  Mechanic,  Jan.  31, 1800. 


Digitized  by 


Google 


498      Mr.  L.  Wright  on  Microscopic  Images  and  Vision, 

III. 

It  only  remains  to  show  how  directly  the  questions  here 
discussed  affect  practical  microscopy  and  the  work  of  the 
microscope  optician,  and  also  determine  the  prospect  of 
further  advances  in  our  powers  of  microscopical  research. 

20.  The  Abbe  or  "  spectrum ''  theory  has  in  its  time, 
confessedly,  led  to  enormous  improvement  in  objectives. 
Owing  to  that  specialization  and  ignorance  of  what  pnysicists 
had  done,  whicn  Lord  Rayleigh  has  alluded  to,  there  was 
amongst  microscopists  no  understanding  of  the  direct  function 
of  aperture  in  resolution  ;  and  so  the  Abbe  theory  was  for 
years  written  about,  and  advanced,  as  "  the  first  explanation 
ever  given."  It  thus  produced  a  vivid  consciousness  of  that 
function  which  was  entirely  new,  to  which  we  owe  our  present 
immersion  and  other  high-aperture  lenses.  But  it  is  as 
easy  to  show  that,  this  work  being  done,  its  undue  prepon- 
derance and  acceptance  as  the  only  theory,  especially  on  the 
Continent,  is  now  causing  distinct  prejudicial  results,  owing 
chiefly  to  its  connexion  in  practice  with  a  narrow  pencil  or 
cone.  Dr.  Stoney  disclaims  this  for  his  more  general 
presentment,  as  he  has  of  course  a  right  to  do  ;  but  it  is  not 
so  with  the  "  spectrum ''  theory.  Abbe  himself  throughout 
insisted  upon  tne  narrow  pencil.  Dr.  Van  Heurck  does  the 
same;  Dr.  Peragallo  writes  that  a  cone  of  more  than 
0'50  N  A.  is  of  no  use  ;  and  Dr.  Dallinger,  and  authorities 
like  him,  who  in  a  general  way  accept  the  Abbe  theory  as 
tlie  "  theory,"  but  know  from  their  own  experience  the  vital 
necessity  in  difficult  research  of  a  wide  cone,  write  expressly 
of  "  theory  and  practice  being  thus  at  variance,'^  in  some  way 
or  other  which  had  to  be  explained. 

It  is  difficult  to  estimate  the  prejudicial  effect  of  this  upon 
microscopy  on  the  Continent.  As  a  quite  uncorrected 
condenser  will  give  a  fair  cone  up  to  0*50  N.A.,  and  also  by 
immersion  extremely  oblique  rays  from  its  margin  (equivalent 
to  annular  marginal  illumination),  for  years  no  better  Con- 
tinental condenser  was  made.  Prof.  Abbe  at  last  was  driven 
to  compute  an  achromatic,  but  this  last  production  of 
Continental  microscopy  only  gives  an  aplnnatic  cone  of  0-65. 
Except  those  few  wno  know  of  English  condensers,  with 
their  aplanatic  cones  of  I'lO  for  immersion  and  0*90  for  dry 
combinations.  Continental  workers  have  thus  been  condemned 
to  the  errors  and  weaknesses  of  narrow  i)encils,  which  have 
thence  been  propagated  through  our  own  medical  schools  ; 
and  the  results  are  sufficiently  striking.  Dr.  Koch  at  last 
found   out  for  himself,   empirically,  that  wide  cones  gave 
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much  sharper  and  "  finer  "  images  of  bacteria,  in  fact  the 
only  images  worth  having.  Prof.  Abbe  accounted  for  this 
observational  fact,  in  an  article  *  expressly  contradicting  any 
advantage  whatever  to  the  image  (as  an  image)  from  a  wide 
cone,  on  the  ground  that  the  wide  cone,  owing  to  its  more 
sharply  defined  focal  plane  (want  of  "  penetration  ^'),  makes 
invisible  the  transparent  tissues  in  which  the  bacteria  are 
situate.  But  he  fails  to  account  for  the  fact  that  it  is  just 
the  same  with  bacteria  in  invisible  culture-media  or  sputum  ; 
and  that  the  advantage  really  consists  in  the  much  greater 
sharpness  or  thinness  of  the  images  of  the  bacteria  them- 
selves; in  truth  of  contour,  so  that  square  ends  are  shown 
square  and  not  rounded  ;  and  in  the  fact  that  there  are  no 
blurred  edges  or  diffraction- fringes  round  them,  as  appear  with 
a  narrow  cone.  In  fact,  many  allied  bacteria  cannot  be  distin- 
guished at  all  by  the  microscopic  methods  still  too  current  in 
our  schools,  which  have  taken  their  methods  from  Germany. 

So  also,  when  Mr.  Baugh  visited  the  famed  Jena  workshop 
in  1895,  he  was  told  by  Prof.  Zimmermann,  one  of  the 
scientific  staff'  (who  has  himself  published  a  work  on  micro- 
scopy), that  in  photographing  thoy  found  no  difference  in 
results  obtained  by  the  chromatic  and  achromatic  condensers  ; 
which  is  equivalent  to  the  statement  that  they  knew  of  no 
better  results  than  those  from  a  0*50  cone.  Our  English 
results  are  quite  different.  Mr.  A.  Pringle,  whose  splendid 
photographic  work  on  bacteria  is  well  known,  often  uses  the 
largest  aplanatic  cones ;  and,  to  quote  once  more  our 
recognized  authority  on  microscopic  practice t,  "Photo- 
micrography with  a  small  cone  is  quite  easy,  as  great  contrast 
can  be  secured  [the  reason  has  been  shown  in  foregoing 
paragraphs] .  With  a  large  cone  difficulties  begin — difficulties 
of  adjustment,  difficulties  of  lens  correction,  difficulties  of 
exposure,  and  difficulties  of  development.  If,  so  far  as  our 
experience  goes,  a  good  photo-micrograph  is  required,  these 
difficulties  must  be  mastered.'' 

21.  This  quotation  leads  us  to  the  prejudicial  effect  of  the 
theory  (or  rather  of  its  undue  preponderance)  upon  micro- 
scopic objectives.  The  mode  of  illumination  directly  influences 
the  quality  of  the  objective  ;  because  the  all-important  point 
of  correction  for  spherical  aberration  hascommanding  influence 
upon  the  cone  of  heterogeneous  rays  which  can  be  used  with 
it.  This  does  not  appear  under  the  Abbe  method  ;  and 
accordingly  Strahl  positively  maintains  J  that  "the  inflnence 

•  Journ.  R.  M.  S.,  Dec.  1889. 

t  Dallinger,  p.  365. 

X  Journ.  R.  M.  S.  Dec.  1895. 
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of  spherical  aberration  has  been  considerably  over-rated  in 
objectives  1 "   The  most  eminent  firm  of  Continental  opticians 
states  that  its  lenses,  owing  to  the  system  of  calculation  and 
manufacture,  are  uniformly  free  from  spherical  aberration^  so 
much  so  that  there  is  no  need  for  any  *'  empirical  tests,''  viz., 
testing  upon  the  microscope  itself.   That  is  not  the  case  when 
tested  by  the  more  perfect  English  appliances*.  Not  long  ago, 
having   the   opportunity    of    testing   and    comparing  three 
similar  objectives  together,  I  was  enabled  to  see  the  difference* 
With  the  Abbe   condenser  there  was  no  very  obvious  dis- 
tinction ;   but  tested   by   English   condensers   it   was  quite 
otherwise.     The  great  firm  had  no  cause  to  blush  for  any  one 
of  them ;  all  were  good  lenses ;  but  they  now  revealed  as  distinct 
characteristic  features  as  one  sees  in  individual  faces.     On  a 
graduated  series  of  Poddras^  one  of  them  now  gave  most 
unusually  good  definition  with  rather  a  small  cone  under  the 
highest  ( X  27)  eyepiece  ;  while  a  second^  scarcely  equal  iu 
this  point,  excelled  the  others  in  the  wide  cone  it  was  able  to 
use  on  this  object.   I  had  the  curiosity  to  ask  another  operator 
to  make  the  same  test.     He  is  probably  more  skilful  than 
myself,  and  certainly  has  keener  vision :  quite  independently 
he  reached  identical  conclusions.   Slight  variations  of  pressure 
in  the  final  polishing  of  the  glasses  are  quite  sufficient  to 
produce  such  diJOTerences  as  these,  in  such  small  lenses  as  are 
here  in  question. 

Whether  this  latter  be  the  cause,  or  some  other,  nearly  all 
high-power  objectives  even  of  the  present  day,  and  of  the 
very  best  makers,  show  a  very  sensible  amount  of  aberration. 
Drawing  a  circle  to  represent  the  whole  aperture,  and  smaller 
concentric  circles  to  define  zones  of  its  surface,  many  of  the 
zones  have  slightly  dif event  foci.  This  fact  plays  all  sorts  of 
insidious  hanky-panky  tricks  with  small-cone  interference 
images  of  the  Abbe  kind ;  giving  more  force  to  such  of  the 
spectra  as  are  correctly  focussed  than  to  the  others.  But  in 
other  respects,  with  small  cones,  these  zonal  difierences  are 
not  obvious,  and  often  escape  detection,  many  portions  of  the 
aperture  not  being  utilized  at  all.  There  are  refined  tests 
familiar  to  opticians,  and  some  others  employed  by  highly- 
skilled  mioroscopists ;  but  not  only  are  these  too  seldom 
employed  by  even  the  best  makers  before  the  lens  is  sent 
forth,  but  we  have  seen  that  even  their  necessity  is  disputed, 
and  the  importance  of  spherical  aberration  itself  actually  chal- 

*  The  condenser  itself  is  an  English  appliance.  Ten  years  ago  only 
one  house,  I  think,  made  one  "with  wide  aplanatic  cone.  To-day  every 
Kn^rlish  house  of  any  standing  constructs  achromatic  combinations  with 
O'tiO  of  aplanatic  cone,  and  two,  I  think,  construct  ap<  chi-omatics. 
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lenged,  by  adherents  of  the  "  spectrum  "  theory  as  heretofore 
understood. 

When,  however,  we  do  employ  adequate  tests,  and  at  the 
same  time  make  careful  comparisons  between  one  objective 
and  another,  we  find  that  the  perfect  correction  of  spherical 
aberrations  is  just  alUimportant  in  determining  how  far  we 
can  go  in  using  with  that  lens  the  heterogeneous  illuminating 
cone  which  is  so  important  for  depicting  true  contours  in  our 
image,  still  preserving  sufBcient  resolution  of  minute  structure. 
(We  are  here  postulating  sutBcient  opacity  in  the  details,  to 
dispense  u^ith  much  of  the  aid  we  have  seen  to  be  often 
necessary  in  hyaline  subjects.)  High-class  moderate  powers 
now  easily  utilize  their  full  aperture,  with  ground -glass 
illumination.  With  high  powers,  the  amount  of  this,  or  of 
aplanatic  cone  possible,  is  in  almost  direct  proportion  to  the 
perfection  of  spherical  correction.  Few  lenses  over  0'60N.A. 
will,  however,  even  yet  bear  more  than  three-fourths  of  their 
aperture  as  direct  light ;  many  very  good  ones  only  two- 
thirds.  And  objectives  differ  strangely.  In  Zeiss's  apochro- 
matic  series,  the  half-inch  of  0*65  N.A.  and  the  \  immersion  of 
1*40  stand  out  from  the  rest :  some  rare  specimens  of  tho 
former  will  bear  their  full  cone,  and  occasionally  an  \  of  1*40 
has  been  used  in  photography  with  a  cone  of  1*10.  Very 
recently  I  had  sent  me  for  examination  by  Messrs,  Swifl  a 
new  English  ^  apochromatic  of  1*40,  which  I  soon  found 
was  remarkably  well  corrected  spherically*.  It  was  accord- 
ingly n^xt  tested  upon  the  object  mentioned  by  Dr.  Stoney, 
A,  pellucida  mounted  in  arsenic  by  Dr.  Van  Heurck.  All  the 
transverse  strise  in  the  diatom  were  most  easily  resolved  with 
a  central,  solid,  unstopped  full  aplanatic  cone  of  over  0*90 
from  a  diy  condenser.  The  larger  features  were  of  course 
also  quite  correctly  and  sharply  imaged,  as  Dr.  Stoney's  are 
not.     Need  it  be  asked  which  is  the  truest  image  ? 

But  this  is  not  nearly  the  limit f.  Since  that  experiment 
Mr.  E.  M.  Nelson  has  shown  me  A.  pellucida  clearly  resolved 

•  A  rough  but  very  fair  idea  of  the  spherical  correction  may  be  obtained 
almost  immediately  oy  focussinf^  a  Fodura  test-scale  with  small  cone, 
and  then  ascertainmg  how  far  the  iris  can  be  opened  without  altering 
the  image  of  the  exclamation-marks.  Using  successively  lai^er  annuli  of 
light,  this  test  becomes  far  more  etlicient  and  severe. 

t  Owing  to  some  astigmatism  and  other  defects,  my  own  vision  is 
very  coarse  and  imperfect  in  these  matters,  and  for  me  to  see  the  stri» 
means  much  more  for  many  other  observers.  The  first  valve  Mr.  E.  M. 
Nelson  showed  me  in  balsam  aa  '*  strongly "  resolved,  was  to  my  sis^ht 
quite  unresolvable,  and  he  had  to  search  for  another,  which  I  was  able 
to  see.  This  diatom  is  one  of  the  most  variable  in  resolvability  of  the 
whole  list,  quite  apart  from  the  mere  coarseness  of  striaiion.  That  is 
no  difficulty  at  all. 

PAi7.  Mag.  S.  5.  Vol.  45.  No.  277.  June  1898.      2  M 
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into  striae,  mounted  in  haham,  as  well  as  "  dry,"  with  a  similar 
cone  of  over  0*90  from  Powell's  apochromatic  condenser,  and 
a  Zeiss  \  apochromatic  of  1'40.  This  latter  lens  was  probably 
one  of  the  finest  ever  made — I  at  least  never  saw  its  equal — 
and  the  mere  striae  were  not  all  it  had  to  tell  us,  using  no 
arrangements  beyond  the  0"90  full  cone,  and  Giffard's  green 
light-filter.  On  a  drj'^  valve,  it  clearly  displayed  where  bits 
of  coarser  upper  membrane  with  their  blacker  lines  were 
overlying  the  lower,  as  is  more  often  seen  in  A,  Lindheimerii. 
And  on  a  strong  valve  in  quinidine,  carefully  adjusting  for 
what  may  be  termed  the  *'  white "  focus,  each  of  the  striae 
could  be  seen  clearly  outlined  at  both  edges,  the  outlines 
being  a  series  of  small  convex  curves,  scalloping  out  the  stria 
into  partly-defined  oval  beads.  The  divisions  or  narrower 
necks  between  these  partly -defined  ovals  did  not  lie  in  longi- 
tudinal rows,  but  occurred  with  a  considerable  degree  of 
irregularity.  I  think  it  probable  that  such  resolution,  which 
most  closely  parallels  the  coarser  Lindheimerii  valve,  may  be 
the  truest  resolution  yet  attained. 

No  doubt  the  above  lens  was  (for  the  present)  an  almost 
phenomenal  one.  Every  practical  microscopist  knows  that 
the  "  similar  "  objectives,  by  even  the  very  best  makers,  are 
not  "  all  alike,'*  whatever  the  makers  may  ajQSrm.  They  differ 
in  features  as  in  a  case  above  mentioned  ;  most  of  all  in  the 
cone  they  can  employ  in  critical  work,  and  in  what  such  a 
cone  will  reveal.  Everj-one  engaged  in  difficult  research  has 
some  favourite  objective,  treasured  and  spared  in  work  as 
much  as  possible  ;  because  he  knows  full  well  that  if  parted 
with  or  injured,  though  he  can  buy  a  "similar''  one  at  the 
list  price,  it  may  be  long  ere  he  finds  such  another! 

22.  And  this  brings  us  to  the  last  point.  The  question  of 
how  far  we  may  still  expect  advances  in  our  optical  powers 
of  research  is  important ;  and  it  is  answered  very  differently 
according  to  the  "spectrum"  theory,  or  the  qualified  views 
here  maintained.  It  not  only  follows  from  the  foregoing, 
but  has  been  over  and  over  again  stated  expressly  by  the  Abbe 
school,  that  we  have  no  hope  of  further  advance,  except 
through  increase  of  aperture  ;  and  on  that  ground  was  con- 
structed the  lens  of  1'63N.A.  to  be  used  with  flints-glass 
mounts  and  dense  fluid  media — conditions  under  which  it  is 
practically  useless.  So  little  are  other  conditions  recognized, 
that  Dr.  Van  Heurck  has  only  used  the  chromatic  condenser 
in  his  skilful  published  diatom  photographs  ;  and  those  results 
are  simply  nil,  not  one  of  them  surpassing,  or  in  some 
respects  even  equalling,  what  has  been  done  in  England 
witii  1*40  lenses. 
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It  is  far  different  if  the  Abbe  theory  be  relegated  to  its  proper 
place  and  proportion.  Then  such  "  lucky  "  objectives  as  the 
above  assume  a  very  marked  significance,  and  hold  out  a  world 
of  promise  :  in  them  and  in  vs^hat  they  tell  us  lies  the  future  of 
microscopy.  Not  the  best  even  of  them  is  j)robably  perfectly 
corrected  for  all  its  zones ;  but  the  best  of  them  reveal  a 
marvellous  standard  of  approach  to  this  ;  and  with  that  we  find 
ever  associated  an  increase  of  that  practicable  cone  of  hetero- 
geneous light  which  wo  have  found  so  all-important  to  true 
contours.  And  vnth  this  we  get  furthei^  revelation.  More 
minuteness  we  do  not  indeed  get ;  for  that  we  can  look  only  to 
the  1*63  lens.  But  we  have  a  world  of  structure  to  learn  yet, 
within  the  resolution  of  our  present  lenses ;  and  for  that  we 
are  only  waiting  better  condensers  and  better  correction.  It 
was  only  recently  that  the  protoplasm  so  long  written  of  as 
"  structureless  jelly,"  yielded  up  some  at  least  of  its  marvellous 
and  minute  structure,  which  can  only  be  seen  by  English 
wide-cone  methods,  with  one  of  the  exceptionally-perfect 
objectives  here  referred  to ;  whose  significance,  however,  as 
we  have  seen,  is  not  yet  recognized  on  the  Continent  as 
it  is  in  England,  and  even  here  only  by  the  few.  It  may 
be  beyond  us  to-day  to  discover  the  minute  departures  from 
type  which  cause  the  superiority  of  the  few  phenomenal  lenses : 
it  is  no  easy  thing  to  ascertain  precisely  what  it  is,  in  a 
lens  one  of  whose  components  may  not  exceed  a  hemisphere 
^  of  an  inch  in  diameter.  But  the  superiority  is  there  ;  it 
has  been  attained  ;  and  we  may  cherish  reasonable  hopes  of 
such  discovery.  We  may  anticipate  that  the  present  rarest 
excellence  may  be  reached  yet  as  a  standard,  more  generally 
procurable  by  the  scientific  investigator  ;  that  the  very  best 
of  all  may  even  be  further  improved  in  correction  in  some 
degree.  If  it  be  so,  such  advances  will  not  be  barren  of 
results  in  research.  The  microscopist  may  yet  hope  and  take 
courage. 

LII.   Whether  the  x-rays  already  exist  in  the  Cathodic  Beam 
which  produces  them.     By  Prof.  A.  RoiTi*. 


rilHE  question  ])laced  at  the  head  of  this  communication 
X  will  be  answered  by  most  people  in  the  negative  ;  but 
there  are  exceptions,  and  it  may  therefore  be  well  to  do  away 
with  all  doubts  on  the  subject. 

*  From  the  Hendiconti  della  JR.  Accademia  dei  Lined  (Claese  di  sc. 
fis.,  mat.  e  uat.).  \ol.  vi.  pp.  128-129.     Communicated  by  the  Author. 
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The  A'-rays  differ  from  the  cathode-r«ays  in  that  they  cannot 
be  deflected  by  a  mnprnet,  and  in  that  they  possess  a  greater 
penetrating  power.  Yet  this  is  no  hard  and  fast  distinction; 
for  as  there  are  cathodic  rays  which  can  be  more  or  less 
deflected,  so  there  are  ;p-rays  capable  of  penetrating  to  a 
greater  or  smaller  degree  into  varions  substances.  And  on 
tne  border  between  the  two,  although  we  cannot  yet  assert, 
we  cannot  with  certainty  deny  the  existence  of  cathode-rays 
that  cannot  be  deflected,  and  of  Arrays  that  can  to  some  extent 
be  turned  aside  by  intense  magnetic  action  ;  while,  on  the 
other  hand,  if  the  various  material  mediums  are  turbid  for 
the  cathode-rays,  they  are  not  perfectly  transparent  to  the 
^-rays. 

Since  matters  stand  thus,  one  may  be  allowed  to  main- 
tiiin  in  opposition  to  the  English,  who  continue  to  adduce 
excellent  reasons  in  defence  of  Crookes's  theory  of  radiating 
matter,  that  the  two  kinds  of  rays  are  not  essentially*  diflferent, 
but  that  the}'^  gradually  merge  into  each  other.  Rontgen 
himself,  in  his  third  communication*,  seems  inclined  to  admit 
this. 

But  this  is  a  very  different  thing  from  asserting  that  the 
^r-rays  are  derived  from  the  cathode-rays  by  a  simple  process 
of  subtraction. 

Among  the  various  attempts  at  proving  this  last  assertion 
I  must  name  those  of  my  countrymen  f.  I  refrain,  however, 
from  analysing  them  minutely,  as  I  am  anxious  to  avoid  here 
any  appearance  of  polemic.  Besides,  a  very  little  thought 
will  be  suflBicient  to  confute  them  if  the  following  conside- 
rations be  borne  in  mind. 

1.  If  we  attempt  to  determine  dispersion  by  observing  the 
variations  of  potential  presented  by  a  conductor  placed  in  a 
discharging-tube  (whether  subjected  or  not  to  magnetic  action), 
we  find  it  impossible  to  decide  whence  the  dispersive  action 
comes  and  what  way  it  follows  ;  because  the  distribution  and 
the  fluctuations  of  the  electricity  within  the  tube  cannot  yet 
be  rightly  determined!;  and   because   the   phenomenon    is 

•  Sitzungsberichte  der  Akademie  zu  Berlin,  vom  13  Mai,  1897,  vol.  xxvi. 
p.  676. 

t  A.  Battelli,  N.  Cimento,  ser.  4,  vol.  iii.  p.  193,  and  vol.  v.  p.  386 ; 
PhU.  Mag.  Feb.  1898.  A.  BdtteUi  and  A.  Garbasgo,  N.  Citnenio,  vol.  iii. 
p.  289,  vol.  iv.  p.  129,  vol.  vi.  p.  6. 

X  And,  in  fact,  by  a  slight  change  in  the  conditions  of  the  experiments 
contradictory  results  are  produced.  For  example,  Battelli  and  Garbaaso 
(N.  Cimento,  vol.  iv.  p.  129,  and  vol.  vi.  p.  5)  find  that  the  cathodic  rays 
induce  a  positive  discharge  on  an  insulated  conductor  (in  the  last  notice 
neyative  is  a  printer's  error);  while  before  them  Perrin  (Compt.  Bend, 
vol.  cxxi.  p.  792)  had  found  it  negative. 
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complicated  by  the  fact  that  the  residual  gas  is  decomposed 
into  free  ions,  as  is  demonstrated  by  J.  J.  Thomson. 

2.  Every  point  on  a  body  exposed  to  cathode-rays  becomes 
a  point  of  emanation  for  a;-rays  which  go  in  all  directions, 
both  in  the  tube  and  in  the  body  exposed,  to  a  considerable 
depth,  so  that  they  can  pass  through  it  and  emerge.  If  we 
maintain,  then,  that  the  ^-rays  already  exist  in  the  impinging 
beam,  we  must  admit  that  when  they  meet  a  body  they  do 
not  go  straight,  but  are  diffused  in  all  directions. 

3.  Photographic  impressions  external  to  the  tube  and  the 
shadows  shown  by  fluorescent  screens  move  or  are  modified 
in  accordance  with  the  deviations  of  the  internal  cathode- 
rays  ;  hence  we  are  forced  to  admit  that  the  points  struck  by 
the  deflected  rays  have  also  become  points  of  emanation  for 
non-deflectible  j:-rays;  and  it  would  be  absurd  to  suppose 
that  these  latter  already  existed  in  the  beam  which  excited 
them. 

4.  As  a  last  defence  of  the  proposition,  then,  one  would 
have  to  maintain  that,  if  not  all,  a  great  part  at  any  rate  of 
the  ar-rays  were  contained  in  the  cathodic  beam — that  part 
which  does  not  obey  magnetic  action. 

Later  on  I  shall  describe  some  experiments  which  show,  on 
the  contrary,  that  if  at  any  rate  rays  incapable  of  deflexion 
may  enter  into  the  formation  of  the  cathode-beam,  such  rays 
have  a  degree  of  intensity  incomparably  less  than  the  a?-rays 
that  issue  from  the  same  tube.    • 

5.  There  remains,  therefore,  no  other  explanation  than  this  : 
that  the  cathode-rays  are  transformed  when  they  strike  an 
obstacle ;  just  as  occurs  in  the  common  phenomena  of  calo- 
rescence  and  fluorescence  produced  by  the  various  rays  of  the 
solar  spectram. 

6.  On  the  other  hand,  the  cathode-rays  properly  so-culled 
— those  that  can  be  deflected  by  magnetic  action — are  reflected 
and  are  transmitted  through  thin  strata^  passing  into  a  vacuum 
or  into  the  air  with  all  their  characteristic  properties.  This 
was  taught  by  Lenard  and  confirmed  by  recent  experiments 
of  photographs  taken  within  the  tubes.  These  photographs, 
if  the  wrapper  containing  the  sensitive  film  is  very  thin,  are 
at  bottom  nothing  but  the  repetition  under  another  form  of 
those  (now  become  classic)  obtained  by  Lenard  himself. 

7.  It  is  natural  that  no  regularity  should  have  been  observed 
in  the  reflexion  of  the  cathode-rays :  in  the  first  place,  the 
surfaces  employed  have  not,  as  a  rule,  been  smooth  and  po-i 
lished  enough ;  in  the  second  place,  mirrors  optically  perfect 
may  prove  furrowed  for  these  rays.  Nor  do  I  understand 
how  any  one  can  affirm  that  they  do  not  follow  the  laws  of 


Digitized  by 


Google 


506     Prof.  A.  Roiti  on  the  x-Rat/s  and  tJie  CatJiodic  Beam. 

diflFusion,  since  these  are  so  various  and  not  yet  firmly 
established.  Hence  it  will  be  better,  until  further  proof,  to 
assume  that  they  do  undergo  diffusion. 

8.  The  emission  of  the  ^-ravs  is  not  confined  to  the  surface 
of  the  object  struck,  but  takes  place  within  a  stratum  of 
perceptible  thickness;  and  this  follows  as  a  consequence* 
from  the  fact  that  it  does  not  follow  Lambert's  law  of  cosines, 
but  is  constant  in  all  directions.  For  this  reason,  as  Hertz 
and  Leuard  have  shown,  very  thin  strata  are  transparent  for 
cathode-rays  which  are  there  transformed  to  a  certain  extent ; 
but  when  the  thickness  is  increased  the  intensity  of  the  trans- 
mitted rays  sinks  to  zero ;  while,  on  the  other  hand,  the 
intensity  of  the  ar-rays  emanating  from  these  strata  increases 
to  a  maximum,  so  that  photographs  taken  in  the  interior  of 
the  tubes  upon  films  protected  by  not  very  thin  wrappers  are 
due  rather  to  the  a?-  tnan  to  the  cathode-rays. 

9.  Lenard  ceitainly  had  under  his  bands  the  rays  afterwards 
detected  by  Rontgen;  but  they  escaped  him  perhaps  because 
the  keton-screen  with  which  he  made  his  observations,  although 
it  fluoresces  under  the  action  of  cathode-rays,  does  not  do 
so  under  that  of  a:-rayst,  but  more  probably  because  his 
windows  of  aluminium-leaf  were  too  thin  to  emit  jc-rays  of 
sufficient  intensity;  and  for  this  reason  all  the  rays  issuing 
from  the  tube  through  these  windows  appeared  to  him  more 
or  less  deflected  under  the  action  of  the  magnet. 

10.  On  the  invention  of  the  focus-tubes  in  which  a  small 
plate  of  platinum  inclined  at  an  angle  of  45°  acts  as  an  anti- 
cathode,  photographs  were  obtained  with  outlines  so  clear  as 
to  indicate  that  the  place  from  which  the  or-rays  emanated 
was  confined  to  the  points  of  the  platinum  struck  by  the 
cathodic  pencil.  But  it  was  soon  observed  that  at  the  discharge 
the  whole  of  the  wall  in  front  of  the  platinum  plate  shines 
with  a  fluorescent  light,  while  that  behind  it  remains  almost 
dark  unless  the  little  plate  of  platinum  be  replaced  by  a  leaf. 
And  an  object  placed  within  the  tube  before  the  anticathode 
plate  throws  a  shadow  both  on  the  wall  and  on  an  external 
fluorescent  screen  :  the  first  shadow  is  displaced  by  magnetic 
action,  but  not  the  second  J. 

There  can  be,  therefore,  no  doubt  that  there  spring  from 
the  platinum  anticathode  not  only  a?-rays,  but  also  rays  of  a 
different  kind  which  were  called  internal  rays,  and  were  con- 
sidered dififerent  from  the   cathode-rays  because  they  were 

*  Ch.-Ed.  Guillaume,  '*Sur  rEmiasion  des  Rayons  a:,'*  Compt.  Rend, 
vol.  cxxiii.  p.  450. 

t  J.  Precbt,  Wied.  Arm.  Bd.  Ixi.  p.  345. 

j  S.  Thompson,  *The  Electrician/  Jan.  8, 1807. 
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said  to  be  incapable  of  producing  jj-rays,  and  because  they  did 
not  arise  from  the  impinging  pencil  either  through  regular 
reflexion  or  through  diffusion. 

11.  It  must  be  remembered,  however,  that  photographs 
of  the  tube,  taken  with  a  camera  without  lens,  show  that 
some  ar-rays,  weak  ones  it  is  true,  also  start  from  all  the 
surface  of  the  glass  rendered  fluorescent  by  the  so-called 
internal  rays;  and  I  have  already  shown  that  their  non- 
observance  of  the  laws  of  reflexion  does  not  seem  a  sufficient 
reason  for  making  a  distinction  between  these  rays  and  the 
cathode-rays  properly  so-called.  And  let  it  be  remembered 
that  whilst  the  cathode-rays  cause  a  marked  fluorescence  in 
glass,  I  have  assured  myself  that  a;-rays  cause  almost  none, 
even  when  their  point  of  departure  is  an  anticathode  of 
aluminium  serving  as  a  dividing  wall,  so  that  they  have  not 
already  passed  through  glass. 

II. 

I  pass  to  the  promised  experiments,  which,  as  I  think, 
would  alone  suffice  to  exclude  the  idea  that  the  or-rays  are 
derived  from  the  cathodic  pencil  by  a  simple  process  of  sub- 
traction. 

The  tube,  represented  by  fig.  1  at  one 
third  the  natural  siz6,contained  the  ordinary 
aluminium  cathode,  and  was  closed  by  a 
disk  also  of  aluminium  held  tight  against 
the  glass  edge,  which  had  been  ground. 
Against  the  disk  was  placed  a  leaden 
diaphragm  pierced  by  a  hole  of  1  centim. 
in  diameter,  so  that  only  the  central  rays 
given  out  by  the  disk,  which  acted  as 
anticathode  and  as  anode,  reached  the 
actinometer  * ;  and  the  other  face  of  the 
aclinometer,  protected  by  glasses  of  cobalt, 
received  the  light  from  an  incandescent 
lump.  A  permanent  magnet  being  advanced 
towards  the  tube,  between  cathode  and 
anticathode,  the  cathodic  pencil  was  directed 
on  to  the  lateral  wall,  and  the  maximum 
and  minimum  fluorescence  observed  by 
Birkenlandf  were  distinctly  visible  at  F. 

The  deflexion  of  the  internal  pencil  was 
accompanied  by  a  great  darkening  of  the 
face    of    the    actinometer    covered     with 

•  rJEiettricisla,  Year  V.  p.  11/7. 

t  "  Sur  un  Spectre  des  Kayons  cathodiques,'*  Compt,  Rend,  vol.  cxxiii. 
p.  492. 


Fig.  1. 
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platinocyanide  of  potassiani  and  turned  towards  the  centre  of 
the  anticathode  disk.  Under  the  influence  of  moderate  rare- 
faction this  face,  at  first  extremely  briUiant,  became  perfectly 
dark  ;  but  when  the  rarefaction  was  great,  it  still  showed 
4/100  of  its  original  brightness,  showing  that  the  anticathode, 
notwithstanding  the  deflexion,  was  still  giving  olF  d?-rays. 
This  small  residuum  might,  however,  have  been  formed,  so  to 
speak,  by  second  intention — by  the  cathode-rays  reflected  on 
the  lateral  wall  F. 

To  decide  this  question  I  introduced  into  the  tube  a  leaden 
tube,  supported  against  the  aluminium  bottom  as  is  seen  in 
the  figure  ;  and  by  means  of  this  screen  the  brightness,  even 
with  extreme  rarefaction,  was  reduced  to  1/1000  under  the 
action  of  the  magnet. 

On  replacing  the  permanent  magnet  by  an  electromagnet 
separated  from  the  tube  by  plates  of  ebonite  to  prevent  the 
discharge  taking  place,  at  that  extreme  rarefaction,  on  the 
outside,  every  excitement  of  the  electromagnet  was  observed 
to  occasion  the  sudden  passage  of  the  actinometer  from 
extreme  brilliancy  to  perfect  darkness. 

The  coil  with  the  interrupter,  which  I  have  described  in 
VElettricista  for  November  1897,  gave  a  spark  of  15  centim. 
between  balls  of  2  centim.  in  diameter,  and  the  magnetizing 
current  of  the  electromagnet  was  less  than  half  an  ampere. 

Hence  it  is  clear  that  non-deflectible  cathodic  rays  probably 
do  not  exist,  or  if  they  exist  they  are  not  transformable  into 
j:-rays. 

III. 

As  an  appendix  to  this  communication  I  will  speak  of  one 
of  my  former  experiments*,  which  also  shows  that  ^rays 
cannot  be  considered  as  simply  diffused  cathodic  rays.  Two 
tubes,  of  the  form  represented  in  fig.  1,  alike  in  all  respects 
except  that  in  one  the  disk  was  of  aluminium,  iu  the  other  of 
copper,  were  both  applied  to  the  same  air-pump  and  connected 
with  the  two  poles  of  a  Ruhmkorfi^  coil.  On  covering  the 
aluminium  disk  with  a  copper  plate  and  the  copper  disk  with 
an  aluminium  plate  in  such  a  numner  that  the  j?-rays  issuing 
from  the  two  tubes  were  forced  to  traverse  equal  thicknesses 
of  the  two  metals,  I  found  the  power  of  emission  of  the  second 
tube  considerably  greater  than  that  of  the  first. 

Since  Prof.  Battelli  has  arrived  at  a  different  conclusion  f, 
finding  that  glass,  aluminium^  and  magnesium  experimented 

*  Hend,  della  B,  Ace.  dei  Lincei,  vol.  vi.  p.  366.  Experiment  of  Auinist 
26th,  1896.  ® 

t  N.  CimentOf  ser.  4,  toL  t.  May  1897.    Experiment  16. 
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vith  under  like  conditions  have  equal  power  of  emission,  I 
doubted  whether  the  similarity  of  my  tubes  might  not  have 
been  more  apparent  than  real ;  for  the  slightest  trace  of  gas 
contained  in  the  metals  or  adhering  to  the  walls  is  sufficient 
to  profoundly  modify  the  results  of  the  experiment ;  and  I 
repeated  the  experiment,  using  one  tube  only.  1  covered  the 
aluminium  disk,  half  internally  and  half  externally,  with  two 
pieces  of  the  same  sheet  of  magnesium,  being  careful  to  fix 
the  internal  half,  which  might  otherwise^  under  the  influence 
of  the  discharge^  have  been  so  much  agitated  as  to  be  entirely 
overturned.  The  disk  served  as  an  anode,  was  in  communi- 
cation with  the  ground,  and  was  protected  externally  by  a 
sheet  of  lead  perforated  in  the  centre. 

When  I  applied  a  cryptoscope  I  could  observe  not  the 
slightest  difference  in  brightness  on  either  side  of  the  diameter 
of  separation.  This  proves  nothing  if  one  reflects  that,  wi^h 
the  concave  cathode,  the  region  struck  by  the  cathodic  rays 
must  be  very  limited  in  extent.  But  I  found  it  also  very 
limited  when  I  used  a  convex  cathode,  on  account  of  the 
electrostatic  action  which  the  cylindrical  wall  has  on  the 
pencil,  which  would  otherwise  be  divergent. 

I  was  able  to  obtain  a  fairly  uniform  illumination  of  an 
extended  area  by  using  the  tube  represented  in  fig.  2,  in 

Fig.  2. 


which  I  had  placed  a  slightly  convex  cathode  and  had  fixed 
an  aluminium  tube  to  the  disk.  With  this,  keeping  the 
anodic  disk  in  communication  with  the  filiform  aluminium 
electrode  and  with  the  ground,  I  was  able  to  assure  myself 
that  the  half  internally  uncovered  and  externally  covered  by 
the   magnesium  gave  a   greater  luminosity  to  the  platino- 
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cyanide  of  barium  of  the  cryptoscope  than  did  the  other  half. 
Hence  it  may  be  maintained  that  aluminium  has  a  higher 
power  of  emission  than  magnesium. 

It  then  occurred  to  me  to  compare  other  metals  in  the 
same  way,  by  twos ;  covering  the  aluminium  disk  internally 
half  with  the  metal  A  and  half  with  the  metal  B,  and  placing 
B  externally  with  regard  to  A,  and  A  with  regard  to  B. 

In  the  following  table  I  have  arranged  the  various  meta.ls 
on  an  increasing  scale  of  emissive  power.  The  first  column 
shows  the  thickness  of  the  plates  used  ;  the  third  and  fourth 
their  density  and  atomic  weights. 

mm,  0-24      Magnesium 174  24-38 

1-72      Aluminium 2*67  27-1 

0-17      Iron 7-79  56 

0-10      Copper 8-95  63 

0-10      Zinc 6-92  654 

0-15    *Tin  7-29  118-1 

0-10      Silver 10-47  107-94 

0-13      Cadmium 8-67  112 

0-012     Platinum 21-3  194-3 

0-06      Lead 11-37  206-9 

It  is  evident  that  the  power  of  emission  for  ^-rays  is 
determined  neither  by  density  nor  by  atomic  volume,  but  that 
(with  the  exception  of  tin,  perhaps  because  I  used  commercial 
and  therefore  impure  metal)  it  increases  regularly  with  the 
atomic  weight. 

Should  mis  law  prove  general  it  would  have  a  theoretic 
bearing  of  no  small  importance.  Meanwhile  I  restrict  myself 
to  observing  that  there  should  be  an  advantage,  unless  its 
easy  fusibility  proves  a  hindrance,  in  the  use  of  lead  instead 
of  platinum  as  an  anticathode  in  the  Rontgen  tubes.  Lead 
placed  in  sheets  on  aluminium  should  servo  still  better,  as  I 
intend  proving. 

{Addition  during  the  connection  of  the  proofs).  While  com- 
mercial tin(*)  had  to  be  placed  between  zinc  and  silver,  that 
furnished  as  pure  by  Merck,  of  Darmstadt,  and  reduced  to  a 
sheet  of  0*11  mm.  in  thickness,  shows  a  considerably  greater 
power  of  emission  ;  greater  than  that  of  cadmium.  We  may 
therefore  assert  that  the  metals  of  greater  atomic  weight  emit 
x-rat/e  of  greater  intensity, 
Florence,  August  20, 1897. 
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Llll.  Phase-Reversal  Zone-Plates^  and  Diffraction-  Telescopes. 
By  R.  W.  Wood*. 

[Plate  XXIV.] 

IN  a  paper  published  in  PoggendorflPs  Annalen  (1875) 
Soret  showed  that  if  we  describe  a  number  of  small 
concentric  circles  on  a  glass  plate,  with  radii  proportional  to 
the  square  roots  of  the  natural  numbers,  and  blacken  the 
spaces  between  the  alternate  rings^  the  plate  will  have  the 
property  of  bringing  parallel  rays  of  light  to  a  focus,  like  a 
condensing-lens.  The  dark  rings  check  the  disturbances  on 
the  alternate  Hnygens's  zones  on  the  wave-front,  which  by 
destructive  interference  with  the  disturbances  from  the  other 
zones  ordinarily  produce  darkness  at  points  within  the  geo- 
metrical shadow. 

Soret^s  method  was  to  draw  circles  of  suitable  size  on  a 
sheet  of  paper,  blackening  the  alternate  rings,  and  make  a 
reduced  photographic  copy  of  the  whole.  He  showed  that 
such  a  plate  formed  real  images  of  luminous  objects,  and 
could  be  used  as  the  objective  of  a  telescope  or  as  the  eyepiece. 
He  also  showed  that  in  addition  to  acting  as  a  condensing-lens, 
the  zone-plate  acted  as  a  concave  or  dispersing-lens.  More- 
over, he  pointed  out  that  the  plate  has  multiple  foci  at  distances 

c?    c?     <J? 

c-»  n^J  FT.  where  a  is  the  radius  of  the  central  circle. 

X     oX    5V 

Since  the  appearance  of  Soret^s  paper  very  little  seems  to 
have  been  done  with  the  subject,  thougn  it  is  alluded  to  briefly 
in  the  textbooks,  and  it  has  been  pointed  out  by  Lord  Bayleign 
that  if  it  were  possible  to  provide  that  the  light  stopped  by 
alternate  zones  wore  replaced  by  a  phase-reversal,  a  fourfold 
effect  would  be  produced.  After  some  experimenting  I  have 
succeeded  in  producing  such  a  zone-plate,  perfectly  trans- 
parent over  its  entire  extent,  which  yields  an  image  at  least  six 
or  eight  times  as  bright  as  those  produced  with  the  old  form 
of  plate.  This  increase  in  intensity  is  greater  than  one  would 
expect,  which  is  probably  accounted  for  by  the  lack  of  per- 
fection of  the  black  zone-plates,  the  black  rings  being  partly 
transparent  and  the  clear  ones  not  wholly  so.  Using  one  of 
the  new  plates  as  the  objective  of  a  telescope  in  connexion 
with  a  low-power  eyepiece,  I  have  distinctly  seen  the  lunar 
craters,  and  nave  constructed  telescopes  in  which  both  objective 
and  eyepiece  were  zone-plates. 

The  largest  plate  made  by  Soret  contained  98  dark  circles, 
and  since  the  scale  on  which  it  was  drawn  was  rather  small, 
the  outer  zones  could  not  have  been  very  accurately  placed. 
*  Communicated  by  the  Author. 
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The  preliminary  drawing  which  I  made  contained  115  dark 

rings,  and  was  drawn  on  a  scale  three  times  as  large  as  that  used 

by  Boret.     In  order  to  avoid  the  errors  due  to  shrinkage  and 

expansion  of  the  paper  during  the  progress  of  the  work,  the 

following   method  was  adopted.     A  sheet  of  heavy  smooth 

surface  drawing-paper,  considerably  over  a  metre  square,  was 

thoroughly  dampened  and  the  edges  glued  down  to  a  heavy 

drawing-board.     The  paper  was  kept  damp  until  the  edges 

had  thoroughly  dried  to  prevent  the  shrinkage  from  tearing 

them  loose.     On  diying,  the  paper  was  in  close  contact  with 

the  board  and  as  tight  as  a  drumhead.     A  copper  tack  with  a 

small  conical  dent  in  its  head  was  driven  into  the  centre  of 

the  board  to  serve  as  a  centre  for  the  beam-compass  used  in 

drawing  the  circles.     The  pen  of  the  compass  was  accurately 

set  for  each  circle  by  means  of  a  Brown  and  Sharp  steel 

metre-bar,  care  being  taken  to  set  by  the  inner  and  outer  edge 

of  the  pen  alternately,  in  order  that  no  error  due  to  the  width 

of  the  line  should  be  present.     Two  hundred  and  thirty  circles 

were  drawn  in  this  manner,  using  the  greatest  care  possible 

to  ensure  accuracy.     The  spaces  between  the  alternate  rings 

were  then  blackened  by  means  of  the  beam-compass  and  a 

broad  pen.     In  spite  of  every  precaution  errors  crept  in  which 

manifest  themselves  as  slight  shadings  at  certain  places ;  their 

effect,  however,  is  small. 

The  labour  involved  in  the  preparation  of  such  a  drawing 

was  so  great  that  it  has  seemed  worth  while  to  publish  with 

this  paper  a  reduced  photographic  copy,  from  which  other 

still  more  reduced  copies  can  be  prepared  on  glass  by  anyone. 

I  have  made  photographic   negatives  of  this  drawing  on 

lantern-slide  plates  of  various  sizes,  and  find  that  they  act 

very  satisfactorily.     These  copies  were  made  with  a  very  fine 

Zeiss  lens,  and  had  focal  lengths  varying  from  half  a  metre 

to  ten  metres.     Smaller  plates  could  not  be  made  with  this 

lens,  since  the  limit  in  the  defining  power  is  about  *02  millim. 

In  order  to  produce  plates  of  very  short  focus  I  made  some 

copies  with  a  Beck  nucroscope-objective  of  about  2  centim. 

focus.     The  focal  lengths  of  these  plates  varied  from  3  to 

10  centim.,  and  they  were  found  to  act  admirably  as  eyepieces. 

The  central  circle  of  one  of  these  micro-plates  bad  a  radius  of 

(•158)* 
•158  millim.;  its  focus  for  yellow  light  is  therefore ^rr^r^ , 

or  4*1  centim.  In  spite  of  its  small  size,  the  rings  were  sharp 
out  to  the  edge,  wnere  their  width,  measured  on  a  small 
dividing-engine,  was  found  to  be  only  '005  millim. 

A  number  of  experiments  were  tried  with   these   plates ; 
but  as  they  can  be  shown  to  a  much  better  advantage  with 
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the  transparent  plates,  I  will  postpone  the  discussion  of  them 
until  a  little  later  in  the  paper.  Before  taking  up  the  subject 
of  the  phase-reversal  plate  I  may  as  well  call  attention  to  a 
ver}"  pretty  method  of  preparing  a  zone-plate  to  illustrate  its 
action. 

If  a  profile-face  or  other  design  is  cut  out  of  black  paper 
and  pinned  on  to  the  original  drawing  somewhere  between 
the  centre  and  the  edge,  and  a  photograph  of  the  whole 
about  3  centim.  in  diameter  be  made,  on  looking  at  a  point  of 
light  through  the  plate,  the  now  perfectly  transparent  profile 
will  appear  jet-black  on  a  brightly  illuminated  back-ground 
— that  is  to  say,  the  space  within  the  design  being  devoid  of 
black  lines  does  not  fill  up  with  light. 

To  prepare  a  zone-plate  in  whicn  the  light,  instead  of  being 
cut  oii'  by  the  alternate  rings,  shall  suffer  a  phase-reversal^ 
the  best  method  appeared  to  be  to  prepare  a  plate  with  trans- 

Eareut  zones  of  a  thickness  sufficient  to  retard  the  light  one- 
alf  wsive-length.  Sheets  of  thin  plate-glass  with  the  surface 
carefully  cleaned  were  flowed  with  a  warm  solution  of  gelatine 
(strong  enough  to  just  set  into  a  jelly  on  cooling),  and  set  on 
edge  to  dry.  The  films  were  then  sensitized  by  immersing 
the  plates  for  about  five  seconds  in  a  weak  solution  of  bichro- 
mate of  potassium,  and  dried  in  the  dark.  Properly  prepared 
films  should  exhibit  no  trace  of  crystallization,  and  snould 
have  a  barely  perceptible  yellow  tint.  These  plates  were 
placed  in  contact  with  the  photographic  reduction,  and  printed 
in  direct  sunlight;  the  exposure  varying  from  20  seconds  to 
1  minute  according  to  the  density  of  the  negative.  They 
were  then  removed  from  the  frame,  washed  for  a  moment  in 
cold  water,  and  then  immersed  in  rather  warm  water,  which 
dissolved  and  washed  away  the  gelatine  which  had  been  pro- 
tected by  the  dark  zones,  leaving  the  alternate  rings  attached 
to  the  glass.  On  drying  these  plates  they  were  perfectly 
transparent,  but  by  holding  them  in  certain  lights  the  rings 
could  be  seen .  The  eflFect  produced  by  them  far  surpassed  my 
expectations.  On  viewing  a  brightly  luminous  point  through 
them,  they  fill  up  with  a  blaze  of  light  which  compares  very 
favourably  with  a  lens.  They  are  not  uniformly  good,  how- 
ever, everything  depending  on  the  thickness  of  the  film,  and, 
moreover,  the  exposure  must  have  been  exactly  right.  I  find 
that  if  one  of  these  plates  3  centim.  in  diameter  be  set  up  at 
a  distance  of  2^  metres  from  an  arc-light  and  a  paper  screen 
be  placed  at  a  suitable  distance  (3  or  4  metres)  behind  the 
plate,  an  exceedingly  bright  and  sharp,  somewhat  enlarged 
image  of  the  arc  is  projected ;  the  surface  irregularities  of  the 
heated  carbons  can  be  seen,  and  the  blue  flame  between  them^ 


Digitized  by 


Google 


514      Mr.  R.  W.  Wood  on  Phase-Reversal  Zone-Plaies 

the  small  incandescent  particles  that  are  thrown  off  being  also 
clearly  visible. 

If  the  screen  is  near  the  plate,  the  image  of  the  carbons  is 
orange- red;  and  as  it  is  moved  back  the  colour  changes  to 
yellow,  green,  and  blue,  the  foci  for  different  colours  being 
far  apart.  The  best  definition  appears  to  be  in  the  yellow 
and  green.  On  setting  the  plates  up  at  a  greater  distance 
from  the  arc  and  placing  a  sheet  of  paper  in  the  focus, 
a  large  part  of  the  light  incident  on  the  plate  is  brought  to 
a  very  small  sharp  focus  surrounded  by  a  dark  area,  corre- 
sponding to  the  geometrical  projection  of  tliat  part  of  the 
plate  which  is  effective.  With  some  plates  tlus  dark  area 
is  very  small,  and  the  central  bright  spot  correspondingly 
feeble,  showing  that  what  little  action  there  is  comes  from  a 
few  rings  in  the  centre.  This  forms  a  very  good  method  of 
testing  the  plates ;  and  in  general  I  find  that  about  one  out  of 
four  can  be  considered  first  class.  With  more  care  in  the 
preparation  of  the  films  greater  uniformity  in  the  results 
could  doubtless  be  secured. 

In  making  these  plates  it  is  necessary  to  use  mirror-glass 
with  a  ground  surface  if  good  definition  is  to  Jbe  obtiiined.  I 
^  find  the  German  mirror-glass  which  comes  with  a  deposit  of 
metallic  silver  backed  by  varnish  gives  very  good  results. 
The  varnish  can  be  removed  by  alcohol,  the  silver  with 
nitric  acid,  and  the  surface  cleaned.  It  is  best  to  prepare  a 
large  number  of  plates  and  select  the  best,  either  by  throwing 
an  image  of  an  arc-light  with  them  on  a  screen,  or  by  the 
following  method  which  is  perhaps  better. 

A  small  hole  a  millimetre  or  so  in  diameter  is  punched  in  a 
black  card  or  a  metal  plate  and  set  up  in  front  of  a  bright 
sodium  flame;  the  zone-plate  is  mounted  at  a  distance  of 
three  metres  from  this,  and  the  eye  brought  into  the  focus.  If 
the  plate  is  good,  it  lights  up  brightly  and  uniformly.  Most 
plates,  however,  show  irregularity  in  the  illumination,  and 
may  even  have  spots  that  appear  quite  devoid  of  light.  These 
dark  spots  may  be  caused  by  the  film  being  so  thin  as  to  give 
no  appreciable  retardation,  or  so  thick  as  to  give  a  retardation 
of  a  whole  wave  or  a  number  of  whole  waves.  Plates  that  do 
not  come  up  to  this  test  often  give  very  ^ood  images,  how- 
ever, and  need  not  be  rejected.  Those  which  light  up  feebly 
and  but  a  short  distance  from  the  centre  should  be  thrown 
away- 

Although  a  large  percentage  of  the  light  is  wasted  by  a 
zone-plate,  the  focal  images  produced  by  these  plates  were  so 
sharp  and  brilliant,  that  1  determined  to  see  just  what  results 
could  be  obtained  with  a  telescope  constructed   with  one. 
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Kemoving  the  objective  from  my  5  in.  Clark,  I  put  a  8  centim. 
gelatine  zone-plate  in  its  place.  A  low-power  eyepiece  was 
used,  and  on  viewing  terrestrial  objects,  sach  as  distant 
chimney-tops  and  trees  against  the  sky,  with  this  combination, 
the  result  seemed  to  be  very  unsatisfactory ;  the  amplification 
was  about  60  diameters  and  the  outlines  were  sharp,  but  there 
was  very  little  difference  in  light  value  between  the  sky  and 
dark  chimneys.  In  other  words  the  field  was  bright.  The 
most  suitable  objects  for  a  telescope  of  this  description  are 
small,  brightly  illuminated  ones  on  a  black  background;  under 
these  conditions  the  general  illumination  of'^the  field  is  reduced 
to  a  minimum.  I  tried  the  telescope  on  the  moon,  and 
although  the  image  was  somewhat  diin  and  hazy,  as  seen 
through  thin  clouds,  I  could  distinctly  see  a  number  oi  tie 
lar^rer  craters. 

The  zone-plate  used  in  this  case  had  a  focal  length  of  about 
five  feet;  but  plates  of  shorter  focus  show  the  principle 
equally  well,  and  make  more  convenient  instruments  to 
handle.  If  we  use  an  ordinary  low-power  eyepiece  in  the 
principal  focus  of  the  zone-plate,  we  obtjun  a  highly  magnifitd 
inverted  image%  If  now  we  push  the  eyepiece  in,  the  image 
becomes  blurred,  vanishes,  and  a  second  smaller  inverted 
image  appears  ;  and  on  continuing  to  diminish  the  distance, 
we  get  images  successively  smaller  and  smaller  as  the  eye- 
piece passes  through  the  different  foci  of  the  plate.  The  best 
object  to  view  is  an  incandescent  electric  lamp  at  a  distance 
of  six  or  eight  metres.  With  the  Soret  form  of  plate,  I  have 
never  been  able  to  find  more  than  three  foci,  while  the  phase- 
reversal  plates  easily  show  six.  If  instead  of  the  glass  eye- 
piece we  use  one  of  the  micro-zoneplates,  we  obtain  both 
erect  and  inverted  images  ;  the  inverted  when  the  eyepiece  is 
in  the  focus,  and  the  erect  when  it  is  between  the  focus  and 
the  plate — the  former  image  being  due  to  the  action  of  the 
micro-plate  as  a  convex  lens,  the  latter  to  its  action  as  a  con- 
cave lens,  as  in  the  Galilean  telescope.  In  spite  of  the  fineness 
of  the  lines  in  the  micro-plates,  I  find  that  they  can  be  made 
to  yield  very  excellent  phase-reversal  plates  by  contact  print- 
ing, so  that  by  making  both  objective  and  eyepiece  on  the 
new  principle,  we  have  a  diffraction-telescope  wnolly  without 
lenses  or  mirrors,  which  is  fairly  efiicient  for  viewing  small 
brightly-illuminated  objects. 

Starting  with  the  eyepiece  close  to  the  objective  and 
moving  it  slowly  back,  we  get  a  rapid  alternation  of  erect 
and  inverted  images,  to  the  number  of  eight  or  ten  in  all. 
As  the  eyepiece  moves  the  colour  of  the  image  changes,  the 
foci  being  differently  situated  for  the  different  colours. 
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I  have  tried  making  landscape-photographs^  using  one  of 
these  short-focus  retardation-plates  instead  of  a  lens.  The 
results  far  surpassed  my  expectations.  There  are  good 
qualities  in  the  zone-plate  picture  that  almost  offset  the 
deficiencies.  Very  soft  and  artistic  effects  can  be  produced. 
Where  there  is  a  mass  of  twigs  against  the  sky  the  zone-plate 
rubs  in  a  little  extra  shade  for  a  Imckground  instead  of  cutting 
each  stem  sharp  and  black  against  the  white  sky.  The 
shadows  are  massed  to  a  great  extent,  and  yet  there  is  defi- 
nition enough  to  prevent  the  picture  from  appearing  out  of 
focus.  The  landscape  reproduced  (fig.  1)  was  made  with  a  plate 
of  4  millim.  aperture  and  14  centim.  focus,  with  an  exposure  of 
half  a  second,  which  is  certainly  a  great  improvement  on  pin- 
hole photography.  The  picture  has  lost  much  in  reproduction. 
The  actinic  focus  of  the  plate  must  be  found  and  the  image 
on  the  ground-glass  is  never  sharp,  owing  to  the  chromatic 
aberration.  I  have  used  a  blue  glass  to  advantage  in  finding 
the  focus ;  and  a  low  sun  in  thin  clouds  makes  an  excellent 
object  to  focus  upon. 

lig.l. 


A  very  simple  elementary  way  of  explaining  the  multiple 
foci,  both  real  and  virtual,  of  the  zone-plate  which  I  have  not 
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seen  given  anywhere,  probably  because  of  its  obvious  nature, 
is  the  following: — We  maj  regard  the  zone-plate  as  a  circular 
grating  in  which  the  grating  space  becomes  less  and  less  as 
we  proceed  outward  from  the  centre,  consequently  the  bending 
or  deviation  of  the  diffracted  ray  from  the  normal  becomes 
greater  as  we  near  the  edge,  and  the  change  in  the  grating 
space  is  such  as  to  bring  all  the  deviated  rays  of  a  single 
colour  together  in  a  point.  The  principal  real  focus  of  the 
plate  corresponds  to  the  superimposed  spectra  of  the  first 
order ;  the  second  order  spectra  being  bent  more  come 
together  at  a  point  nearer  the  plate,  forming  a  second  focus, 
and  so  on — the  different  foci  corresponding  to  spectra  of 
different  orders.  There  are  also  spectra  of  the  first  order 
bent  outwards,  or  away  from  the  centre,  and  these  rays  pro- 
jected backwards  behind  the  plate  will  meet,  forming  a 
virtual  focus  in  a  position  corresponding  to  that  of  the  real 
focus  on  the  opposite  side  of  the  plate  ;  the  second  order 
spectra  are  bent  out  more,  consequently  the  virtual  focus  of 
these  rays  is  nearer  the  plate,  and  we  thus  see,  that  for  every 
real  focus  on  the  one  side  of  the  plate,  there  is  a  corresponding 
virtual  focus  on  the  other. 

Plates  of  very  long  focus  are  also  useful  for  demonstration, 
I  have  one  7  centim.  in  diameter,  with  a  focal  length  of 
about  twelve  metres.  This  plate  will  project  a  very  good 
image  of  the  sun,  about  11  centim.  in  diameter,  on  a  screen 
placed  at  the  focus.  The  effect  is  especially  fine  when  the 
sun  is  behind  the  leafless  branches  of  distant  trees,  for  then 
each  twig  stands  out  sharp  and  distinct  on  the  image.  When 
this  plate  is  set  up  at  a  distance  of  3  metres  from  an  arc-light 
and  the  eye  is  brought  into  one  of  the  nearer  foci,  3  or  4 
metres  behind  the  plate,  the  effect  is  very  fine ;  the  whole 
area  filling  up  with  a  dazzling  white  light  of  almost  insup- 
portable brilliancy. 

TEe  diffraction  phenomena  produced  by  openings  in  thin 
transparent  films  were  studied  by  Quincke  and  published  in 
Poggendorff's  Annalen,  1867.  Quincke,  moreover,  prepared 
gratings  with  narrow  strips  of  a  thin  transparent  lamina 
instead  of  the  usual  dark  spaces  :  these,  by  retarding  the 
light,  threw  the  waves  out  of  phase  with  those  which  passed 
between  them.  These  gratings  he  prepared  by  ruling  the 
silvered  surface  of  a  piece  of  glass  on  a  dividing-engine, 
forming  an  ordinary  grating  in  which  the  dark  lines  were 
narrow  strips  of  silver  equal  in  width  to  the  clear  spaces.  By 
covering  the  plate  with  iodine  the  silver  was  changed  into 
transparent  iodide.  Ho  found  that  these  transparent  gratings 
gave  spectra  very  similar  to  ordinary  gratings,  save  in  one 
Phil.  Mag.  S.  5.  Vol.  45.  No.  277.  June  18y8.       2  N 
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respect,  namely,  that  with  films  of  cert«iin  thickness  the 
central  direct  image  disappeared  entirely  when  monochro- 
matic light  was  used,  and  passed  through  a  succession  of 
colours  when  white  light  was  used.  By  making  the  films 
slightly  wedge-8ha])ed  and  ruling  the  lines  at  ri^ht  angles  to 
the  thin  edge,  he  obtained  a  grating  in  which  tne  thickness 
increased  continually  towards  the  bottom.  On  looking  at  hii 
illuminated  slit  through  the  top  of  this  grating  where  the 
thickness  of  the  film  was  zero,  the  central  image  alone  was 
observed.  On  moving  the  grating  up,  the  film  began  to  have 
an  appreciable  thickness,  and  side  or  difilracted  images  appeared 
on  either  side  of  the  central  one.  These  increased  in  bright- 
ness with  increasing  thickness  of  the  film,  while  the  central 
image  became  fainter,  and  finally  disappeared  when  the  thick- 
ness was  such  as  to  give  to  the  light  passing  through  it  a 
retardation  of  one  half  wave-length  on  the  light  passing  by  it. 
We  thus  have  a  transparent  plate  which  will  not  allow  a  ray 
to  pass  directly  through  it,  or,  in  other  words,  a  transparent 
grating  which  gives  no  central  image.  I  find  that  very 
satisfactory  lamina  gratings  can  be  prepared  in  the  same  way 
as  the  zone-plates  ;  oy  drawing  black  lines  of  uniform  width 
and  with  uniform  spaces  between  them  on  white  paper, 
reducing  them  by  photography,  and  printing  on  the  sensitized 
gelatine.  The  j^ame  efi'ects  can  be  observed  by  viewing  an 
illuminated  slit  through  the  outer  edge  of  the  lamina  zone- 
plate  held  close  to  the  eye. 

Quincke  found  that  if  a  portion  of  the  hypothenuse  surface 
of  a  right-angle  prism  be  silvered,  a  ray  reflected  from  the 
metal  suffers  a  phase  displacement  relative  to  a  ray  which  is 
totally  reflected  from  the  boundary  between  glass  and  air. 
Whether  or  not  this  change  is  a  complete  phase* reversal  or 
not  depends  on  a  number  of  conditions.  If  polarized  light 
is  used,  the  change  of  phase  depends  on  whether  the  piano 
of  polarization  is  parallel  or  perpendicular  to  the  plane  of  inci- 
dence, on  the  angle  of  incidence,  and  on  the  thickness  of  the 
film.  It  appeared  probable  that  a  silver  zone-plate,  formed  on 
the  surface  of  a  reflecting  prism,  would  give  excellent  results 
under  certain  conditions.  Such  a  plate  could  be  ruled  on  a 
slowly  revolving  prism,  but  the  process  of  advancing  the  knife- 
point over  the  right  distances  would  be  tedious  in  the  extreme, 
and  I  accordingly  hunted  about  for  a  photomechanical  process. 
After  a  little  experimenting  I  devised  a  method  which  yielded 
beautiful  results.  Plate-glass,  carefully  cleaned  and  silvered 
by  the  chemical  method,  is  coated  with  an  exceedingly  thin 
film  of  gelatine  :  the  solution  should  be  just  too  weak  to  set 
into  a  jelly  on  cooHng,  merely  thickening  a  little.     It  should 
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bo  poured  while  warm  over  the  silver  surface,  and  the  plate 
set  on  edge  to  dry.  This  takes  place  in  five  or  ten  minutes^ 
and  the  surface  now  shows  interference  colours.  The  film  is 
now  sensitized  by  a  ten-second  immersion  in  a  very  dilute 
solution  of  bichromate  of  potash  (plate  dipped  in  it  should  be 
coloured  a  very  pale  yellow  onl}*^)  and  dried  in  the  dark  *. 

An  impression  is  taken  by  exposure  under  a  negative,  the 
plate  is  held  for  a  moment  in  cold  water  and  then  washed 
in  a  stream  of  fairly  hot  water.  This  is  the  fussy  part  of 
the  operation  ;  for  if  the  stream  is  too  violent  or  the  water 
too  hot  it  will  wash  away  everything,  and  if  it  is  too  feeble 
some  gelatine  will  be  left  between  the  undissolved  zones.  I 
find  that  pouring  from  a  beaker  held  at  a  height  of  10  centim. 
gives  a  stream  of  the  proper  strength,  and  the  temperature 
should  be  about  what  the  hand  can  bear  comfortably.  A  half 
minute's  washing  is  enough,  and  the  plate  must  now  be  flooded 
with  alcohol  and  then  witn  ether,  to  prevent  the  slow  solution 
of  gelatine  during  the  drying,  which  always  coats  the  clear 
zones  with  a  thin  film.  The  plate  will  dry  in  a  few  seconds, 
and  if  it  has  been  properly  prepared  the  odd  zones  will  be 
clean  bright  silver,  and  the  even  ones  covered  with  a  thin 
film  whicn  appears  white  by  reflected  light.  The  plate  is 
now  covered  with  iodine  crystals,  which  convert  the  exposed 
silver  into  iodide,  and  the  process  can  be  watched  by  holding 
the  plate  above  the  head  and  looking  at  the  under  side.  The 
iodide  zones  will  appear  white,  and  on  shaking  oif  the  iodine 
transparent  by  transmitted  light. 

A  strong  solution  of  sodium  thiosulphate  is  now  applied, 
which  dissolves  the  silver  iodide,  and  the  plate  is  then  rubbed 
with  the  fingers  under  warm  water  until  the  gelatine  is  all 
removed,  if  everything  goes  well  a  most  beautiful  plate  is 
the  result.  The  silver  rings  are  as  sharp  as  if  cut  with  a  knife, 
and  the  spaces  between  them  are  quite  clean,  even  where 
there  are  fifty  zones  to  the  millimetre.  Such  a  plate  used 
with  transmitted  light  is  much  better  than  the  usual  photo- 
graphic type,  in  that  the  clear  spaces  are  perfectly  clean  and 
transparent,  and  the  dark  ones  perfectly  opaque,  which,  as  I 
said  before,  is  usually  not  the  case. 

It  is  not  necessary  to  make  the  zones  directly  on  the  prism, 
though  I  tried  this  first.  It  is  essentially  the  same  thing  if 
we  make  them  on  a  plate  of  glass  and  fasten  this  to  the 
prism  face  with  Canada  balsam,  the  silver  side  out  of  course. 
The  brilliancy  of  the  image  produced  by  this  arrangement  is 
very  great,  but  since  the  reflecting  surface  is  at  an  angle  of 

*  Lately  I  have  added  the  bichromate  to  the  gelatine  before  flowing 
the  plate,  and  iind  the  proceee  quicker  and  the  resultfi  better. 
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45°  the  focus  instead  of  being  a  point  is  a  line.  When  the 
screen  is  near  the  prism  we  get  a  very  bright  vertical  line, 
which  fades  away  as  the  screen  is  moved  oflF,  being  replaced 
with  a  horizontal  line.  This  is  exactly  what  we  get  when 
we  hold  a  transmission  plate  at  an  angle  with  the  screen^  and 
the  greater  the  obliquity  the  shorter  the  focus,  the  increasing 
obliquity  decreasing  the  grating  space  on  the  sides  of  the  plate. 

To  get  a  point-focus  from  a  reflecting  plate  on  a  prism 
the  zones  must  be  elliptical,  the  major  axes  being  double  the 
minor,  the  whole  being  so  placed  that  its  projection  on  each 
of  the  other  two  faces  of  the  prism  is  a  circle.  To  make  an 
elliptical  zone-plate  we  have  only  to  photograph  the  original 
drawing  in  an  oblique  position.  A  slight  error  due  to  per- 
spective wiU  of  course  be  introduced,  but  it  is  insufficient  to 
materially  aftect  the  results. 

From  a  negative  made  i'rom  the  large  drawing  set  at  an 
angle  of  45^  I  prepared  a  silver-on- glass  elhptical  plate,  and 
cemented  it  onto  tne  prism  with  balsam.  This  combination 
fulfilled  every  expectation^  and  yielded  a  very  brilliant  and 
sharp  image.  It  furnished^  moreover,  a  very  nice  means  of 
comparing  the  effect  of  an  ordinary  plate  with  a  phase- 
reversal  one;  for  by  turning  it  round  a  focal  image  was 
formed  by  the  reflexion  from  the  outer  suri'ace  of  the  silver 
zones  alone,  which  was  many  times  fainter  than  that  produced 
by  the  internal  reflexion,  in  making  this  comparison  I  noted 
the  curious  circumstance  that  the  focus  from  internal  reflexion 
is  longer  than  that  from  external  reflexion,  but  can  as  yet  offer 
no  explanation  of  the  fact. 


iH^:.-^^ 


POSITION   OF         <*~~P>  POS<T,ION    OF 
PRISM     FOR         <  I            >        Pf'^*^'*?    PO** 

PHASE  REVERSAL   O  /  REFLIEicTION 

REFLECTION       \-XILZ>  WITHOUT  PHASE 


ill! 

f 

In  order  to  give  some  idea  of  the  relative  intensities  of  the 
focal  images  produced  bv  the  plate  with  and  without  a  phase- 
reversal,  I  photographed  an  incandescent  lamp-filament,  first 
from  the  outside  surface  of  the  zones  and  then  from  the 
inside,  by  the  arrangement  shown  in  fig.  2.     The  time  of 
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exposure  and  development  was  the  same,  and  both  were  taken 
on  the  same  plate.  Reproductions  of  the  two  images  are 
shown  in  fig.  3,     It  will  be   noted  that  the  brilliant  one 

Fig.  3. 


(or  phase-reversal  image)  is  larger  than  the  other.  This  is 
due  to  the  increase  in  the  focal  length  to  which  I  have 
alluded,  and,  other  things  being  equal,  would  make  the 
illumination  less.  The  image  obtained  from  the  outer  surface 
of  the  plate  is  so  faint  that  it  is  hardly  perceptible. 

I  have  made  a  very  cursory  examination  of  these  phase- 
reversal  reflecting  plates  with  polarized  light,  and  find  that  if 
the  light  falling  on  the  prism  be  plane-polarized,  rotation  of 
the  nicol  causes  fluctuations  in  the  brilliancy  of  the  image. 
The  efiect,  however,  varies  with  the  angle  of  incidence ;  at  an 
angle  of  40°  with  the  normal  of  the  reflecting  surface  no  effect 
is  produced  by  rotating  the  nicol.  When  the  angle  is  greater 
than  this,  partial  extinction  of  the  image  is  prwiuced  when 
the  plane  of  polarization  is  perpendicular  to  the  plane  of 
reflexion ;  when  the  angle  is  less  than  40°,  the  reverse  is  the 
case.  The  field  about  the  image  grows  bright  when  the 
central  image  weakens,  and  vice  versd.  This  requires  a  much 
more  complete  investigation  than  I  have  had  time  to  give  it 
yet,  but  is  doubtless  caused  by  the  variations  in  the  phase- 
change  due  to  variations  in  the  angle  of  incidence  which 
Quincke  observed. 

Lord  Rayleigh  has  drawn  attention  to  the  fact  that  if  it 
were  possible  to  construct  a  lamina-grating  in  which  an  arbi- 
trary retardation  could  be  introduced  at  every  part  of  the 
aperture  all  the  light  could  be  concentrated  in  any  desired 
spectrum.  This  might  be  accomplished,  as  Prof.  Crew  has 
suggested  to  me,  by  shading  the  original  drawing  :  possibly 
photographing  a  wire-grating  on  a  white  ground,  illuminated 
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by  oblique  light  (the  shading  being  produced  by  penumbre). 
Or  a  series  of  wedge-shaped  strips  of  tinted  glass  or  gelatino 
in  transmitted  light  might  yield  results.  The  gelatine  films 
would  have  to  receive  the  impression  through  the  glass,  I 
imagine,  if  variations  in  the  thickness  were  necessary. 

If  this  could  be  accomplished,  the  same  principle  could  be 
applied  to  the  zone-plate,  all  the  light  being  brought  to  a  single 
focus. 

Experiments  in  this  direction  are  now  in  progress. 
Physical  Laboratory  of  the  University  of  Wisconsin. 
Madison,  February  1898. 


LIV.  Note  on  the  Pressure  of  Radiation^  showing  an  Appa~ 
rent  Failure  of  the  usual  Electromagnetic  Equations.  By 
Lord  Rayleigh,  FJi.S* 

FOLLOWING  a  suggestion  of  Bartoli,  Boltzmannf  and 
W.  WienJ  have  arrived  at  the  remarkable  conclusion 
that  that  part  of  the  energy  of  radiation  from  a  black  body  at 
absolute  temperature  0,  which  lies  between  wave-lengths  \ 
and  X  +  rfX,  has  the  expression 

0'<f>{0\)d\, (1) 

where  4>  is  an  arbitrary  function  of  the  single  variable  6K. 
The  law  of  Stefan,  according  to  which  the  total  radiation  is 
as  0^,  is  thererein  included.  The  argument  employed  by 
these  authors  is  very  ingenious,  and  I  think  convincing  when 
the  postulates  are  once  admitted.  The  most  important  of 
them  relates  to  the  pressure  o{  radiation,  supposed  to  be  opera- 
tive upon  the  walls  within  which  the  radiation  is  connned, 
and  estimated  at  one- third  of  the  density  of  the  energy  in  the 
case  when  the  radiation  is  alike  in  all  directions.  The  argu- 
ment by  which  Maxwell  originally  deduced  the  pressure  of 
radiation  not  being  clear  to  uie^  I  was  led  to  look  into  the 
question  a  little  more  closely,  with  the  result  that  certain  dis- 
crepancies have  presented  themselves  which  I  desire  to  lay 
before  those  who  have  made  a  special  study  of  the  electric 
equations.  The  criticism  which  appears  to  be  called  for  extends 
indeed  much  beyond  the  occasion  which  gave  rise  to  it. 

A  straightforward  calculation  of  the  pressure  exercised  by 
plane  electric  waves  incident  perpendicularly  upon  a  metallic 
reflector  is  given  by  Prof.  J.  J.  Thomson  §.  The  face  of  the 
reflector  coincides  with  «=0,  and  in  the  vibrations  under 


* 


Communicated  by  the  Author. 


t  Wied.  Ann,  vol.  xxii.  pp.  81,  291  (1884). 

X  Berlin,  Sitzungsber.  Feb.  1893. 

§  *  Elements  of  Electricity  and  Mag^netism,"  Cambridge,  1895,  §  241. 
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consideration  the  magnetic  force  reduces  itself  to  the  com- 
ponent (yS)  parallel  to  y,  and  the  current  to  the  component 
(\d)  parallel  to  z.  The  waves  which  penetrate  the  conducting 
mass  die  out  more  or  less  quickly  according  to  the  conductivity. 
If  the  conductivity  is  great,  most  of  the  energy  is  reflected, 
and  such  part  as  is  propagated  into  the  conductor  is  limited 
to  a  thin  skin  at  a?=0.  According  to  the  usual  equations  the 
mechanical  force  exercised  upon  unit  of  area  of  the  slice  dx  of 
the  conductor  is  —rchdx,  or  altogether 


Jo 


whd.T (2) 


Here  &  denotes  the  magnetic  induction,  and  is  equal  to  /ti/8,  if^ 
/i  he  the  permeability  and  fi  the  magnetic  force.     Now 

4i7rw=dl3/d.ry 

so  that  the  integral  becomes 

iJ^o-0L}, (3) 

where  ySo  is  the  value  of  13  within  the  conductor  at  ^=0,  and 
)9^=0,  if  the  conducting  slab  be  sufficiently  thick.  Since 
there  is  no  discontinuity  of  magnetic  force  at  a?=0,  ySo  may  be 
taken  also  to  refer  to  the  value  at  a:  =  0  just  outside  the  metallic 
surface. 

The  expression  (3)  gives  the  force  at  any  moment ;  but  we 
are  concerned  only  with  the  mean  value.  Since  the  mean 
value  of  01  is  one-half  the  maximum  value,  we  have  for  the 
pressure 

i'=rbv^--    ......  (4) 

It  only  remains  to  compare  with  the  density  of  the  energy 
outside  the  metal,  and  we  may  limit  ourselves  to  the  case  of 
complete  reflexion.  The  constant  energy  of  the  stationary 
waves  passes  alternately  between  the  electric  and  magnetic 
foniis.  If  we  estimate  it  at  the  moment  of  maximum  mag- 
netic force,  we  have 

energy  =:-^\\\0'dxdf/dz (5) 


In  (5)  0  is  variable  with  x.     If  ySmw.  denote  the  maximum 
value  which  occurs  at  ar=0,  the  mean  of /8'=i)9j,ax.    Thus 

.lensity  of  energy  =^.°?J^  =  -J^^f_       .     .     .     (G) 
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Thus,  if  the  permeability  /Lt  of  the  inetal  be  unity,  (4)  and 
(6)  coincide;  and  we  conclude  that  in  this  case  the  pressure 
is  equal  to  the  density  of  the  energy  in  the  neighbourhood  of 
the  metal.  This  is  Maxwell's  result.  When  we  consider 
radiation  in  all  directions,  the  pressure  is  expressed  as  one^ 
third  of  the  density  of  energy. 

The  difficulty  tnat  I  have  to  raise  relates  to  the  ease  where 
/A  is  not  equal  to  unity.  The  conclusion  in  (4)  that  the  pres- 
sure is  proportional  to  /jl  would  make  havoc  of  the  theory  of 
Boltzmann  and  Wien  and  must,  I  think,  be  rejected.  So 
long  as  the  reflexion  is  complete — ^and  it  may  be  complete 
independently  of  /i — the  radiation  is  similarly  influenced,  and 
(one  would  suppose)  must  exercise  a  similar  force  upon  the 
reflector.  But  if  the  conclusion  is  impossible,  where  is  the 
flaw  in  the  process  by  which  it  is  arrived  at  ?  Being  unable 
to  find  any  fault  with  the  deduction  above  given  (after  Prof. 
J.  J.  Thomson),  I  was  led  to  scrutinize  more  closely  the  funda- 
mental eauation  itself;  and  I  will  now  explain  why  it  appears 
to  me  to  be  incorrect. 

For  this  purpose  let  us  apply  it  to  the  very  simple  case  of 
a  wire  of  circular  section,  parallel  to  Zy  moving  in  the  direction 
of  ^  across  an  originally  uniform  magnetic  field  (/8) .  The  uni- 
formity of  the  field  is  disturbed  in  two  ways:  (i.)  by  the 
operation  of  the  current  (to)  flowing  in  the  various  filaments 
of  the  wire,  and  (ii  )  independently  of  a  current,  by  the  mag- 
netic effect  of  the  material  composing  the  wire  whose  permea- 
bility (/a)  is  supposed  to  be  great.  In  estimating  as  in  (2) 
the  mechanical  force  parallel  to  x  operative  upon  the  wire,  we 
should  have  to  integrate  wb  over  the  cross-section.  In  this  to 
is  supposed  to  be  constant,  and  the  local  value  is  every vvhe)*e 
to  be  attributed  to  L  We  may  indeed,  if  we  please,  omit 
from  b  the  part  due  to  the  currents  in  the  wire,  which  will 
in  the  end  contribute  nothing  to  the  result ;  but  we  are  directed 
to  use  the  actual  value  of  b  as  disturbed  by  the  presence  of 
the  magnetic  material.  In  the  particular  case  supposed,  where 
fjL  is  great,  the  value  of  b  within  the  wire  is  uniform,  and  just 
twice  as  great  as  at  a  distance.  It  follows,  when  the  inte- 
gration is  effected,  that  the  force  parallel  to  x  acting  upon  the 
wire  is  greater  (in  the  particular  case  doubly  greater)  than  it> 
would  be  if  the  value  of  /i  were  unity. 

But  this  conclusion  cannot  be  accepted.  The  force  depends 
upon  the  number  of  lines  of  force  to  oe  crossed  when  the  wire 
makes  a  movement  parallel  to  jv.  And  it  is  clear  that  the 
lines  effectively  crossed  in  such  a  movement  are  not  the  con- 
densed lines  due  to  the  magnetic  quality  of  the  wire,  but  are 
to  be  reckoned  from  the  intensity  of  the  undisturbed  field. 
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The  mechanical  force  cannot  really  depend  upon  /i,  and  the 
formula  which  leads  to  such  a  result  must  be  erroneous. 

As  regards  the  problem  of  the  pressure  of  radiation,  I 
conclude  that  in  this  case  also,  and  in  spite  of  the  formula, 
the  permeability  of  the  reflector  is  without  effect,  and  that  the 
consequences  deduced  by  Boltzmann  and  Wien  remain  un-> 
disturbed. 

Another  investigation  to  which  perhaps  similar  conside- 
rations will  apply  is  that  of  the  mechanical  force  between 
parallel  slabs  conveying  rapidly  alternating  electric  currents. 
Prof.  J.  J,  Thomson's  conclusion  *  is  that  uie  electromagnetic 
repulsion  is  /a  times  the  electrostatic  attraction,  so  that  a 
balance  will  occur  only  when  /a=1.  It  seems  more  probable 
that  the  factor  /a  should  be  omitted,  and  that  balance  between 
the  two  kinds  of  force  is  realized  in  every  case. 


LV.  The  Reduction  to  normal  Air-Temperaturee  of  the  Pla- 
tinum-Temperatures  in  the  Low -Temperature  Researches 
of  Professors  Dewar  and  Fleming.  By  J.  D.  Hamilton 
Dickson,  M.A.,  F.R.S.EA 

THE  measurement  of  temperature  by  means  of  platinum 
depends  upon  the  two  following  propositions  : — 
(1)  That  for  a  given  piece  of  pure  annealed  platinum-wire  the 
temperature  is  a  single-valued  function  of  the  electric  resistance. 
This  proposition  is  due  to  Prof.  Oallendar  (1886),  and  has 
been  fully  verified  by  many  subsequent  observers.  The 
second  proposition  is  : — (2)  That  however  different  specimens 
of  pure  annealed  platinum-wire  may  vary  among  themselves, 
nevertheless  they  agree  in  giving  the  same  normal  air- 
temperature  of  any  enclosure  in  which  they  may  be 
simultaneously  placed.  This  proposition  might,  at  first 
sight,  appear  as  a  logical  deduction  from  the  first;  but  a 
little  consideration  will  show  that  the  two  propositions  are 
equally  fundamental,  and  equally  necessarily  due  to  expe- 
riment. We  are  indebted  lor  it  to  the  careful  researches 
of  Mr.  E.  H.  Griffiths. 

Theory  has  not  yet  provided  the  formula  referred  to 
in  the  first  proposition ;  meanwhile,  Prof.  Callendar  has 
devised  a  double  formula — or^  rather,  a  formula  with  a 
correction — which  amounts  to  the  expansion  of  the  electric 
resistance  of  the  platinum- wire  in  powers  of  the  temperature, 
and  leads  to  a  somewhat  troublesome  reduction  before  finally 

*  *  Receut  Researches  in  Electricity  and  Magnetism/  IQ93,  §  277. 
t  Communicated  bj  the  Author. 
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obtaining  the  normal  air-temperature  required.  I  have  given 
reasons  *  to  show  that  another  empiric  formula  amounting  to 
the  expansion  of  the  temperature  in  powers  of  the  electric 
resistance  of  the  wire,  while  free  from  some  tlieoretical  faults 
attached  to  other  formulae,  is  at  least  as  good  as  the  compound 
formulee  of  Prof.  Callendar,  and  evades  the  undesirable  idea 
of  *'  platinum-temperatures." 

The  end  I  had  in  view  in  getting  this  formula  was  the 
reduction  to  normal  air-temperatures  of  the  platinum-tempe- 
ratures in  which  the  results  were  expressed,  of  the  many  and 
important  researches  of  Professors  Dewar  and  Fleming  in 
their  varied  investigations  at  low  temperature.  In  fiirtherance 
of  this  end,  Messrs.  Petavel  and  Morris,  who  so  ably  assisted 
them  in  these  investigations,  told  mo  that  the  piece  of 
platinum-wire  which  forms  the  body  of  the  platinum-thermo- 
meter employed  by  Professors  Dewar  and  Fleming,  and 
referred  to  as  "  Pi/^  is  the  identical  piece  of  wire  whose 
variations  of  electric  resistance  with  temperature  are  given 
on  p.  282  of  Phil.  Mag.  for  Sept.  1893,  vol.  xxxvi.f  The 
experiments  on  this  wire  there  recorded  range  over  nearly 
300°,  namely,  from  about  -200°  C.  to  about  + 100°  C.  The 
normal  air-temperatures  observed  are  given  down  to  the 
freezing-point  of  water,  while  lower  temperatures  are  merely 
indicated.  Thus,  one  low  temperature  which  I  have  employed 
is  indicated  as  *'  taken  in  solid  carbonic  acid  and  ether,^'  and 
the  other  as  *'  taken  in  liquid  oxygen  boiling  at  760  millim." 
I  have  assumed  that  the  former  of  these  temperatures  has 
most  probably  Begnault's  value,  —78°' 2  0. ;  and  there  seems 
to  be  a  general  convergence  of  opinion  towards  — 182°'5  C.  as 
the  value  of  the  latter. 

With  these  data,  and  with  the  details  immediatelv  fol- 
lowing, the  annexed  table  has  been  constructed,  reducing 
the  "platinum-temperatures"  expressed  by  means  of  Pro- 
fessors Dewar  and  Fleming's  platinum-thermometer  "  Pj*'  to 
normal  air-temperatures  on  the  centigrade  scsile. 

•  Phil  Mag.  (181)7)  xlLv.  p.  446. 

t  See  also  this  paper,  where  it  is  stated  that  the  same  wire  is  used  to 
ine.isure  the  temperatures  recorded  in  it,  p.  275. 
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Reduction  to  de^^rrees  centigrade  of  the  platinum-temperatares 
in  Profs.  Dewar  and  Fleming's  low-temperature  obser- 
vations as  recorded  by  their  thermometer  "  Pi/' 

Those  |)^-dei9ree8  are  reduced  to  resistances  B  by  means  of  their  formula 

"B  = -010976  (i>< +283-0) " 

on  p.  100,  Phil.  Mag.  July  189*5 ;  and  these  resistances  are  then  oonrerted  into 
centigrade  degrees  by  formula  (11)  on  p.  453,  Phil.  Mag.  Deo.  1897»  riz. : — 

« (B+20-529023)'  =  53270016  (<'+1048-4896)." 


jX9. 
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The  numbers  in  italics  are  outside  the  range  of  exjieriment. 
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This  table  is  aTailable  for  the  foUowing  papers  : — 

1.  The  electrical  resistance  of  metals  and  alloys  at  temperatures 
approaching  the  absolute  zero.  Phil.  Mag.  (1893)  zxxvi. 
p.  271 ;  Electrician  (1893),  xxxi.  p.  529. 

2.  Thermo-electric  powers  of  metals  and  alloys  between  the 
temperatures  o£  the  boiling-point  of  water  and  the  boiling- 
point  of  liquid  air.  Phil.  Mzg.  (1895)  xl.  p.  95  ;  Electrician 
(1895),  XXXV.  p.  365. 

3.  The  variation  in  the  electric  resistance  of  bismuth  when  cooled 
to  the  temperature  of  solid  air.  Phil.  Mag.  (1895)  xl.  p.  303  ; 
Electrician  (1895),  xxxv.  p.  612. 

4.  Electric  and  magnetic  research  at  low  temperatures.  Elec- 
trician (1896),  xxxvii.  pp.  301,  338. 

5.  On  the  electrical  reistivity  of  bismuth  at  the  temperature  of 
liquid  air.     Proc.  Eoy.  Soc.  (1896-97)  Ix.  p.  72. 

6.  On  the  electrical  resistivity  of  pure  mercury  at  the  temperature 
of  liquid  air.     Proc.  Eoy.  Soc.  (1896-97)  Ix.  p.  76. 

7.  On  the  magnetic  permeability  and  hysteresis  of  iron  at  low 
temperatures.     Proc.  Roy.  Soc.  (1896-97)  Ix.  p.  81. 

8.  Note  on  the  dielectric  constant  of  ice  and  alcohol  at  very 
low  temperatures.  Proc.  Eoy.  Soc.  (1896-97)  Ixi.  p.  2; 
Electrician  (1897),  ixxviii.  p.  748. 

9.  On  the  dielectric  constants  of  certain  frozen  electrolytes  at 
and  above  the  temperature  of  liquid  air.  Proc.  Eoy.  Soc. 
(1896-97)  Ixi.  p.  299. 

10.  On  the  dielectric  constants  of  pure  ice,  glycerine,  nitro- 
benzol  and  ethylene  dibromide  at  and  above  the  temperature 
of  liquid  air.     Proc.  Eoy.  Soc.  (1896-97)  Ixi.  p.  316. 

11.  On  the  dielectric  constants  of  certain  organic  bodies  at  and 
below  the  temperature  of  liquid  air.  Proc.  Eoy.  Soc.  (1896-97) 
Ixi.  p.  358. 

12.  On  the  dielectric  constants  of  metallic  oxides  dissolved  or 
suspended  in  ice  cooled  to  the  temperature  of  liquid  air. 
Proc.  Boy.  Soc.  (1896-97)  Ixi.  p.  368. 

13.  Further  observations  on  the  dielectric  constants  of  frozen 
electrolytes  at  and  above  the  temperature  of  liquid  air. 
Proc.  Boy.  Soc.  (1896-97)  Ixi.  p.  380. 

14.  Electric  research  at  low  temperatures.  Electrician  (1897X 
xxxix.  p.  645. 

15.  A  note  on  some  further  determinations  of  the  dielectric 
constants  of  organic  bodies  and  electrolvtes  at  very  low  tem- 
peratures.    Proc.  Boy.  Soc.  (1897-98)  Ixii.  p.  250. 

Peterhouse,  Cambridge. 


Digitized  by 


Google 


[     529     ] 

LVI.   The  Thomson  Effect  in  a  Binary  Electrolyte, 
By  F.  G.  DoNNAN,  M.A.,  Ph,D* 

THE  coefficients  in  the  eqaation  de^adt  for  an  unequally 
heated  homogeneous  conductor  may  be  calculated  for  an 
aqueous  solution  by  means  of  the  theory  of  electrolytic  con- 
vection developed'  by  Kernst  and  Planck.  Although  the 
expression  for  o-  is  a  simple  deduction  from  this  theory,  the 
calculation  has  not  yet  been  explicitly  made,  so  far  as  I  am 
aware ;  and  it  may  therefore  be  of  some  interest  to  examine 
the  matter  somewhat  more  closely.  For  simplicity's  sake  we 
shall  consider  a  binary  electrolyte,  the  valency  of  each  ion 
being  o>. 

Let  e  =  potential  of  the  free  electricity  in  the  system, 
t  =  temperature  (absolute), 

p  =  osmotic  pressure  due  to  positive  plus  negative  ions^ 
;p=  distance  measured  in  direction  of  maximum  tem- 
perature-gradient, 
'  c  :=  concentration  expressed  in  gram-molecules  of  salt 
per  litre, 
a  =  degree  of  electrolytic  dissociation. 
The  flow  of  heat  is  supposed  to  be  rectilinear,  and  e^  Xy 
and  p  are  measured  as  increasing  with  t^  i.  e.  from  cold  to 
hot.    We  have  p=2acBty  and  the  number  of  gram-ions  in 
volume  element  dv  equal  to  2acdv  f.     The  osmotic  force  on 
the  ionized  matter  in  volume  element  in  the  positive  direction 

of  a?  is  '^  j^dv.     Thus  the  osmotic  force  per  gram-ion  in  the 

element  rfv  is  —  t—  •  :r  •     The  electrical  force  in  the  same 
2ac    dx  ^ 

direction  per  positive  gram-ion  is  —  »€  t-,  where  e  is  the 

quantity  of  electricity  associated  with  a  monovalent  gram-ion. 
Hence  we  obtain: — 

Total  force  per  gram-kation  =  —  ^r—  :^  —  »€  -^  . 
^   *  2acdx  dx 

Total  force  per  gram-anion  =  —  ^ ?•  +  «€-i^- 

°  2aedx  dx 

If  u  and  V  denote  the  velocities  acouired  by  the  kation  and 
anion  respectively  under  unit  force,  tnen  the  number  of  gram- 

*  Communicated  by  the  Author. 

t  Concentration-chaDgee  due  to  expansion  of  the  solution  b>  heat  are 
neglected. 


Digitized  by 


Google 


530  Dr.  F.  G.  Donnan  on  the 

kations  which  traverse  a  section  ds  at  \\rhich  the  temperature 
is  t  in  the  time  dO  in  positive  direction  of  s  is 


-"(i^^'^*"^)'^"'^' 


where  a  ib  the  dissociation  corresponding  to  t. 

For  the  corresponding  number  of  negative  gram-ions  in  the 
opposite  direction  we  have 


V 


ai— s)*^' 


and  hence  for  the  current-density  i  in  the  positive  direction 
of  a? 

Putting  /=0,  we  obtain  the  known  equation 

de  _      1     t?— u   dp  ..  . 

rfa?""  2a)cac  t?+M    da^ 

which  holds  accordingly  in  this  case.     But  ji^-r  jr^  ^^^ 

de^      1     v-uilp J.V 

dt      "imeeic  o-\-udt 

Since  p=2acR<, 

^,  =  2«cR+2cB<$; 
a^  at 

and  therefore 

2«cd«  ""      ■*"    a  dt' 

If  n  denote  the  migration-constant  of  the  kation^  we  have 
furthermore 

l-2n= 

17  +  M 

Hence  (ii.^  becomes 

de      K  ,.     c,  s/^  .  t  di 


and  therefore 


f=^(.-2.)(l+l-g)>    .    .    .    (Bi.) 
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If  1—  be  small,  or  if  the  salt  be  completely  dissociated, 
equation  (iv )  reduces  to  the  simple  form 

R 
cr=  —  (1  — 2/0 (v.) 

From  (v.)  we  see  that  the  electrolyte  will  have  a  positive 
or  negative  "  specific  heat  of  electricity  ^'  according  as  v  is  > 
or  <  t/y  i.  e.  as  n  <  or  >\. 

It  is  also  evident  from  (v.)  that  in  a  completely  dissociated 
binary  electrolyte  the  Thomson  effect  will  be  independent  of 
the  concentration,  as  Nernst  has  already  pointed  out.  As  a 
matter  of  fact,  it  is  only  possible  to  speak  of  an  initial  Thomson 
effect ;  and  in  this  sense  the  foregoing  expressions  are  to  be 
taken.  For  diffusion  sets  in  at  once  in  the  unequally  heated 
solution,  and  the  conductor  thus  ceases  to  be  homogeneous. 
The  result  will  be  that  the  P.D.  between  the  ends  of  the 
unequally  heated  conductor  will  gradually  decrease,  becoming 
zero  when  diffusion- equilibrium  is  attained  if  the  electrolyte 
be  completely  dissociated. 

For  a  completely  dissociated  electrolyte  j»=2cR<,  and 
therefore 

iac    ^  c 

Accordingly,  integrating  from  ti  to  ^j,  we  obtain 
R  f'v-w  ,,      R  C'*v-ut  , 

as  the  expriBssion  for  the  total  P.D.  at  any  time  tf,  and  for  its 
rate  of  change 

\dB)e~  a)ej,_  «  +  «  P  \-^/  **'' 
where  <;=:'^(/,  ff),  with  the  conditions  that  '^=:  con8t.=Co  for 
^=0,  and  ■^=  — T— ^  for  d=oo . 

In  order  to  calculate  the  initial  Thomson  effect, 


2n)dty 


it  would  be  necessary  to  know  what  function  (1— 2n)  is  of  the 
temperature.  It  is  known,  however,  that  n  approaches  the 
value  '5  as  the  temperature  increases,  so  that  tne  numerical 
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value  of  1  — 2n  decreases.  Hence  an  upper  limit  may  he 
obtained  by  putting  1— 2n  equal  to  its  value  at  the  lower 
temperature  limit,  and  we  may  write 

e=5^(l-2n),.(<,-<0. 


0>6 


To   take  a   verj"   favourable   case,   we   may  suppose    the 
electrolyte  to  be  LiOH.     Here  we  have  for  18^0.  1  — 2n="7, 

ft)  =  1,  and  —  =  '0000867  when  e  is  expressed  in  volts.    Taking 

<3—ii  =  100  as  a  fairly  extreme  temperature-interval,  we  get 
<P= -006  volt. 

This  rough  calculation  shows  that  in  the  case  of  salt^ 
solutions  the  maximum  initial  potenlial-diiFerence  arising 
from  the  Thomson  effect  would  only  amount,  under  ordinary 
conditions,  to  a  few  thousandths  ot  a  volt  at  the  most.  This 
result  justifies  the  neglecting  of  the  Thomson  P.D.  in  the 
measurement  of  thermo-electric  cells,  except  when  the  experi- 
mental error  is  less  than  one-thousandth  of  a  volt. 

Holywood,  Co.  Down,  April  1898. 

LVII.  Evidence  that  Sontgen  Rays  are  Ordinary  Light, 
By  G.  JoHNSTONB  Stonby,  M.A.y  D  Sc.y  F.R.S.^ 

IN  'Nature'  of  the  28th  of  last  April,  p.  607,  Lord  Ray- 
leigh  calls  attention  to  the  fact  that  under  Sir  Gteorge 
Stokes's  theory  of  Rontgen  rays — that  which  is  known  as 
the  hedge-firing  theory — we  are  justified  in  expecting  a  large 
proportion  of  ordinary  light  of  short  wave-length  in  the 
radiation  from  the  snield  which  receives  and  arrests  the 
"  kathode  rays."  This  he  infers  generally  from  the  properties 
of  Fourier's  theorem,  without  entering  into  the  details  which 
seem  necessary ;  and  I  understand  mm  accordingly  to  put 
forward  the  conclusion  as  an  opinion  we  are  justified  in 
strongly  holding,  though  not  actually  proved.  It  may 
therefore  not  be  useless  to  uublish  a  proof  which  the  present 
writer  had  worked  out  for  nis  own  satisfaction.  An  explicit 
proof  seems  the  more  desirable  inasmuch  as  Fourier's 
theorem,  except  where  it  can  be  applied  throughout  to  the 
actual  conditions  which  exist  in  nature,  furnishes  only 
kinematical  resolutions  which  may  difier  materially  from 
the  actual  physical  resolutions  effected  by  nature  f. 

*  Communicated  by  the  Author. 

t  For  example,  all  the  reaolutions  effected  by  Fourier's  theorem  in  the 
paper  beginninpr  on  p.  281  of  the  Phil.  Mag.  for  April  1897,  are  of  this 
illusoiy  kmd.  The  component  motions  furnished  by  that  investigation 
do  not  fulfil  the  necessary  condition  that  each  separately  can  be  propa- 
gated by  the  medium. 
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In  analysing  the  motion  of  a  vibrating  string,  the  a3so- 
ciadoQ  of  Fourier's  theorem  with  the  dynamical  conditions 
of  the  problem  is  easy  ;  but  it  is  not  so  simple  a  matter 
when  we  have  to  deal  with  events  propagated  through  a 
medium  in  three  dimensions.  When,  however,  those  events 
take  the  comparatively  simple  form  of  waves  transmitted 
through  a  uniform  medium,  whether  double  refracting  or 
isotropic,  the  analysis  of  the  motion  in  the  medium  can  be 
made  to  furnish  components  that  consist  f/<rot/^Aou^  of  physical 
events,  each  of  which  could  occur  separately  under  the  ope- 
ration of  the  forces  which  exist  in  the  medium. 

This  essential  condition  can  be  secured  by  dividing  the 
analysis  into  two  parts,  in  the  first  of  which  an  advancing 
spherical  wave  (such  as  is  propagated  from  each  centre  of 
clisturbance  in  a  uniform  isotropic  medium)  is  resolved  by 
the  Principle  of  Reversal  as  used  by  MacCuUagh,  into  the 
coexistence  of  plane  wavelets  propagated  in  all  the  directions 
towards  which  the  spherical  wave  travels.  In  this  first  part 
of  the  inquiry,  we  are  dealing  exclusively  with  events  which 
would  spontaneously  develop  themselves  in  the  medium  under 
the  conditions  which  are  assumed  in  the  course  of  the  proof, 
and  each  of  which  could  exist  by  itself  in  the  medium.  This 
preliminary  analysis  presents  the  motion  of  the  medium  in  a 
form  to  which  a  further  analysis  by  Fourier's  theorem  may 
be  applied  without  travelling  outside  actual  physical  events. 
We  thus  render  the  whole  analysis  physically  legitimate — 
t.  e,  such  that  it  represents  what  really  takes  place  in  nature. 
By  a  wavelet  is  to  be  understood  not  a  wave  which  is  short, 
but  one  of  infinitesimal  intensity. 

The  steps  of  the  proof  are  as  follows  : — 

Sir  George  Stokes's  explanation  of  Bongten  rays  amounts 
to  this — That  kathode  rays  consist  of  negatively  charged 
missiles  shot  in  showers,  like  hedge-firing,  from  the  negative 
electrode  against  the  shield  which  receives  and  suddenly 
arrests  them  ;  and  that  the  Bongten  rays  are  due  to  the 
independent  impulses  propagated  through  the  aether  when  the 
advances  of  the  negative  charges  are  thus  abruptly  stopped 
or  altered. 

Each  impulse  is  a  spherical  impulsive  wave  of  some  com- 
plex form  propagated  through  the  «ther  from  one  of  the 
points  of  impact.  It  started  on  its  journey  at  the  instant 
when  the  advance  of  one  of  the  negatively  charged  missiles 
was  arrested. 

Each  such  spherical  wave  can,  by  MacCullagh's  method  of 
using  the  Principle  of  Beversal,  be  resolved  into  the  coexist^ 
ence  of  innumerable  components  consisting  of  plane  impulsive 
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ivavelets.  These  wavelets  are  of  unlimited  extent  laterally-, 
each  is  uniform  throaghont,  and  they  propagate  themselves 
forward  through  the  medium  without  undergoing  change. 
One  of  them  advances  perpendicularity  to  itself  in  each  of  Sie 
directions  towards  which  the  spherical  wave  advances  (see 
Phil.  Maff.  for  April  1897,  p.  273). 

Use  polar  coordinates  and  consider  sonie  one  direction  ^^. 
One  of  the  plane  impulsive  wavelets  is  propagated  in  that. 
direction  from  each  of  the  impacts  of  the  hedge-firing  on  the 
shield ;  and  those  which  happen  to  travel  from  all  the 
impacts  in  the  direction  ^<^,  form  an  undulation  of  some 
kind  travelling  in  that  direction.  It  obviously  consists  of  an 
irregular  succession  of  uniform  plane  impulsive  wavelets. 

The  whole  of  this  irregular  undulation  travelling  in  any 
one  direction  ma}'  be  represented  by  the  equations 

M'here  tj  and  Tg  are  resolved  parts  of  the  transversal  in  two 
planes  parallel  to  the  radius-vector  and  at  right  angles  to  one 
another ;  where  v  is  the  velocity  of  light ;  and  where  ibe 
forms  of  the  functions  Fi  and  Fj  vary  with  the  vector  0<f>. 

Next  let  all  the  events  of  the  Rongten  experiment  be 
regarded  as  repeated  at  definite  equal  intervals  of  time,  say 
at  intervals  of  a  day — i,  e.  of  86,400  seconds. 

The  functions  Fi  and  Fj  are  thereby  rendered  periodic 
functions  ;  the  period  being 

T  =  86,400  seconds. 

These  functions  then  become  resolvable  by  Fourier's  theorem 
into  pendulous  terms,  of  which  the  periods  are  T  and  integer 
submultiples  of  T. 

Equations  (1)  when  thus  expanded  by  Fourier's  theorem 
represent  the  plane  wavelet  component  in  the  direction  0<f> 
of  the  whole  motion  in  the  aether  due  to  the  radiation  from  the 
target,  along  with  the  same  component  of  previous  and  sub- 
sequent repetitions  of  this  motion  in  the  sether  at  intervals  of 
a  day. 

Each  term  of  the  expansions  represents  physically  a  com- 
plete undulation  consisting  of  an  unlimited  train  of  exactly 
similar  plane  pendulous  wavelets  of  some  one  wave-length, 
filling  tne  whole  of  space  *,  and  advancing  with  the  velocity  t; 
in  the  direction  0^. 

*  If  it  fill  the  whole  of  s^ce,  what  is  represented  by  it  includes,  in 
addition  to  the  actual  radiation,  that  preceding  condition  of  the  eether 
which  would  have  produced  the  radiation  without  external  aid. 
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Accordingly  the  nidiation  from  the  target  against  which 
the  kathode  rays  impinge,  along  with  repetitions  of  the 
same  at  intervals  of  a  day,  may  he  resolved  into  the  coexist^ 
ence  of  component  undulations,  each  filling  the  whole  of 
space,  and  each  consisting  of  an  unlimited  train  of  uniform 

Elane  pendulous  wavelets.     The  periodic  times  of  these  will 
e  T  and  its  integer  submultiples. 
Next  form  the  series  of  ascending  prime  numbers,  viz  : — 

2,  3,  5,  7,  11,  13,  17,  19,  &c., 

and  call  the  continued  product  of  the  first  n  of  these 

Then  instead  of  repeating  the  Rougten  events  at  intervals  of 
a  day,  let  them  be  repeated  at  intervals  of  M„  days.  Thereby 
the  period  of  the  Fourier's  series  becomes  M^T  ;  and  the 
radiation  of  the  Rongten  experiment,  repealed  at  these  longer 
intervals,  is  represented  by  the  coexistence  of  series  of  pen- 
dulous terms  of  which  the  periods  are 

M^T,  and  its  integer  submultiples. 

If  n  be  changed  into  n  -|- 1,  these  series  will  include  new 
terms. 

The  limit  of  this  process,  when  n  is  increased  without 
limit,  is  that  the  series  can  contain  terms  with  periodic  times 
of  any  period,  whether  commensurable  or  incommensurable 
with  t. 

And  that  it  then  represents  the  Rongten  event  isolated — 
t.  e.  without  any  repetition.  It  is  obvious  that  one  condition 
which  must  be  fulfilled  by  a  series  of  the  nature  of  Fourier's 
series  in  order  that  it  may  be  competent  to  represent  an  event 
of  limited  duration  without  repetitions  of  the  same,  is  that  it 
shall  contain  terms  the  periodic  times  of  which  are  incommeii- 
snrable  with  one  another. 

Hence,  finally,  the  impulses  which  are  propagated  through 
the  asther,  as  the  consequence  of  the  kathode  hedge-firing 
however  irregular,  may  be  resolved  into  the  coexistence  of 
component  undulations  travelling  in  the  various  directions, 
each  of  which  is  a  train  of  perfectly  similar  plane  wavelets, 
and  of  which  there  need  be  only  one  of  each  wave-length  in 
each  direction. 

It  follows  from  the  known  properties  of  Fourier's  expan- 
sions that  the  more  abrupt  and  irregular  the  hedge-firing  is, 
the  more  prominent  a  place  will  terms  furnishing  undulations 
of  very  short  wave-length  have  in  the  final  expansions. 

If  we  choose  we  can  compound  these  undulations  of  short 
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wavelets,  by  working  in  the  inverse  direction  through  the 
MacCuUagh  analysis  ;  and  thus  we  learn  that  the  more  abrupt 
and  irregular  the  hedge-firing,  the  more  abundant  will  be  the 
proportion  of  rays  of  ordinary  light  consisting  of  spherical 
waves  of  short  wave-length  in  the  radiation  from  the  target. 

If,  as  appears  almost  certain,  these  are  what  we  know 
under  the  name  of  Rongten  rays,  it  follows  that  anythincr 
which  increases  the  intensity,  the  abruptness,  and  the  irregu- 
larity of  the  hedge-firing  will  increase  the  abundance  of  the 
Rongten  emanations. 

Moreover,  inasmuch  as  a  certain  amount  of  abruptness  and 
irregularity  is  present  in  the  emission  of  light  from  every 
visible  object  or  luminous  source,  it  follows  that  Rongten 
rays — L  e.  rays  of  very  short  wave-length — are  present  in  all 
light  throughout  nature  ;  only  the  quantity  present  is  usuallj- 
inconspicuous. 


LVIII.  Notices  respecting  New  Books. 

Lehrhuch  der  Algebra.  Von  Hbinbich  Wbbeb.  Zweite  Auilage, 
ErsterBaud:  pp.  xvi  +  704.  (Braunschweig,  Vieweg  &  Sohn, 
1898.) 

Hj^HIS  is  no  hastily  composed  treatise.  The  Author  tdls  us  in 
-*-  his  Preface  (p.  v)  that  he  had  cherished  for  some  years  the 
idea  of  writing  such  a  work,  and  the  result  is  the  comprehensive 
one  before  us.  He  has  traversed  the  field  described  several  times 
in  his  university  lectures.  That  he  has  not  failed  in  his  attempt 
may  be  inferred  from  the  fact  that  the  first  edition  was  published 
80  recently  as  1895,  and  then  was  limited  to  654  pages.  The  book 
is  clearly  conceived  in  plan,  :  nd  is  very  thorough  in  its  execution. 
This  first  volume  contains  three  books,  which  are  prefaced  by  an 
excellent  arithmetical  introduction  which  discusses  the  theory  of 
multiplicities,  the  theor}*  of  rational  and  irrational  numbers,  and 
further  gives  a  proof  of  the  continuity  of  real  numerical  magnitude. 
Here  the  author  refers  mainly  to  Dedekind  ( *  Stetigkeit  und 
irrationale  Zahlen,'  and  *  Was  sindund  was  sollen  dieZahlen  ')and 
to  G.  Cantor. 

The  first  book,  which  is  headed  tJie  Foundations,  in  six  chapters, 
treats  of  Rational  functions  of  one  or  more  Variables,  Determinants, 
the  roots  of  Algebraical  Equations,  Symmetric  functions.  Invari- 
ants and  Covariants,  and  the  Tschirnhausen  transformation  (the 
application  of  \*  hich  to  cubic,  biquadratic,  and  quintic  equations  is 
shown  in  chapter  iv.,  and  in  chapter  vi.  Hermite's  modification 
is  introduced).  The  second  book,  which  is  devoted  to  the 
Roots,  is  also  broken  up  into  six  chapters,  the  first  four  of  which 
deal  with  the  reality  of  the  roots  of  real  equations,  with  tl.eir 
number  in  a  given  interval,  with  their  superior  and  inferior  limits, 
and   with   the    numerical    approximation  method.     The    eighth 
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chapter,  on  Sturm's  theorem,  is  speciallj  interesting.  Continued 
fractions  and  their  applications  to  quadratic  irrational  numbers 
and  to  the  Pellian  equation  are  discussed  in  chapter  eleven  (with 
some  departures,  in  notation,  from  Gauss  and  Dirichlet).  In  the 
last  chapter  the  elementary  parts  of  the  theory  of  the  roots  of 
unity,  and  also  the  subject  of  quadratic  residues  and  the  law  of 
quadratic  reciprocity  are  expounded. 

Algebraical  quantitiesy  the  subject  of  Book  iii.,  are  also  handled 
in  six  chapters.  These  last  200  pages  constitute  the  prime  portion 
ot' the  banquet  provided  by  our  Author.  The  Galois'  Theory  is 
discussed  in  chapters  thirteen  and  fourteen,  as  to  its  fundamental 
notions,  a  more  advanced  treatment  being  presented  in  vol.  ii. 
(of  the  first  edition).  The  account  is  thoroughly  interesting,  and, 
we  believe,  original.  Chapter  fifteen  is  on  Cyclical  Equation^y 
chapter  sixteen  on  Cyclotomy,  and  chapter  seventeen  contains 
several  propositions  connected  with  the  Solution  of  Equations, 
carrying  forward  the  Galois '  theory,  and  the  last  chapter  treats 
of  the  roots  of  metaoyclic  equations  of  prime  degrees.  We  have 
given  but  a  bald  account  of  what,  possibly,  is  an  epoch-making 
book.  It  only  remains  to  say  that  the  printers  have  done  their 
VI  ork  well,  for  the  typography  is  all  that  one  could  wish. 

Die  Mechanik  des  Weltalh.  By  Dr.  L.  Zehnder,  Extraordinary 
Professor  of  Physics  in  the  University  of  Freibwg  i,  B,  (Freiburg 
i.  B.,  J.  C.  B.  Mohr,  1897.) 

In  this  treatise  Professor  Zehnder  contributes  another  to  the 
already  numerous  theories  of  88ther  and  matter.  He  assumes  that 
space  is  infinite  and  thi*ee-dimensional,  and  that  it  is  filled  with 
extremely  small  material  particles  which  exert  a  gravitational 
attraction  on  each  other,  but  move  with  great  velocities;  these 
particles  constitute  the  ajther,  which  therefore  behaves  as  a  gas 
and  transmits  vibrations  exactly  as,  according  to  the  kinetic  theory, 
ordinary  gases  do.  The  density  of  this  aether  and  consjMuently 
the  mass  of  each  particle  are  assumed  to  be  exceedingly  small. 
Electricity  consists  of  a  vibrational  motion  of  the  SBther  particles, 
positive  charges  corresponding  to  translational  velocities  greater 
than  the  mean  velocity  and  negative  charges  to  a  defect  of  trans- 
lational motion.  Matter  is  composed  of  particles  much  larger 
than  the  sether  atoms  but  of  the  same  material ;  these,  by  reason  of 
their  greater  mass,  attract  round  themselves  a  shell  of  condensed 
SBther  atoms  which  serves  to  communicate  the  motion  arising  from 
the  impact  of  the  {)articles  to  the  surrounding  free  SBther. 

The  author  applies  his  theory  to  various  physical  phenomena  in 
a  general  non-mathematical  fashion.  It  is  obvious,  however,  that 
no  ultimate  theory  of  SBther  and  matter  can  lay  claim  to  serious 
consideration  which  postulates  an  attractive  force  without  a  medium 
for  its  action,  and  which  assumes  the  existence  of  elastic  spherical 
atoms  without  explaining  the  nature  of  the  elastic  forces  called  into 
play  during  their  impact.  J.  L.  H. 
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Text-Booh  of  Phyneal  Chemistry,  By  Glabekob  L.  Sfbtebs, 
Assodaie  Professor  of  Chemistry y  Rutgers  College,  (New  York^ 
D.  Van  Nostrand  Compaoy  ;  London,  Spon,  1898.) 

Phtsigal  chemistry  is  advancing  so  rapidly,  and  has  become  a 
subject  of  such  great  importance,  as  to  render  an  English  text- 
book of  its  more  elementary  and  fundamental  principles  very 
desirable.  It  is  fitting  that  the  work  should  have  been  undertaken 
in  America,  since  many  researches  on  the  subject,  both  theoretical 
and  experimental,  are  due  to  American  chemists.  The  author's 
task  bafi,  however,  been  by  no  means  an  easy  one,  because,  firstly, 
it  IS  difficult  to  decide  what  portions  of  the  sabject  are  sufficiently 
permanent  to  justify  their  inclusion  in  a  text-book,  and,  secondly, 
opinions  may  differ  as  to  the  amount  of  space  which  should  be 
devoted  to  the  exposition  of  physical  principles,  such  as  the 
laws  of  thermodynamics  or  the  elements  of  current  electricity. 
Prof.  Speyers  briefly  sketches  the  subject  of  thermodynamics, 
apparently  assuming  that  the  student  is  already  familiar  with  the 
physical  treatment  of  it,  and  he  recapitulates  the  definitions  of 
electric  units.  The  chapter  on  physical  changes  includes  the  dis- 
cussion of  fusion,  vaporization,  solution,  and  osmotic  pressure,  and 
is  followed  by  a  chapter  on  the  conditions  of  chemical  equilibrium 
in  the  various  systems,  solid,  liquid,  gas,  or  mixtures  of  these. 
Chemical  kinetics  is  represented  by  a  brief  sketch  of  the  method 
of  determining  the  rate  of  decomposition  of  the  substances  con- 
cerned in  cheinical  reactions ;  tlien  come  chapters  on  phases  and 
the  effects  of  variable  temperature.  The  chemistry  of  ionized 
solutions  necessitates  a  section  devoted  to  electrolysis  and  properties 
of  the  ions,  including  a  discussion  of  the  energy  derivable  from  the 
chemical  action  in  any  given  voltaic  cell. 

The  book  serves  a  useful  purpose  by  presenting  the  facts  of  the 
subject  in  a  collected  and  logical  form  ;  it  requires  some  revision, 
however,  especially  in  the  electrical  portion.  We  find,  for  example, 
on  p.  ]  55,  and  again  on  the  next  page,  the  statement  that  a  volt 
is  10'  dynesy  which  might  lead  a  student  to  suppose  that  electro- 
motive force  is  a  mechanical  force.  By  an  obvious  slip  on  p.  159, 
the  signs  plus  and  mi!?us  are  interchanged,  making  the  cathode 
appear  to  be  the  positive  electrode,  aid  vice  versd.  The  proposal 
of  the  author  to  use  the  term  absorption  of  electricity  for  con- 
ductivity is  open  to  the  objection  that  the  former  term  is  already 
used  to  indicate  a  well-defined  and  quite  different  electrical 
phenomenon.  J.  L.  H. 
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[Continued  from  p.  468.] 

January  5th  {con.). — Dr.  Henry  Hicks,  F.R.S.,  President^ 
in  the  Chair. 

2.  *  Sections  along  the  Lancashire,  Derbyshire,  and  East  Coast 
Railway  between  Lincoln  and  Chesterfield.'  By  C.  Fox -Strang  ways, 
Esq.,  r.G.S. 

The  portion  of  the  line  considered  in  this  paper  occupies  a  distance 
of  about  40  miles,  and  runs  nearly  at  right  angles  to  the  strike  of 
all  the  beds  from  the  Lias  to  the  Coal  Measures. 

The  lower  part  of  the  Lias  and  the  Ehaetic  beds  are  entirely 
concealed ;  but  grey  marls  overlying  red  marls  occur '  about 
a  mile  east  of  Clifton  Station,  and  at  the  station  the  Bed  Marl 
of  the  Eeuper  comes  on  in  force.  The  alluvial  deposits  of  the 
Trent,  pierced  to  a  depth  of  from  25  to  30  feet,  consist  principally 
of  loam  overlying  varying  thicknesses  of  sand  and  gravel.  Horns 
of  red  deer  were  found  at  a  depth  of  25  feet.  At  Dukeries  Station 
white  fiaggy  Eeuper  sandstones  appear  from  beneath  the  Eed 
Marl,  and  probably  represent  the  eastward  extension  of  the 
Tuxford  Stone.  A  deep  well  here  has  been  bored  to  a  depth 
of  644  feet  from  the  present  surface,  and  details  of  the  section 
are  given  in  the  paper.  South  of  Kirton  there  is  a  deep  cutting 
in  the  Waterstones,  and  after  leaving  the  escarpment  the  line 
enters  on  the  great  dip-slope  of  the  Bunter  Pebble  Beds,  which 
are  shown  at  Ollerton  and  at  intervals  for  4  miles  beyond  this. 
There  are  no  sections  in  the  Lower  Eed  and  Mottled  Sandstones  ; 
and  west  of  Warsop  the  line  crosses  the  dip-slope  of  the  Magnesian 
Limestone.     Details  of  the  sections  in  this  rock  are  given. 

Between  Scarcliff  and  Bolsover  the  line  crosses  the  Permian 
escarpment  in  a  tunnel,  the  whole  of  which  is  in  the  Coal  Mea- 
sures ;  these  are  high  up  in  the  series,  and  contain  no  coal-seams 
of  value.     They  are  not  stained  red. 

West  of  Arkwright's  Town  Station  is  a  very  complete  section  of 
beds  representing  the  Middle  Coal  and  Ironstone  series  (the  most 
valuable  i>art  of  the  Derbyshire  Coalfield),  of  which  full  details  are 
given,  most  of  the  important  coal-seams  being  readily  recognized ; 
and  the  author  describes  some  remarkable  features  in  the  relation- 
ships of  some  of  the  sandstones  to  the  other  deposits. 

The  absence  of  Glacial  beds  is  of  much  interest ;  not  a  trace  of 
genuine  Boulder  Clry  has  been  seen  along  the  whole  line. 
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January  19th. — Dr.  Henry  Hicks,  F.R.S.,  President, 
in  the  Chair. 

The  following  commonications  were  read  : — 

1.  *  On  some  Gravels  of  the  Bagshot  District.'  By  Horace  W. 
Monckton,  Esq.,  F.L.8.,  F.G.S. 

The  author  refers  to  his  papers  on  Gravels  South  of  the  Thames 
published  in  the  Quart.  Journ.  Geol.  8oc.  for  1892  (p.  29)  and  1893 
(p.  308),  and  gives  some  additional  details. 

He  suggests  that  the  occurrence  of  stones  which  have  been  very 
little  rolled  or  waterwom  in  gravels  at  certain  localities  affords 
evidence  of  the  presence  of  ice  in  the  water  by  which  those  gravels 
were  deposited,  and  that  the  position  of  some  sarsens  which  he 
describes  is  due  to  the  same  agency. 

He  gives  details  and  exhibits  photographs  of  a  number  of  sarsens 
which  he  has  seen  in  eitu, 

%  *0n  the  Occurrence  of  Chloritoid  in  Kincardineshire.*  By 
George  Barrow,  Esq.,  F.G.S. 

The  rock  containing  the  chloritoid  was  first  found  in  situ  at  the 
entrance  to  the  little  gully  at  the  head  of  Friar  Glen  Burn,  near 
Drumtochty  Castle.  It  has  since  been  observed  at  many  places 
along  a  belt  of  country  extending  from  the  coast  north  of  Stone- 
haven nearly  as  far  as  the  North  Esk. 

The  rock  is  easily  recognized  by  the  presence  of  numerous  white 
spots,  which  are  always  present  and  are  larger  than  the  chloritoid. 
The  chloritoid  and  the  spots  vary  in  size,  being  largest  when 
the  rock  is  most  crystalline  (a  schist),  and  smallest  when  it  is  least 
crystalline  (a  slate).  The  mineral  appears  as  minute  glistening 
scales  in  the  schist,  but  in  the  slate  it  can  be  recognized  only  with 
the  aid  of  the  microscope. 

The  optical  characters  are  described,  and  shown  to  be  identical 
with  those  of  the  mineral  from  the  lie  de  Groix,  and  with  those  of 
the  ottrelite  from  Ottr^  and  Serpent. 

An  account  of  the  methods  adopted  to  obtain  a  pure  sample  is 
given.     Several  analyses  were  made,  and  it  was  proved  that  as  the 
purification  increased  the  analyses  approximated  more  and  more 
closely  to  the  analysis  of  the  mineral  from  the  lie  de  Groix. 
NThe  final  result  was  as  follows  : — 

SiO    26-00 

A1,0, 4005 

FeO    19-50 

Fe,0,     605 

MgO 2-88 

Loss  on  ignition    6-00 

Total 99-48 

The  author  discusses  some  of  the  published  analyses,  and  suggests 
that  many  of  the  discrepancies  may  be  due  to  impurities  in  the 
material  analysed. 
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February  2Qd. — Br.  Henry  Hioks,  F.R.8.,  President, 
in  the  Chair. 

The  following  oommunications  were  read : — 

1.  'Contributions  to  the  Glacial  Geology  of  Spitsbergen/  By 
E.  J.  Garwood,  Esq.,  M.A.,  F.G.S.,  and  Dr.  J.  W.  Gregory, 
F.G.S. 

The  extent  of  glaciation  of  Spitsbergen  has  been  exaggerated, 
for  there  is  no  immense  ice-plateau,  but  normal  glaciers  with  some 
inland  sheets  and  Piedmont  glaciers.  These  differ  from  Alpine 
glaciers,  as  they  are  not  always  formed  from  snow-fields  at  the  head, 
and  though  some  of  the  glaciers  (as  the  Baldhead  Glacier)  have 
tapering  snouts  in  front,  most  have  vertical  cliffs.  Chamberlin's 
explanation  that  the  latter  are  due  to  the  low  angle  of  the  sun  is 
insufficient,  and  they  seem  to  be  caused  by  the  advance  of  the 
ice  by  a  rapid  forward  movement  of  its  upper  layers.  The  ice  of 
these  upper  layers  falls  off  and  forms  talus  in  front,  over  which  the 
glacier  advances,  carrying  detritus  uphill  with  it,  and  producing 
a  series  of  thrusts.  The  Booming  Glacier  illustrates  cases  of 
erratics  carried  in  different  directions  by  the  same  mass  of  ice. 

The  deposits  of  the  Spitsbergen  glaciers  are  of  four  types: — 
(1)  moraines  of  Swiss  type  ;  (2)  those  formed  mainly  of  intraglacial 
material ;  (3)  those  formed  of  redeposited  beach-material ;  (4)  de- 
posits of  glacial  rivers,  and  re-assorted  drifts.  The  materials  of  the 
second  are  subangular  and  rounded ;  scratched  and  polished  pebbles 
and  boulders  are  abundant,  and  the  fine-grained  matrix,  which  is 
frequently  argillaceous,  is  often  well-laminated  and  fabe-bedded. 
Some  of  these  drifts  are  stratified,  others  unstratified,  and  contorted 
drifts  occur.  This  type  of  moraine  is  remarkably  like  some  British 
Boulder  Clay.  The  third  class  is  sometimes  formed  by  land-ice,  at 
other  times  beneath  the  sea ;  the  latter  shows  stratification.  The 
superglacial  and  intraglacial  streams,  so  far  as  seen,  were  usually 
clear  of  drift.  Uuder  the  fourth  head  an  esker  in  a  tributary  of 
the  Sassendal  is  described. 

The  direct  geological  action  of  the  marine  ice  is  of  four  kinds : — 
transport  of  material,  contortion  of  shore- deposits,  formation  of 
small  ridges  of  boulder-terraces  above  sea-level,  and  striatiou, 
rounding,  and  furrowing  of  rocks  along  the  sea-shore. 

Traces  of  former  glaciation  are  described  in  the  case  of  the 
Heola  Hook  beds,  and  of  certain  beds  of  late  Mesozoic  or  early 
Cainozoic  age  in  Bunting  Bluff. 

Under  the  head  of  general  conclusions  tiie  authors  state  that 
they  have  discovered  no  certain  test  to  distinguish  between  the 
action  of  land-ice  and  marine  ice;  that  there  is  no  evidence  to 
prove  that  land-ice  can  advance  far  across  the  sea;  and  that 
there  is  evidence,  which  they  regard  as  conclusive,  of  the  uplift  of 
materials  by  land-ice.  They  note  that  the  mechanical  processes 
connected  with  the  advance  of  the  glaciers  are  of  three  kinds.  All 
the  material  seen  transported  by  the  glaciers  was  superglacial  or 
intraglacial,  and  not  subglaoial.  Some  striation  of  intraglacial 
material  is  caused  by  differential  movement  of  different  layers  of  ice. 
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The  advanoe  and  retreat  of  the  Spitsbergen  glaciers  is  very  irregular, 
and  apparently  due  to  local  changes.  The  observations  of  the 
authors  support  the  views  of  those  who  ascribe  a  limited  erosive 
power  to  glaciers.  Lastly,  the  theory  that  glacial  periods  occurred 
as  a  consequence  of  epeirogenic  uplifts  receives  no  support  from 
Spitsbergen. 

2.  *  On  a  Quartz-rock  in  the  Carboniferous  Limestone  of  Derby- 
shire.'    By  H.  H.  Arnold-Bemrose,  Esq.,  M.A.,  F.G.S. 

The  paper  describes  the  occurrence  in  the  field  and  the  micro- 
scopic structure  of  a  rock  consisting  essentially  of  quartz,  which  is 
found  in  the  Mountain  Limestone  in  several  localities.  It  occurs 
in  irregularly-shaped  bosses  and  veins,  and  shows  no  signs  of 
stratification. 

Its  close  association  with  a  quart zose  limestone,  which  in  turn 
passes  into  an  ordinary  limestone  with  few  if  any  quartz-crystals, 
loads  to  the  inference  that  it  is  a  silicified  limestone. 

The  microscopical  structure  of  a  number  of  thin  slices  of  these 
rocks  is  described.  The  quartz-rock  is  seen  to  be  made  up  of 
quartz-grains  which  generally  interlock  closely,  but  sometimes 
possess  a  crystalline  outline  and  contain  zones  of  calcite.  Fluor 
is  occasionally  present. 

The  quartzose  limestone  is  usually  a  foraminiferal  limestone 
containing  a  large  percentage  of  quartz,  which  occurs  as  separate 
crystals  and  as  aggregates  of  crystals.  The  latter  and  the  small 
quartz-veins  have  a  structure  similar  to  that  of  the  quartz-rock. 
The  former  often  contain  zones  of  calcite  and  penetrate  organisms. 
The  residue  consists  of  quartz-cr}'stal8. 

The  author  considers  that  the  quartz -rock  is  not  a  gritty  lime- 
stone, altered  by  the  growth  of  crystalline  quartz  around  the  detrital 
grains,  but  that  it  is  a  limestone  replaced  by  quartz.  The  gradual 
passage  from  the  quartz-rock  through  a  quartzose  limestone  to  an 
ordinary  limestone,  the  presence  of  chert,  of  part  of  a  foraminifer, 
and  of  pieces  of  quartzose  limestone  in  it,  support  the  opinion  that 
it  is  an  altered  limestone. 

February  23rd.— W.  Whitaker,  B.A.,  F.R.S.,  President, 
in  the  Chair. 

The  following  communications  were  read : — 

1.  '  On  some  Submerged  Rock- Valleys  in  South  Wales,  Devon, 
and  Cornwall.'     By  T.  Codrington,  Esq.,  M.Inst.C.E.,  F.G.S. 

The  author  describes  various  valleys  in  which  the  solid  rock 
is  reached  at  a  considerable  depth  below  sea-level,  on  the  sides  of 
Milford  Haven  and  in  the  Haven  itself;  beneath  the  Tivy,  Tawe, 
and  Neath,  the  Wye,  the  Severn,  the  Bristol  Avon,  the  Dart,  the 
Laira,  the  Tavy,  the  Tamar,  and  other  rivers.  In  the  case  of  the  Dart 
the  rock-bottom  has  been  found  at  one  place  at  a  depth  of  110  feet 
l>elow  low-water  level,  and  in  the  case  of  other  rivers  at  var}ing 
depths  less  than  this.  The  deposits  show  that  some  of  the  infilling 
took  place  after  the  period  of  submerged  forests,  and  much  before 
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this,  for  frequent  cases  of  glacial  deposits  filling  the  bottoms  o£ 
these  submerged  valleys  are  recorded. 

The  fact  that  in  the  Solent  and  Thames  the  Olacial  deposits 
border  the  sides  of  the  valleys,  and  do  not  occur  at  the  bottom  as 
in  the  case  of  the  valleys  described  in  the  paper,  indicates  that  the 
latter  are  older  than  the  former,  though  they  present  features 
similar  to  those  of  some  of  the  valleys  of  the  North-east  and  North- 
\fe»i  of  England. 

2.  *  Some  New  Carboniferous  Plants,  and  how  they  contributed 
to  the  Formation  of  Coal-Scams.'     By  W.  S.  Gresley,  Esq.,  F.G.S. 

The  author,  in  a  paper  published  in  abstract  ia  the  Society's 
Quarterly  Journal  for  May  1897  (vol.  liii.  p.  245),  argued  that  certain 
brilliant  black  laminsB  in  coal,  and  similar  materials  found  among 
some  mechanical  sediments  of  the  Coal  Measures,  pointed  to  the 
former  existence  of  an  aquatic  plant.  In  the  present  communication 
he  describes  structures  in  the  pitch-coal  laminae  of  bituminous  coal 
and  in  the  glossy  black  layers  of  anthracite  which  he  believes  to 
be  indications  of  two  other  kinds  of  plants,  and  states  that  he 
has  examined  structures  which  may  be  due  to  some  other  kinds  of 
vegetation. 

LX.  Intelligence  and  Miscellaneous  Articles, 

LIQUID  HYDROGEN. 
A  T   the   Meeting  of  the   Boyal    Society  yesterday  afternoon 
-^     Professor  Dewar  contributed  a   preliminary   note  on   the 
liquefaction  of  hydrogen  and  helium. 

Professor  Dewar  said  that  in  1895  he  described  apparatus  foi^ 
the  production  of  a  jet  of  hydrogen  containing  liquid,  and  showed 
how  such  a  jet  could  be  used  to  cool  bodies  below  the  temperature 
that  could  be  reached  with  liquid  air,  though  all  attempts  to  collect 
the  liquid  hydrogen  failed.  So  far  no  investigator  had  improved  on 
the  results  described  in  1895;  and  as  the  type  of  apparatus  em- 
ployed in  those  experiments  worked  weU,  it  was  resolved  to  con- 
struct a  much  larger  liquid-air  plant,  and  to  combine  with  it 
circuits  and  arrangements  for  the  liquefaction  of  hydrogen.  The 
apparatus  took  a  year  to  build  up,  and  many  months  were  occupied 
in  testing  and  in  making  preliminary  trials.  The  many  failures 
and  defeats  need  not  be  detailed.  On  May  10  an  experiment  was 
started  with  hydrogen  cooled  to  —205°  C.,  and  escaping  conti- 
nuously under  a  pressure  of  180  atmospheres  from  the  nozzle  of 
a  coil  of  pipe  at  the  rate  of  10  to  15  cubic  feet  a  minute,  in  a 
vacuum  vessel  doubly  silvered,  and  of  special  construction,  sur- 
rounded with  a  space  kept  below  —200°  C.  With  these  arrange- 
ments liquid  hydrogen  began  to  drop  from  this  vacuum  vessel  into 
another,  doubly  isolated  by  being  enclosed  within  a  third,  and  in 
five  minutes  20  cub.  centim.  of  liquid  were  collected.  The  hydrogen 
jet  then  froze  up  from  the  solidification  of  air  in  the  pipes  of  the 
apparatus.  The  yield  of  liquid  was  about  1  per  cent,  of  the  gas. 
In  the  liquid  condition  the  hydrogen  was  clear  and  colourless, 
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showing  no  absorption-spectrum,  and  the  meniscus  was  as  well 
defined  as  in  the  ease  of  liquid  air.     The  liquid  must  have  a  rela- 
tively high  refractive  index  aad  dispersion,  and  the  density  must 
be  in  excess  of  the  theoretical  values,  viz.  018  to  0*12,  deduced 
respectively  from  the  atomic  volume  of  orgsiuic  compounds  and 
the  limiting  density  found  by  Amagat  for  hydrogen  gAS   under 
infinite  compression.     Professor  De war's  old  experiments  on  the 
density  of  hydrogen  in  palladium  gave  a  value  for  the  combined 
body  of  0*62  ;  and  it  would  be  interesting  to  find  the  real  density 
of  the  liquid  substance  at  its  boiling-point.     No  arrangements 
being  at  hand  to  determine   the  boiling-point,  two  experiments 
were  made  to  prove  the  excessively  low  temperature  of  the  boiling 
fluid.     In  the  first  place,  when  a  long  piece  of  glass  tubing,  sealed 
at  one  end  and  open  to  the  air  at  the  other,  was  copied  by  im- 
mersing the  closed  end  in  the  liquid  hydrogen,  the  tube  immediately 
filled,  where  it  was  cooled,  with  solid  air.     The  second  experiment 
was   with   a   tube   containing   helium.      The    Cracow   Academy 
'Bulletin'  for   1896   contained  a  paper   by  Professor   Olzewslu 
entitled  **  Kesearch  on  the  Liquefaction  of  Helium,"  in  which  he 
stated  that,  as  far  as  his  experiments  went,  helium  remained  a 
permanent  gas,  and  apparently  was  much  more  difficult  to  liquefy 
than  hydrogen.   Professor  Dew  ar,  however,  suggested  that  hydrogen 
and  helium  would  probably  be  found  to  have  about  the  same  vola- 
tility, as  was  the  case  with  oxygen  and  fluorine.   Having  a  specimen 
of  purified  helium,  extracted  from  Bath  gas,  sealed  up  in  a  bulb 
with  a  narrow  tube  attached,  he  placed  the  latter  in  the  liquid 
hydrogen,  whereupon  a  distinct  liquid  was  seen  to  condense.   From 
this  result  it  would  appear  that  there  could  not  be  any  great  differ- 
ence in  the  boiling-points  of  hydrogen  and  helium.     In  conclusion. 
Professor  Dewar  pointed  out  that  all  kno\^'n  gases  had  now  been 
condensed  into  liquids  which  could  be  manipulated  at  their  boiling- 
points  under  atmospheric  pressure  in  suitably  arranged  \acuum 
vessels,  though  even  so  great  a  man  as  Clerk- Maxwell  had  doubts  as 
to  the  possibility  of  ever  liquefying  hydrogen.  With  liquid  hydrogen 
as  the  cooling  agent,  a  tem|)erature  could  be  reached  within  20"  or 
'30°  of  the  zero  of  absolute  temperature ;  and  its  use  would  open 
up  an  entirely  new  field  of  scientific  inquiry.     No  one  could  pre- 
dict the  properties  of  matter  near  that  zero.     Faraday  liquefied 
chlorine  in  the  year  1823.     Sixty  years  afterwards  Wroblewski 
and  Olzewski  produced  liquid  air,  and  now,  after  an  interval  of 
fifteen  years,  the  remaining  gases — hydrogen  and  helium — were 
obtained  as  static  liquids.     Con^iidering  the  step  from  the  lique- 
faction of  air  to  that  of  hydrogen  was  relatively  as  great  in  a 
thermodynamic  sense  as  that  from  liquid  chlorine  to  liquid  air,  the 
fact  that  the  former  had  been  achieved  in  one-fourth  the  time 
needed  to  accomplish  the  latter  proved  the  greatly  accelerated  rate 
of  scientific  progress  in  the  present  age.     The  paper  ended  with 
an  acknowledgment  of  the  aid  rendered  by  Mr,  Kobert  Lennox, 
without  whose  engineering  skill,  manipulative  ability,  and  loyal 
perseverance  the  present  successful  issue  might  have  been  indefi- 
nitely delayed.— 2%«  Times,  May  13th,  1898. 
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